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GENERAL PREFACE 

During the active life of the Guggenheim Fund for the Promotion 
of Aeronautics, provision was made for the preparation of a series of 
* '"lographs on the general subject of Aerodynamic Theory. It was 

jirized that in its highly specialized form, as developed during the 
* u twenty-five years, there was nowhere to be found a fairly comprehen- 
sive exposition of this theory, both general and in its more important 
applications to the problems of aeronautic design. The preparation and 
publication of a series of monographs on the various phases of this 
subject seemed, therefore, a timely undertaking, representing, as it is 
intended to do, a general review of progress during the past quarter 
century, and thus covering substantially the period since flight in heavier 
than air machines became an assured fact. 

Such a present taking of stock should also be of value and of interest 
as furnishing a point of departure from which progress during coming 
decades may be measured. 

But the chief purpose held in view in this project has been to provide 
for the student and for the aeronautic designer a reasonably adequate 
presentation of background theory. No attempt has been made to cover 
the domains of design itself or of construction. Important as these 
are, they lie quite aside from the purpose of the present work. 

In order the better to suit the work to this main purpose, the first 
volume is largely taken up with material dealing with special mathe- 
matical topics and with fluid mechanics. The purpose of this material 
is to furnish, close at hand, brief treatments of special mathematical 
topics which, as a rule, are not usually included in the curricula of 
engineering and technical courses and thus to furnish to the reader, 
at least some elementary notions of various mathematical methods and 
resources, of which much use is made in the development of aerodynamic 
theory. The same material should also be acceptable to many who from 
long disuse may have lost facility in such methods and who may thus, 
close at hand, find the means of refreshing the memory regarding these 
various matters. 

The treatment of the subject of Fluid Mechanics has been deve- 
loped in relatively extended form since the texts usually available to 
the technical student are lacking in the developments more especially 
of interest to the student of aerodynamic theory. The more elementary 
treatment by the General Editor is intended to be read easily by the 
average technical graduate with some help from the topics comprised 
in Division A. The more advanced treatment by Dr. Munk will call 
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for some familiarity with space vector analysis and with more advanced 
mathematical methods, but will commend itself to more advanced 
students by the elegance of such methods and by the generality and 
importance of the results reached through this generalized three-dimen- 
sional treatment. 

In order to place in its proper setting this entire development during 
the past quarter century, a historical sketch has been prepared by Pro- 
fessor Giacomelli whose careful and extended researches have resulted in 
a historical document which will especially interest and commend itself 
to the study of all those who are interested in the story of the gradual 
evolution of the ideas which have finally culminated in the developments 
which furnish the main material for the present work. 

The remaining volumes of the work are intended to include the 
general subjects of: The aerodynamics of perfect fluids; The modi- 
fications due to viscosity and compressibility; Experiment and research, 
equipment and methods; Applied airfoil theory with analysis and dis- 
cussion of the most important experimental results; The non-lifting 
system of the airplane; The air propeller; Influence of the propeller 
on the remainder of the structure ; The dynamics of the airplane ; Per- 
formance, prediction and analysis; General view of airplane as com- 
prising four interacting and related systems; Airships, aerodynamics 
and performance; Hydrodynamics of boats and floats; and the Aero- 
dynamics of cooling. 

Individual reference will be made to these various divisions of the 
work, each in its place, and they need not, therefore, be referred to in 
detail at this point. 

Certain general features of the work editorially may be noted as 
follows : 

1. Symbols. No attempt has been made to maintain, in the treatment 
of the various Divisions and topics, an absolutely uniform system of 
notation. This was found to be quite impracticable. 

Notation, to a large extent, is peculiar to the special subject under 
treatment and must be adjusted thereto. Furthermore, beyond a few 
symbols, there is no generally accepted system of notation even in any 
one country. For the few important items covered by the recommen- 
dations of the National Advisory Committee for Aeronautics, symbols 
have been employed accordingly. Otherwise, each author has developed 
his system of symbols in accordance with his peculiar needs. 

At the head of each Division, however, will be foimd a table giving 
the most frequently employed symbols with their meaning. Symbols 
in general are explained or defined when first introduced. 

2. General Plan of Construction. The work as a whole is made up 
of Divisions , each one dealing with a special topic or phase of the general 
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subject. These are designated by letters of the alphabet in accordance 
with the table on a following page. 

The Divisions are then divided into chapters and the chapters into 
sections and occasionally subsections. The Chapters are designated by 
Roman numerals and the Sections by numbers in bold face. 

The Chapter is made the unit for the numbering of sections and the 
section for the numbering of equations. The latter are given a double 
number in parenthesis, thus (13.6) of which the number at the left of 
the point designates the section and that on the right the serial number 
of the equation in that section. 

Each page carries at the top, the chapter and section numbers. 

W. F. Durand 


Stanford University, California 
January, 1934. 
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PREFACE 

Of the large amount of experimental and theoretical work on aero- 
plane dynamics which has been done since the beginning of the century, 
by far the greater part has related to the movements of aeroplanes 
slightly disturbed from straight steady flight on an even keel. One 
reason for this is that the general problem is too complicated for the 
available methods of analysis to yield results of practical value ; another 
reason is that the primary purpose of an aeroplane is to fly straight and 
steadily from one place to another, so that it is more important to ensure 
that straight flying shall require a minimum of effort from the pilot, 
than to follow precisely the details of violent manoeuvres, in which he 
will necessarily have his attention firmly fixed upon the controls. 

To keep the complexity of the mathematics within reasonable bounds 
it has generally been necessary, in the analysis, to restrict the distur- 
bances from straight flight to infinitesimals and at first sight this may 
appear to limit severely the practical value of the work. Experience 
has shown however that despite this limitation, the analysis is capable 
of predicting the nature of disturbances, such as those due to moderate 
control movements or air gusts, with an accuracy which is sufficient 
for practical purposes. In fact, when the predictions are not fulfilled, 
the experienced worker is more likely to attribute the discrepancy to 
errors in the experimental data upon which the calculations are founded, 
than to the influence of the second order terms which have been omitted 
from the analysis. 

These experimental data have, almost without exception, been ob- 
tained from experiments upon models of aeroplanes and their compo- 
nent parts supported in wind tunnels, and an elaborate experimental 
technique has gradually been evolved for this purpose in the various 
aerodynamic laboratories of the world. The experiments necessary for 
the complete dynamic specification of a given aeroplane are, however, 
so lengthy and costly that it is impracticable to carry through the whole 
set for more than a few typical models; but fortunately many of the 
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coefficients differ but little from one aeroplane to another and research 
has shown how others can be approximately estimated from the design. 
Unless therefore a new design differs so radically from conventional 
forms as almost to be classed as a freak, the new experiments required 
for its dynamic specification can be confined to those relating to a few 
coefficients only, or it may even be possible to make a good prediction 
without any special experiments whatever. 

The above remarks apply to unstalled flight. Though considerable 
progress has been made in the study of stalled flight more research is 
required before the same can be said of this more complicated mode of 
motion. 

In spite, however, of the completeness of the experimental and theo- 
retical structure which enables results of disturbances from straight 
unstalled flight to be predicted with some confidence, it is undoubtedly 
true that, at the time of writing, calculations of this kind are very little 
used by any but a few research workers. It is in fact rare for anyone 
actually engaged upon the design and construction of aeroplanes to 
make direct use of computations such as those in Chapters VI and VII 
of this Division, or even to be familiar with the methods by which 
they are made. One reason at least for this state of affairs becomes 
obvious as soon as one tries to carry out the computations for oneself, 
using the published information available at the time of writing; for 
one then finds that the necessary experimental data must be sought in 
a large number of original reports of different experiments, each written 
more with the idea of describing the experimental method acurately 
than with the object of presenting the results in a form which makes 
then easily accessible. Moreover, since these experimental reports have 
been written at different times during the research campaigns which 
have provided them, they are of necessity partially contradictory and 
expressed in different ways, so that co-ordination is difficult. 

In drawing up the scheme of the present treatise on aeroplane dyna- 
mics these facts were kept in mind, and it was decided to devote the 
greater part of the available space to a compact discussion of the experi- 
mental data, the symbolic analysis, and the numerical computations, 
which are required for the study of small disturbances from straight 
flight; rather than to follow the ramifications of research in directions 
which have not as yet led to results of practical value. Thus two long 
Chapters — II and III— are devoted entirely to a survey of the available 
experimental data ; Chapter V states the necessary analysis, while Chap- 
ters VI and VII are devoted to numerical computations of specific 
examples and to discussions of the approximations in common use. 

It might be supposed that, when the formal mathematical analysis 
has been studied and understood, the operation of filling in numerical 
quantities and computing the answers to a specific problem would be 
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a simple matter, even if somewhat laborious. This, however, is not so. 
To collect the coefficients necessary to define the aeroplane dynamically, 
to insert them in correct form and carry out the computations and, finally, 
to interpret the numerical results, is a more difficult task than merely 
to understand the symbolical analysis which, though complicated, pre- 
sents no serious mathematical difficulty. In my own opinion it is the 
difficulty of computation rather than of mathematical analysis which 
has prevented designers of aeroplanes from making more use of the 
methods, and it is with the object of helping in some measure to over- 
come these difficulties that the successive stages in the working of the 
examples of Chapters VI and VII have been set out in detail. It is 
hoped that after studying these two Chapters the reader will be in a 
position to make similar computations for other aeroplanes with much 
less effort than if he were to approach the matter with a knowledge 
only of the symbolic analysis of Chapter V ; at least he should be able, 
by examining the various numerical tables, to decide before starting, 
which terms are likely to be negligible, which require rough estimation 
only, and which must be accurately specified, if a final result of useful 
accuracy is to be obtained. 

With these objects in view it was inevitable that much of Chapters V, 
VI and VII should contain heavy reading and be of small interest to 
those who desire to obtain a general idea of the reasons why aeroplanes 
act as they do rather than to study the elaborate processes necessary 
to make the best possible use of experimental data. The general calcula- 
tions, moreover, take a form in which it is not easy to follow the chain 
of cause and effect, from the experimental coefficients with which they 
start, to the movements which are finally predicted and, for these reasons, 
Chapter LV has been interpolated into the main argument. 

In Chapter IV the subject is approached from an entirely different 
point of view, founded more upon the work of Lanchester (Ref. 4 of 
Chap. V) than, as are the later Chapters, upon the work of Bryan (Ref. 5 
of Chap. V). Instead of developing each aspect of the aeroplane’s motion 
as a special case of a general scheme, various important features of the 
motion are successively isolated for discussion and their causes made clear 
by the elimination of all factors which are not of major importance in 
determining the particular feature under consideration. It is the hope of 
the author that Chapter IV will prove easy reading to anyone who has 
even a passing acquaintance with simple differential equations and the 
mathematics of harmonic oscillations with one degree of freedom ; yet 
it will be found that it contains most of the conclusions of practical 
importance which occur in the later chapters, and that many of the 
formulae in common use for the approximate prediction of aeroplane 
movements can be obtained in very simple ways. Though Chapter IV 
is not necessary for the logical development of the argument, it is thought 
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that even readers who intend to study the later Chapters thoroughly 
will be helped by it to a clearer appreciation of their meaning. 

The reader who approaches the subject for the first time may think 
that the dimensionless system of representing coefficients and equations, 
which has been adopted throughout the bulk of the work, increases 
rather than decreases the difficulties. If, however, he perseveres to the 
study of the computations of Chapters VI and VII — and when all is 
said and done it is the computation of specific problems that is the end 
and aim of the analysis — he will find that the use of dimensionless 
forms is amply justified. The author at least believes that, without the 
use of some dimensionless system, calculations such as these would stand 
little chance of being widely used for practical purposes. 

It is perhaps not out of place to discuss very briefly the value of 
calculations of the kind in Chapters V, VI and VII in the general scheme 
of the design and development of aeroplanes. That the researches and 
investigations upon which they are founded h'ave been worth doing is 
undoubted, since through them we have now a much clearer appreci- 
ation than we should otherwise have had of the factors which control 
the motions of aeroplanes; but the extent to which such computations 
will be used in connection with the design and production of specific 
types is still a matter for conjecture. It is possible that firms engaged 
in the pioneering side of aircraft design and production would be well 
repaid for the allocation of a small part of their staff to work of this 
kind; for it should not be difficult for anyone who understands the sub- 
ject to devise printed forms which would enable the more laborious parts 
of the work to be carried through at a relatively low cost and, if the 
results are presented in some easily understandable form, as in the 
figures of Chapters VI and VII, it should be possible for designers 
and directors to be shown very clearly and without the necessity for 
understanding the details of the calculation, the consequences which 
would follow any proposed change in design. 

Again it is probable that mechanical control will become increasingly 
popular for large long distance aeroplanes, and for anything in the nature 
of pioneer work in this subject, calculations of this kind are essential. 
No mention of the methods of extending the calculations to deal with 
mechanical control will, however, be found in the present work, since 
this is still a matter of research and what little has been published is 
mainly of a controversial nature, but work of the type discussed in 
Chapters V, VI and VII forms an essential introduction to the study of 
mechanical control. 

Two other Chapters have not yet been mentioned. Chapter I deals 
with certain very simple but important characteristics of flight which 
depend on the necessity that resultant force must be equal to the mass 
acceleration of the center of gravity; it is written on the assumption 
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that the moments of these forces about the centre of gravity are looked 
after by the pilot, through the medium of his controls. 

Chapter VIII deals with the steady spin, a matter which is still so 
much the subject of research that it was not thought advisable to deal 
with it in great detail. All that is attempted in this chapter is a general 
survey of the situation at the time of writing. 

CHAPTER I 

STEADY MOTIONS AND LIMITING ACCELERATIONS 

1. Introduction. The motion of an aeroplane in flight is determined 
by the gravitational field and by the reactions which occur between it 
and the air through which it flies. The resultant of the gravitational 
attractions is represented by a force equal to the weight of the whole 
aeroplane acting vertical^ downwards through the centre of gravity; 
therefore the resultant of the aerodynamic reactions is conveniently 
represented by three mutually perpendicular force components acting 
through the centre of gravity and three moments acting about three 
mutually perpendicular axes which meet at the centre of gravity. 

In general we shall require to study the motion of the centre of 
gravity due to the combined actions of the weight and the air-forces, 
together with the rotation of the aeroplane due to the action of the air- 
moments. The principal difficulties will be found to lie in the estimation 
of the air-moments, but it will be realized that these moments are under 
the control of the pilot who, by using his controls , can adjust them to 
the magnitudes required for the exe- 
cution of any desired manoeuvre. It 
will therefore be convenient to begin the 
discussion of our subject with a brief 
and simple chapter dealing with the con- 
sequences which follow from the con- 
sideration that the mass acceleration of 
the centre of gravity must at all times 
equal the resultant of the weight and 
the air forces; assuming that the pilot 
will, by his acquired skill, adjust the air- 
moments to give the rates of change 
of angular momenta required by the 
manoeuvre under consideration. 

2. Symmetric Flight. It will generally 
be assumed that the aeroplane has a 
plane of symmetry such as A B in Fig. 1 
and it will be observed that when such 
an aeroplane flies symmetrically — that is 




I B 
I A 



Fifi:. 1. The piano of aymmetry of 
an aeroplane. 
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to say with the direction of motion parallel to the plane of symmetry 
and with no rotation about any axis parallel to the plane of sym- 
metry — the resultant air-reaction must lie in the plane of symmetry. 

It is true that a single screw aeroplane is unsymmetrical in respect 
to the rotation of the screw and that, even in symmetric flight, asym- 
metric couples arise, due to the influence of the rotating slipstream upon 
parts of the aeroplane and to gyroscopic couples exerted by the screw 
when the aeroplane is pitching. In some circumstances these asymmetric 
couples may become important, but it is essential for reasonable simpli- 
city to study the behavior of the ideal symmetric aeroplane before 
attempting to introduce asymmetric complications. 


A. Steady Straight Symmetric Flight 
3. Principal Forces Involved. The normal mode of progression of an 
aeroplane is to fly straight and at a constant speed with the plane of 
symmetry vertical — wings level — and we shall therefore begin with a 
discussion of the factors which control the attitude of the aeroplane to 
the horizontal and to the direction of motion, when flying in this way. 

The resultant air-reaction now necessarily lies in the plane of sym- 
metry and passes through the c.g. and in these circumstances it is usual 

to resolve this resultant reaction 
(R) (Fig. 2) into two components, 
perpendicular and parallel respec- 
tively to the direction of motion. 
The former of these is called the 
lift (L) and the latter, when the 
engine is not working, is called 
the drag (D). 

The drag is always opposed 
to the motion, so that, when the 
engine is not working, the resul- 
tant air-reaction will be inclined backwards from the perpendicular to 
the direction of motion and, since this resultant must balance the weight 
and therefore be vertical, the direction of motion must be inclined 
downwards through an angle y where tan y = DjL. The aeroplane 
is then said to be gliding with gliding angle y. 

When the engine is working, the airscrew thrust (T) opposes the drag, 
so that the net aerodynamic force component parallel to the direction 
of motion may, within limits, have any value positive or negative. When’ 
the net value of this component is zero the corresponding steady straight 
flight path is horizontal (Fig. 3) ; when it is directed forwards the corre- 
sponding steady flight path is inclined upwards and the aeroplane is 
said to climb , Fig. 4. 



Fig. 2. Forces in steady gliding 
flight — engine off. 
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4. Dimensionless Coefficients. It will often be convenient to express 
reactions such as B, L and D in terms of dimensionless coefficients 1 , 



Fig. 3. Forces in steady horizontal flight. 



such as 


k 


H 

R ~ q V 2 8 




L 

q V 2 8 


k D = 


D 

q V 2 8 


where g is the air density, V the velocity of the centre of gravity relative 
to the air, and 8 the conventional wing area. The value of these dimen- 
sionless coefficients lies in the fact 
that, with certain limitations 
which need not be here discussed, 
they are functions of the shape 
and mode of motion of the aero- 
plane through the air, but are ^ 
independent of the values of ^ 
g l ' and S. ^ 

5. Horizontal Flight. In 
steady horizontal flight, R , L 
and W are all equal (Fig. 3) 
and if, as a first approxima- 
tion, the influence of the air- 
screw on lift be ignored, we 
can at once determine the atti- 
tude of the aeroplane for given 
values of g, V and W, provided that we know the relationship of the 
lift coefficient (k L ) to the incidence (a) 2 . 

A typical relationship for a normal aeroplane is shown in Fig. 5. 

, , L W IV / r l \ 

We then have k L = = ,, r 2 



coefficients against incidence. 


where w is the weight per unit area, or the wing loading of the aeroplane. 


1 It will be noted that, in the present Division, force coefficients generally are 
related to q V 2 rather than to (1/2) q V 2 as more commonly in other Divisions of 
the work. 

2 In symmetric flight the incidence is the inclination to the direction of motion 
through the air of an arbitrary line on the wing. This line is generally called the 
chord of the wing. 
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For any given value of w y q and V , k L can be determined from (5.1) 
and a can then be read off from a curve such as Fig. 5. 

It will be observed that the 
lift coefficient (k L ) has a maximum 
value in the neighborhood of 18° 
incidence. There is thus a mini- 
mum speed at which the aero- 
plane can fly steadily and hori- 
zontally. This speed is called the 
stalling speed and the incidence 
at which it occurs is called the 
stalling incidence. We shall speak 
of an aeroplane flying at an inci- 
dence less than the stalling inci- 
dence as being in normal flight , 
whilst an aeroplane flying at an 
incidence greater than the stall- 
ing incidence will be said to be 
>* stalled. 

Let the maximum lift coeffi- 
cient be K Jj and the corresponding 
stalling speed f s . 

Then K l = (5.2) 

Using (5.1) k L = K l ( V 8 j F) 2 . 



Fig. 6. Typical curves for speed against 
incidence — Ft* is the stalling speed. 



Fig. 7 . Aeroplane attitudes at various speeds in steady horizontal flight — F^is the 

stalling speed. 
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From which, using Fig. 5, incidence can be determined when the 
ratio of the speed to the stalling speed at the height in question is 
known. 

Figure 6 is derived from Fig. 5 and shows a typical relation between a 
and V\ F^ for horizontal flight. Figure 7 shows graphically the various 
attitudes in horizontal flight of an aeroplane of which the wing chord 
is parallel to the axis of the body and the relation between speed and 
incidence is as in Fig. 6. 

6. Indicated Air Speed. The air-speed indicator generally used on 
aeroplanes is of the pitot and static pressure type and measures the quan- 
tity 1/2 q F 2 ; it is not a true indicator of air speed and only measures 
speed correctly when the air 
density (q) has the particular 
value for which the instrument 
was calibrated. Since, however, 
the lift coefficient is equal to 
wjq V 2 it follows that, for an 
aeroplane of given wing loading 
in steady horizontal flight, lift 
coefficient and therefore wing 
incidence are functions of the 
indicated speed. It is usual to 
calibrate these instruments for 
air at normal temperature and 
pressure , 15° C. and 760 mm. 
of mercury. This standard density 
is 0.0764 lb. mass or 0.00238 
slugs per cubic foot and is usually 
given the symbol p 0 . The ratio to the standard density, of the density 
of air in any other state, as for example at the low pressures found 
at high altitudes, is generally given the symbol cr, so that q = o q 0 . 
The reading of the indicator at any density other than standard will 
then be j/<y' V where F is the true speed. The expression |/cr F is called 
the indicated air speed. 

To the pilot, the indicated air speed is a more real quantity than 
the true speed; for not only is it the quantity shown on his speed 
indicator, but it is the quantity which determines the characteristic 
behavior of his aeroplane. For example, a given aeroplane in steady 
horizontal flight stalls always at the same indicated air speed, no 
matter what the density and, as we shall see later, the maximum ac- 
celeration which the pilot can apply to his aeroplane in horizontal 
flight is a function of lift coefficient and therefore also a function of 
indicated speed. 



Fig. 8. Typical curves for resultant air-reaction 
{R) and of the ratio of lift to drag against 
incidence. 
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7. Gliding Flight. In gliding flight we have (Fig. 2) 

D 

tan y — T 


Typical calues of k R and L/D are shown plotted against incidence 
in Fig. 8. 

For given values of w , q and V, k 1{ can be found from (7.2) and 
a, y can then be found from Fig. 8, the latter by reference to (7.1). 






Fig. 9. Typical curves of velocity and gliding 
angle (y) against incidence. 


Typical relationships be- 
tween a, V/ V s and y are 
shown in Fig. 9. 

The attitude of the aero- 
plane to the horizontal can be 
deduced from the consideration 
that the angle ( 6 ), made by 
the wing chord with the hori- 
zontal, is equal to a — y. In 
Fig. 9, O is the difference be- 
tween the y curve and the 
oblique line on the diagram. 
When the y curve is above the 
oblique line (as drawn), the 
leading edge of the wing chord 
is above the trailing edge. The 
attitudes of the gliding aero- 
plane and its direction of mo- 
tion, as determined by Fig. 9, 
are shown graphically in Fig. 10, 
in which the thick arrows are 
vectors, drawn to an arbitrary 
scale, respresenting the velo- 


city of the aeroplane. 

Examining Figs. 9 and 10, it appears that the highest steady gliding 
speed occurs when the aeroplane is diving nearly vertically, so that 
the whole weight is supported by the drag 1 . This condition is described 
as a terminal velocity dive. As the incidence increases, the corresponding 
steady glide occurs at lower speeds and smaller values of y, until, for 
an incidence near 8° and a speed of some 1.2 times stalling speed, 
y passes through a flat minimum and then increases rapidly as the stalling 
angle is approached and passed. The angle <9, defining the aeroplane’s 
attitude to the horizontal, changes progressively from the neighborhood 
of — 90° in the terminal velocity dive, through zero at 7°, to -f 4° at 


1 This is not strictly correct, since the drag coefficient may not have a minimum 
value at zero lift, but the statement is sufficiently accurate for the present purpose. 
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about 15° incidence and then falls to zero at 20° incidence, which is 
about the highest incidence at which a normal aeroplane can be held 
in equilibrium by the controls. 

8. Some Aspects of the Landing Problem. It is of interest to note 
here that, at incidences higher than some 8° to 10°, neither the attitude 



Fig. 10. Aeroplane attitudes at various speeds in steady glide with engine off Fgis the 

stalling spoed. 

of the aeroplane nor its velocity in steady flight change greatly for further 
changes of incidence, although the gliding angle changes rapidly. The 
result is that when flying at these high incidences the pilot, unless 
equipped with special instruments, has no effective means for rapidly 
ascertaining the angle of glide. This is one amongst several of the sources 
of danger when approaching the ground at too low a speed. 

For this and other reasons which will appear later, pilots make a 
practice of approaching the aerodrome at speeds between 30 per cent 
and 40 per cent greater than the stalling speed, although, from the 
point of view of the reduction of the space required for landing, it would 
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be more advantageous to approach at lower speeds. A glance at Fig. 9 
will show that at these speeds the gliding angle (y) is near its minimum 
and is relatively insensitive to changes of speed or incidence. This 
explains another difficulty in the landing of aeroplanes. The pilot dares 
not approach too slowly for fear of stalling and must not approach too 
fast for fear of over-running the aerodrome; he is therefore obliged to 
approach at speeds which happen to involve flat gliding angles which 
he is unable to modify without executing some violent unsymmetrical 
manoeuvre. The flat gliding angle implies the waste of much valuable 
space when the aeroplane has to pass over high obstacles near the aero- 
drome, whilst the inability to change the steady gliding angle leaves the 
pilot with no easy means of adjusting his rate of descent to allow for 
errors in estimating the point from which he started the glide. If he 

forc:s the aeroplane to dive more 
steeply than the steady gliding angle 
it will merely gather speed which will 
have to be dissipated on reaching the 
level of the ground, with the result 
that the ultimate stopping place will 
generally be even further on than if 
he had continued the steady glide. If 
he pulls the nose up, the aeroplane will 
stall, with various unpleasant conse- 
quences that will be discussed later. 

9. Climbing Flight. When the engine is working and the flight path 
is not horizontal, the attitude of the aeroplane, on the assumption that 
the screw does not influence lift, can be calculated as in horizontal flight, 
from the consideration that lift is equal to the component of the weight 
resolved perpendicular to the aeroplane’s velocity 1 . 

If the inclination of this velocity to the horizontal be © we have 



Fig. 11. Forces in climbing flight 
resolved perpendicularly to direction 
of motion. 


(see Fig. 11). 


j L WcosG w cos O 

kL “ qV*S ^ qV*8 ~ qV 2 


(9.1) 


The net forward reaction of the airscrew thrust ( T ) minus the aero- 
plane’s drag (D) must now equal W sin 0, instead of zero as in hori- 
zontal flight. When & is positive the engine will therefore have to work 
harder than in horizontal flight, the difference appearing as gain in 
potential energy. The consideration of energy expenditure for flight 
appears, however, in the division on Performance , and will not, therefore, 
be discussed here. 

The simplifying assumption that the lift coefficient is dependent on 
incidence only and independent of airscrew thrust, may not be suffi- 
ciently accurate and the determination of the aeroplane’s attitude in 


1 It will be remembered that “/&/£” is defined as the component of the air- 
reaction perpendicular to the direction of motion. 
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steady flight then becomes a more complicated matter. If, in steady 
symmetric flight, the effect of changes of Reynold’s number are neglected, 
the form of the flow about the aeroplane and therefore the magnitudes 
of the dimensionless coefficients, are functions of three independent 
variables ; wing incidence (a) ; airscrew blade incidence, defined by 
J ( V/nD), where n is the revolutions per second of the screw and D 
its diameter; and elevator position, defined by an angle (rj). If, however, 
the aeroplane is flying steadily without rotation, one relation between 
these variables is given by the condition that the moment of all the air 
reactions about a transverse axis through the centre of gravity must 
be zero. In steady flight, therefore, the number of independent variables 
defining the coefficients is reduced to two. If, further, the inclination 
of the flight path to the horizontal is specified, there will be another 
relation between the variables, because it is necessary that the direction 
of the resultant reaction on the whole aeroplane — including the screw — 
shall be vertical. In steady flight, with a given inclination of the flight 
path to the horizontal, the magnitude of the lift coefficient is, therefore, 
determined by one independent variable only. This variable can be 
chosen to suit the form of the calculations, but to conform with the 
simpler calculation considered above we may choose as independent 
variable the incidence (a). Given sufficient information about the action 
of the screw, elevators, etc., it is thus possible to prepare a curve relating 
k L to a, but this curve will be different for different inclinations O of 
the flight path. We can then, using (9.1) find, for any value of O the 
relation of V to a in the same manner as before. 

The development of methods of analyzing the relations between 
angle of climb and the variables V, J and a belong properly to the 
division on Performance and will not be further discussed in the present 
section. The matter has been mentioned in this section merely to show 
the lines along which the conditions for steady symmetric flight can be 
examined, before passing to the consideration of the way in which the 
aeroplane will behave when the resultant air -reaction is not vertical 
and equal to the weight. 

B. Accelerated Symmetric Flight 

10. Introduction. Let us suppose that when the aeroplane is flying 
straight and steadily, the incidence is suddenly changed to some new 
value and maintained at that value. A glance at Fig. 5 will show that 
in normal flight, say below 10° incidence, changes of incidence affect 
the lift much more than the drag. The unbalanced force will, therefore, 
be nearly perpendicular to the direction of motion and its principal 
effect will be to curve the flight path. 

In making this statement it is not implied that unbalanced forces 
parallel to tho direction of motion are of no importance ; on the contrary 
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it is through these and these only that changes of speed can occur, but 
the motion of the disturbed aeroplane, taking all factors into account, 
is exceedingly complicated to analyse and will be discussed from various 
points of view in subsequent chapters. The present preliminary survey 
will be confined to the consideration of the pilot’s power to generate 
accelerations perpendicular to the direction of motion and so to curve 
the flight path. 

11. Radius of Curvature of the Flight Path. Suppose that at some 
instant the incidence is such that the actual lift coefficient is k L whilst 
the lift coefficient which would be required for steady straight flight at 
that particular speed and attitude to the horizontal is k' L . Then the 
unbalanced force acting upon the aeroplane, at right angles to the direc- 
tion of motion of the centre of gravity, is 

(k Ij — k\) q V 2 /S 

The acceleration of the centre of gravity at right angles to the path 
g (Icl - kL) g V 2 S n v * 9QV* 


will be 


W 


or ( kj v — kj) 


The radius of curvature of the path will be 

_ F~ 1 w 

acceleration kj^ — k’ f go 

Thus, for a given wing loading (w) and air density (p), the radius 
of curvature of the path depends upon the difference between the actual 
value, of the lift coefficient and the value which would be necessary in 
steady flight. 

12. Minimum Radius of Curvature. In ordinary flying the type of 
curvature of the flight path which is most often required is that in which 
the pilot’s head is on the inside of the curve. This requires that k fj > k' L . 
But k L has a maximum value (K / ), which occurs at the stalling incidence ; 
hence the minimum possible radius of curvature depends on the difference 
between the maximum lift coefficient of the aeroplane and the lift 
coefficient which would be required for steady flight in the circumstances 
under consideration. 

The possibility of attaining the minimum radius of curvature deduced 
from the above consideration depends, of course, upon the elevators 
being sufficiently powerful to provide the angular velocity necessary 
to maintain the incidence at the required value, whilst flying in the 
curved path. This raises questions which will be discussed in later 
chapters. It is not, however, difficult to provide sufficient elevator power 
for this purpose and so to ensure that the minimum radius of curvature 
available shall be limited only by the above consideration. 

The lift coefficient in straight flight is small but positive when flying 
right- way up at high speeds in any direction, hence, when flying at high 
speed, the minimum available radius of curvature of the flight path 
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will closely approach the absolute minimum [wjK L gg]. The minimum 
radius for any attitude to the horizontal increases as the speed decreases 
and becomes infinite at the stalling speed. 

These remarks, it must be remembered, apply only to curvatures 
towards the pilot’s head when the aeroplane is not inverted. If this 
restriction is removed, the radius may have any value down to zero; 
as, for example, when the aeroplane, flying nearly straight upwards, 
falls over on its back. In such circumstances small radii of curvature 
are, however, of little practical value. 

Figure 5 shows that when the maximum lift coefficient is developed, 
the drag is very much higher than in normal flight. If, therefore, it is 
desired to fly in a path of small radius of curvature without excessive 
power expenditure or loss of speed or height, the absolute maximum lift 
coefficient will not be used, but one some 15 per cent or 20 per cent less 
and the practicable minimum radius of curvature will be correspondingly 
increased. 

If the maximum lift coefficient (K r ) in the above expression is to 
be identified with the maximum coefficient in straight flight, it must 
be assumed that its value is not influenced by rotation. There is reason 
to suppose that this may not be true, but it is probably sufficiently true 
for the rough estimates of minimum radius of curvature generally required. 
Assuming that the coefficients in curved and straight flight are identical, 
we may express the absolute minimum radius of curvature in a still 
simpler form, as follows. 

13. Minimum Radius of Curvature in Terms of Stalling Speed. Let 
V# be the stalling speed in straight horizontal flight with air density g. 

Then w = K lQ V% 


Hence 


_ „ F if 

K L 9Q 9 


Thus the absolute minimum radius of curvature is twice the height 
through which the aeroplane would have to fall, in vacuo , to acquire a 
speed equal to its stalling speed in steady straight flight at the height 
in question. With a stalling speed of 50 m.p.h. the absolute minimum 
radius of curvature is about 170 feet. 


14. Minimum Radius and Rapid Manoeuvres. These conclusions are 
of the greatest importance in connection with the design of craft which 
require power of rapid manoeuvre. They show that rapid manoeuvres 
involving change of direction are impossible without a fair speed range 
which will allow the aeroplane to fly steadily with a lift coefficient con- 
siderably lower than the maximum; and that, other things being equal, 
an aeroplane with a low stalling speed will be more manoeuvrable than 
one with a high stalling speed. These facts were well illustrated in the 
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late war, where the lightly loaded aeroplanes, such as the Sopwith Camel, 
outmanoeuvred their more heavily loaded opponents at low heights, 
where the speed range of both was high, but were themselves out- 
manoeuvred by the same opponents at greatt r heights where, being near 
their absolute ceiling , their speed range was much less than that of 
their enemies. 

15. Apparent Gravity and Load Factors. In general, when large accele- 
rations are occurring, the aeroplane will be flying on a curved path and 
will be rotating so as to maintain the necessary angle of incidence. In 
these circumstances the accelerations of different parts of the aeroplane 
will differ from the acceleration of the centre of gravity ; but if the radius 
of curvature is large compared with the dimensions of the aeroplane 
these differences will be unimportant. If, as a first approximation, it 
is assumed that the acceleration (/) of all parts is equal to that of the 
centre of gravity, then every individual mass (m) in the aeroplane must 
be acted upon by a force equal to mf, in the direction of /, in addition 
to a force equal and opposite to its weight (m g) which acts vertically 
downward The resultant force, which must be applied to the mass 
to accelerate it and to balance the weight is then 

m x (vectorial sum of / and — g). 

The internal stresses within the aeroplane and pilot will thus be sub- 
stantially the same as if the aeroplane were flying straight, in a gravi- 
tational field equal to the vectorial sum of g and — /. This vectorial 
sum is often called the apparent gravity in the aeroplane and its ratio 
to the true value of gravity is called the load factor (n). Stresses in the 
aeroplane will then all be approximately n times as great as the corre- 
sponding stresses in steady horizontal flight at the same incidence. This 
approximation is widely used in calculating the stresses in aeroplanes 
during manoeuvres ; it should not, however, be used for violent low speed 
manoeuvres, such as the spin, in which it may be hopelessly inaccurate, 
both on account of the influence of rotations upon the distribution of 
the air-reactions and because the accelerations of individual parts of the 
aeroplane may then differ widely from that of the c.g. 

16. Measurement of Load Factors. The magnitude of the apparent 
gravity can be very easily measured by means of a spring- suspended 
weight. If the spring is hung from a universal joint its extension will be 
proportional to the apparent gravity; but if it has freedom of motion 
in one direction only, its extension measures the component of the 
apparent gravity in that direction. In practice it is usual to employ 
such an instrument to measure the component in the plane of symmetry 
perpendicular to the longitudinal axis of the body. In normal flight 
this component is practically indistinguishable either from the resultant 
or from the component perpendicular to the direction of motion. 
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17. Maximum Load Factor. Let n be the ratio of this component 
to the true gravitational field and let k L be the lift coefficient. 

Then nW = k L Q V 2 S 

Let k' L be the lift coefficient in steady horizontal flight at the same 
speed, in air of the same density. 

Then W = k' L q V 2 S 

Hence n = 

Approximately, therefore, the load factor is simply the ratio of the 

actual lift coefficient to the lift coefficient in steady horizontal flight 
at the same speed and height. The load factors which can occur upon 
an aeroplane flying at a given speed cannot, therefore, exceed the ratio 
K T Jk' L or ( f '/ I s) 2 , where I is the actual speed of flight and Y s the 
stalling speed in straight flight with wings level 1 . 

Whether or not this load factor can be actually reached depends 
upon whether the rate of rotation of the aeroplane about a transverse 
axis can be made sufficiently large for the stalling incidence to be reached 
before the speed has fallen appreciably. In the majority of aeroplanes a 
hard pull upon the control stick causes the necessary increase in incidence 
in a very short time and it is therefore possible to reach load factors 
not far removed from the above value. 

The highest speed at which an aeroplane can travel is generally that 
attained in the terminal velocity dive (7) and may be between four and 
eight times the stalling speed. A sudden pull upon the control column 
at these speeds may lead, therefore, to load factors between 16 and 64 
and involve forces which no reasonable aeroplane could be expected 
to withstand. 

Aeroplanes in use at present are designed to withstand load factors 
ranging from 4, for large commercial craft, up to 15 for certain types of 
fighting machine; it has, therefore, to be assumed that the pilot will 
not pull violently upon the control stick when travelling at excessively 
high speeds. This is reasonable, because his own body cannot withstand 
more than certain limiting load factors, so that the amount which he 
will pull on the stick will be governed by his bodily appreciation of the 
apparent gravity. 

It is of interest in this connection to note that momentary load 
factors up to about 11 have been recorded without permanently damaging 
the pilot, but that factors greater than about 4.5, if maintained for more 

1 Certain experiments which have been made since the above was written 
suggest that this generalization may not be true when the lift is very suddenly 
increased; it appears that, in these circumstances, the lift coefficient may temporarily 
exceed the maximum coefficient which can persist for any considerable time. This 
phenomenon, however, requires further experimental verification. 
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than five or six seconds, cause temporary blindness and loss of other 
faculties. (Refs. 1, 2, 3, 4.) 

Having discussed some simple aspects of symmetric flight, steady 
and accelerated, we shall now consider some equally simple aspects of 
asymmetric flight. 

C. Straight Asymmetric Flight 

18. Steady Straight Side-slip. Imagine an aeroplane, flying straight 
and symmetrically, to be rolled suddenly through an angle cp, about 

an axis parallel to the direction of motion, into 
the attitude of Fig. 12. Suppose that imme- 
diately after the roll the direction of motion is 
still parallel to the plane of symmetry and that 
therefore the reaction of the air also lies in the 
plane of symmetry, as in Fig. 12. The resultant 
of lift and weight is now no longer zero, but is 
a force inclined to the plane of symmetry. 
This force will in time generate a velocity which 
will contain a component — called side-slip — 
perpendicular to the plane of symmetry and if 
the attitude of the aeroplane is maintained constant, the sideslip will 
increase until a force component Y (positive when to starboard) perpen- 
dicular to the plane of symmetry is generated, 
sufficient to swing the resultant air reactions 
back to the vertical. This force will be called 
side-force ; it is mainly due to the action of 
the air blowing crosswise on the body. When 
steady conditions have been reached, the 
resultant {H) of the side-force (Y) and the 
lift ( L ) must equal the weight, and the lift 
will therefore be somewhat less than that 
in steady symmetrical flight at the same 
speed, Fig. 13. 

19. Relation of Side-force to Side-slip. Let the side-force coefficient 

be k y - Yjq V 2 S 

Then k v — — k L tan (p (19.1) 

where k L is the lift coefficient in the steady straight flight with side-slip. 
Let ft (positive when side-slip is to starboard) be the angle made by the 
direction of motion with the plane of symmetry. It is found by wind 
tunnel experiment that side -force is sensibly proportional to /? up to at 
least 30°. Side-force is also found to be very little affected by changes 
of incidence and its coefficient, at a given value of does not differ 



Fig. 13. Forces in a steady 
straight side-slip. 



Fig. 12. Forces immediately 
after rolling from straight 
flight -no side-slip. 
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greatly between different aeroplanes of conventional design. For such 
machines a fairly representative value is given by 

k v — — 0.2/? (ft in radians) (19.2) 

20. Relation of Side-slip to “Bank”. Equations (19.1) and (19.2) 
lead to ft == 5 k L tan (p 

or, for small values, to ft = 5 k L (p 

Near stalling, where k L is of the order 0.5, the angle of side-slip 
in slow steady flight is therefore of the order 2.5 times the angle of roll 
or bank as it is sometimes called. At higher speeds this ratio is reduced 
in proportion to the lift coefficient. At cruising speeds where the lift 
coefficient is of the order 0.20, the angle of side-slip is roughly equal 
to the angle of bank. These figures must be regarded merely as represen- 
tative; for accurate prediction, special measurements, or estimates based 
on the shape of the aeroplane, are of course required. 

When the side-slip becomes large — 20° or over — the body of the 
aeroplane sets up severe turbulence in the air flow and its drag is there- 
fore very high. At the same time the lift at a given incidence is reduced 
and the ratio of drag to lift therefore increases considerably. Pilots use 
this property of the aeroplane to increase their gliding angle without 
unduly reducing or increasing speed and so are able partially to overcome 
one of the difficulties of landing noted in 7. 


D. Circling Flight 

21. The Flat Turn. Consider an aeroplane flying with its plane of 
symmetry yertical and with its centre of gravity describing, with speed F, 
a horizontal circle of radius r 
and centre C and assume that 
the asymmetric moments ge- 
nerated by this motion are 
balanced by suitable control 
settings. 

The acceleration towards 
the centre of the circle will be 
V 2 jr, and to maintain this acce- 
leration a resultant horizontal 
air reaction directed towards 
C and equal to (W/g) ( V 2 jr) 
will be required. This air- Fi*. 14 . Forces ill a “flat turn”, 

reaction will be inclined to 

the plane of symmetry, and to provide it, the plane of symmetry must 
be inclined to the direction of motion, as in Fig. 14. 

The horizontal air-reactions may be resolved into a component (Y) 
acting perpendicular to the plane of symmetry and a component, equal 
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to the difference between the airscrew thrust (T) and the drag ( D ), acting 
in the plane of symmetry. 

Let ft be the angle of side-slip. 

Then i i r QV*S = ~ cosfi (21.1) 

22. Side-slip in the Flat Turn. A representative value of k y has 
been given as 0.2/5 and, inserting this in (21.1) we have 

5 w cos ft (22. n 

' ge r 

where w is the wing loading per unit area. The factor wjg q has the 
dimensions of length and a reasonable value corresponding to a wing 
loading of 8 lb. per sq. ft. in air at about 6,000 ft. above sea level, is 
150 ft. 

This leads to ~-s- = — -^°° (ft in degrees) (22.2) 

Provided that ft is not too large, co.s ft will be in the neighborhood of 
unity and therefore ft will be inversely proportional to r. If, for example, 
r is 2700 feet, ft must be in the neighborhood of 16°. Hence, in order 
to make a flat turn , as such a manoeuvre is called, having a radius of 
curvature less than half a mile, side-slip angles greater than some 16° 
are necessary. Such side-slips involve, as we have seen, heavy power 
losses and therefore flat turns of any but very gentle curvature are not 
employed, except in special circumstances. 

23. The True-banked Turn. The usual procedure when circling is to 
roll — or bank — the aeroplane about the longitudinal axis, until the air 
reaction necessary both to support the weight and provide the hori- 
zontal acceleration again lies in the plane of 
symmetry, Fig. 15. The turn is then said to 
be true -banked and the aeroplane proceeds 
without side-slip. 

If the angle of bank in a true -banked turn 

is ep and the radius of curvature of the path 

of the centre of gravity through the air is r, we 

i W V 2 1 V 2 

have tan w = TJ/ - = (23.1) 

t g r W gr ' ' 

and k L Q t 2 S = W sec ep (23.2) 

In horizontal circling flight the distribution 
of the air reactions across the span of the 
wing differs from that in straight flight because the outer wing moves 
faster than the inner. In a steady turn, however, the moments intro- 
duced from this cause will be balanced by the action of ailerons and 
rudder; in these circumstances it will be sufficient for a preliminary 
examination of the matter to suppose that the forces on the circling 
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Fig. 15. Forces in a “true- 
banked turn”. 
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aeroplane and the stresses set up thereby are the same as though it were 
flying straight at the same speed and incidence. On this assumption the 
power required and other quantities relating to a true-banked horizontal 
turn will be obtained, as for straight flight, but on the supposition 
that the weight of the aeroplane is increased in the ratio sec cp: 1. 
The load factor (n), for example, will equal sec cp. 

24. Stalling Speed in a True-banked Turn. The stalling speed will 


be given by the relation jr 


w 

qJcl 


sec (p 


and will be ^ sec cp times greater than in straight flight. 


For values of cp equal to 45° and 60°, the stalling speed will therefore 
exceed that in straight flight by 19 per cent and 41 per cent respectively. 
This rise in the stalling speed in circling flight is a frequent cause of 
accidents to novices. 


25. Power Required in a True-banked Turn. The power required for 
flight at high speeds is but slightly influenced by changes of weight, 
hence moderate true -banked turns at high speed do not call for appre- 
ciable increases of power. At lower speeds, or in steeply banked turns 
at any speed, considerable power losses will clearly be incurred. In 
particular, the minimum power for flight, which occurs at a speed not 
greatly in excess of the stalling speed, is very sensitive to change of 
weight and is therefore appreciably increased by even a moderate turn. 
It is therefore important to avoid any but the most gentle turns when 
attempting to climb at the maximum rate or to maintain height near 
the ceiling of the craft. 

26. Horizontal Turn of Minimum Radius. Eliminating V between 
equations (23.1) and (23.2) yields 


w cosec <p 

ggicL 


(26.1) 


Thus, for a given angle of bank, the radius of a horizontal true- 
banked turn is inversely proportional to the lift coefficient and the 
minimum possible radius for a given angle of bank (<p) is clearly, 


w cosec (p 
OqKl 


(26.2) 


This minimum approaches the absolute minimum of 12 as cp ap- 
proaches 90° but the absolute minimum cannot bo reached in a true- 
banked turn, because, in order to satisfy the relation k L g V 2 S = W cosec (p , 
the speed would have to increase to infinity as cp approaches 90°. If 
the speed does not increase in accordance with this relation the weight 
of the aeroplane cannot be supported, except by a side-force generated 
by downward side-slipping. 

When the angle of bank (cp) is 60°, )/sec cp =1.41 and cosec cp = 1.15 
so that a true-banked horizontal turn of radius less than 15 per cent 
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greater than the absolute minimum is possible, provided that a speed 
more than 41 per cent greater than the stalling speed in straight flight 
can be maintained whilst the lift coefficient is at its maximum value. 
We have seen, however, that the drag on an aeroplane flying at the 
incidence which gives maximum lift is very high, consequently it is 
much more economical of power to carry out a sharp turn with a lift 
coefficient somewhat lower than the maximum. Complete horizontal 
circles with radius no more than 20 per cent greater than the absolute 
minimum have been recorded. 

27. Aerodynamic Moments. The simple considerations contained in 
this chapter, relating to the attitude of the aeroplane in steady flight 
and to the limiting accelerations which can be imposed upon it, have 
been discussed on the assumption that the pilot has the power and skill 
necessary to adjust the air-inoments about axes through the c*.g. to 
the values required by the manoeuvres considered. To proceed much 
further with the study of the dynamics of flight it is necessary to know 
something about these moments which are generated by the rotation of 
the aeroplane and by the action of the controls. The estimation of the 
magnitudes of these moments in various circumstances is the principal 
difficulty of our subject and the two following chapters will, therefore, 
be devoted to an examination of the available evidence upon which 
estimates of these moments can be based. Further study of the motions 
of the aeroplane under the combined actions of the air-forces and 
moments will be deferred to Chapter IV and subsequent chapters. 

CHAPTER 11 

SYMMETRIC OR PITCHING MOMENTS 

1. Pitching Moments and Static Stability. A line, such as YOY', 
Fig 16, passing through the c.g. of an aeroplane and perpendicular to 
the plane of symmetry, will be called the transverse axis of the aeroplane. 
The total air-moment acting upon the aeroplane, about the trans- 
verse axis, will be called the 'pitching moment 1 — symbol M . The contribu- 
tion to the pitching moment from any part of the aeroplane will be 
distinguished by some appropriate suffix. M is a function of many 
variables such as speed, air density, wing incidence and angular velocity 
of pitch. In steady symmetrical flight M is necessarily zero. 

The partial derivative dM/d a where a is the wing incidence, is com- 
monly said to define the static pitching stability of the aeroplane, the 
word static being introduced to indicate that the term relates to an 
imaginary condition in which the aeroplane is suspended in a current 
of air so as to be free to rotate about a fixed transverse axis. This partial 

1 Positive when it tends to raise the nose of the aeroplane. 
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derivative is an important factor in determining the free motion of an 
aeroplane when slightly disturbed from steady flight. 

The pitching motion of the aeroplane is said to be statically stable, 
neutral or unstable, according as dM/d a 
respectively. By an obvious analogy the 
word weather-cock is sometimes used in- 
stead of the word static , but we shall 
employ the shorter term. 

2. The Geometric Mean Chord. In the 
conventional aeroplane of the present day 
the lift necessary to balance the weight 
is provided by a wing, or pair of wings, 
placed roughly one above the other, whilst 
the balance and control of the pitching 
moment is governed by a relatively small 
tail which is placed some distance behind 
the wings and contributes but little to the 
lift. Other arrangements are, of course, 
conceivable and have been tried, but at 
the present time it is true to say that all 
aeroplanes in common use are of the above type. The discussion which 
follows will relate to this type and although the methods employed 
can easily be adapted to other types, the approximations upon which 
they depend may then need modification. 

When the wings consist of more than one plane, as in a biplane, or 
when their plan form is not rectangular, or the profiles and incidences 
vary along the span, the first step in computing the pitching equilibrium 
and stability of the craft is to replace the actual wing system by an 
imaginary equivalent single wing, which may be supposed to be of 
rectangular plan form and to behave, as regards lift and pitching moment, 
in the same way as the real wing. The definition of this equivalent single 
wing is discussed in 46, so that it will be sufficient for the present to 
conduct our examination of the matter on the assumption that the 
lifting system consists of a single rectangular wing of uniform profile, 
having the chords 1 lying in a plane. The chord of this imaginary wing 
will be called the geometric mean chord of the wing system. 

3. The Air-Reactions on an Isolated Wing. Figure 17 shows the 'profile 
or cross-section parallel to the plane of symmetry, of a typical modern 
wing, of which A B is the chord of length c. 

If we suppose that this profile is at the plane of symmetry of a wing 
of rectangular plan form — aspect ratio 6 — having the same profile at 

1 The chord of a wing is an arbitrary line such as AB> Fig. 17, drawn on the 
wing section or profile for the purpose of defining the width of the wing at this 
section and the incidence or orientation to the relative air stream. 


is negative, zero, or positive 



Fig:. 16. The plane of symmetry 
and the transverse axis. 
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all sections parallel to the plane of symmetry and having all the chords 
in one plane, then the arrows drawn on the diagram represent the experi- 
mentally ascertained lines of action and the relative magnitudes of the 
resultant air-reaction on this wing, when the incidences of the chord to 
the direction of the relative wind are as shown. The range of in- 
cidences — 0° to 10° — covers about the whole range of normal steady 
flight for this wing. 

Let us suppose that when the incidence is 2.5° corresponding to 
cruising conditions, the c.g. of this wing and the weight it is supporting, 
is located on the intersection of the chord with the line of action of the 
resultant force. Then it is clear that if the incidence is increased the 
air-reaction will pass in front of the c.g. and if it is decreased the air- 
reaction will pass behind the c.g. The value of dMjdvL will thus be positive 

and the equilibrium at 2.5° incidence will 
be statically unstable. Unless the c.g. is 
located far below this wing it will clearly 
A be necessary to move it forward or back- 
ward to secure equilibrium at different 
incidences and the equilibrium in all 
positions within this range will be static- 
ally unstable. Although in some of the 
earliest flying experiments, equilibrium 
at various speeds was secured by moving the c.g. in flight, this is not 
a convenient method and the necessity for such movement is now avoided 
by fixing a tail-plane and elevators some distance behind the wing, by 
means of which the pitching moments can be controlled and the inherent 
instability of the wing neutralised. 

Wing forms are known and are occasionally used on which, over a 
wide range of incidences, the resultant reaction passes very near to a 
fixed point, and it is even possible, at the expense of some loss of 
efficiency, to find wings on which the equilibrium condition is inherently 
stable without assistance from a tail; but even in these circumstances 
a tail is always added to give the pilot control over pitching moments and 
to adjust for movements of the c.g. due to changes in the load distribu- 
tion. Only in one or two experimental aeroplanes, which have not yet 
been produced in quantity, is an attempt made to dispense with the tail 
altogether and, in its stead, to provide the pilot with power to alter 
the wing form and so control the pitching moment. 

4. Functions of the Tail. The tail has three distinct functions : fixed 
rigidly to the wing, it provides any required degree of static pitching 
stability, for the air-reaction upon it exerts a moment (M') about the 
c.g. for which dM'/doL is negative: operated by the pilot through a slow 
irreversible mechanism, it allows equilibrium to be attained, within 
limits, for any incidence of the main planes and for any c.g. position: 



Fig. 17. The air-reactions on a 
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operated through a quick acting, well balanced control, it enables un- 
balanced pitching moments to be generated whenever the pilot may 
need to produce pitching rotations. 

5. Fixed Tail and Elevators. A common method of providing for 
the second and third operation above is to divide the tail into two parts 
called, respectively, the fixed tail or stabilizer , and the elevators. The 
fixed tail may, for example, be pivoted at C , Fig. 18, with the surface 
itself under the control of a screw jack connected with a wheel in the 
pilot’s cockpit. By turning on this wheel the tail setting can be slowly 
altered, so that the angle made by the chord (AC) of the fixed tail with 
the chord of the wings can be altered through some 5° or 6°. In steady 
flight the incidence of the wings is (see I 5 and 9) a function of speed, 
and the operation of adjusting the fixed tail so as to obtain pitching 
equilibrium at the wing inci- 
dence appropriate to some par- 
ticular speed is called trimming 
the aeroplane for that speed. 

Behind the fixed tail, piv- 
otted generally on the same 
axis ( C ), lie the elevators which, 
in their neutral position, con- 
tinue the profile of the fixed 
tail, but which can be rotated 
quickly and easily by the pilot 
as shown in Fig. 18. These provide what is generally called the pitching 
control of the aeroplane. Because of the position of the elevators on the 
body (D) of the aeroplane, and to allow room for the rudder to swing 
from side to side, the elevators are generally constructed in two parts 
and hence are spoken of in the plural. They are, however, rigidly con- 
nected so as to move together and may be regarded as a single control 
organ. It will be realized that elevators situated as in Fig. 18 are very 
effective in performing their function of providing air-forces perpendicular 
to a line joining C to the c.g. of the aeroplane; for when they are moved, 
they not only experience air force themselves but, by their influence on 
the air flow, induce large changes in the air force on the fixed tail. 

The designer will be greatly concerned with balancing the elevators, 
so that the air moment about C will be small, even when the air force 
which they exert is large. This balancing is carried out in a variety of 
ways, as for example by adjusting the position of the hinge C , but since, 
in this Division, we are concerned with the dynamics of the aeroplane 
under the air-reactions which come upon it and not with the practical 
operation of the machine, we shall not further discuss this matter of 
balancing controls, but will assume that the pilot has at his disposal 
sufficient power to place the controls in any desired position. 



FI*?. 18. Typical arrangement of tail, elevators, 
fin and rudder. 
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Though the method of plotting the line of action of the air-reaction, 
as in Fig. 17, is well suited to a preliminary qualitative discussion of the 
nature of the problems presented by the balance of pitching moments, 
it is not well suited to their quantitative analysis. For this purpose it 
is more convenient to specify the directions and magnitudes of the air- 
reactions by two mutually perpendicular components and their lines of 
action by the pitching moments about some transverse axis, such as 
that passing through the c.g. We shall adopt this latter method through- 
out the subsequent examination of the problem. 

6. Effect of C.G. Position on Static Stability. Let the resultant air- 
reaction on an aeroplane flying symmetrically, be represented by the com- 
ponents, lift (L) and drag (D), 
perpendicular and parallel re- 
spectively to the direction of 
motion of the c.g., and by the 
pitching moment (M) % about the 
transverse axis through the c.g. 
When the aeroplane is flying 
straight and steadily with wing 
incidence a 0 , and c.g. in posi- 
tion (1), Fig. 19, the pitching 
moment M 1 is necessarily zero 
and the static stability or in- 
stability of the equilibrium is 
denoted by dMJdoi. Suppose now that a redistribution of load moves 
the c.g. forward through a distance x to position (2). Let M 2 be the 
pitching moment about the new position so that 

M 2 = M j — L x 

The aeroplane will no longer be in equilibrium at incidence a 0 since 
at this incidence M x is zero. Suppose, however, that equilibrium is 
restored by an adjustment of the tail-plane or elevator which introduces 
an additional moment M K = L 0 x, where L 0 is the value of L when the 
incidence is a 0 . It is found experimentally that the additional moment 
produced in this way by a given movement of tail or elevators is sub- 
stantially independent of the attitude of the aeroplane provided that 
the tail is not near its stalling incidence, Fig. 23 (see 18). It follows 
that the moment about axis (2), Fig. 19 can now be written 
M 2 = M j — Lx + M K 

In which M E is a constant independent of a. Differentiating with 
respect to a to obtain a measure of the static stability of the equilibrium 
when the c.g. is in the new position (2), gives 

dM 2 dM x dL 

da doc. da 



X 


( 6 . 1 ) 
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Since dL/doc is essentially positive, the static pitching stability of 
an aeroplane in normal flight is increased by moving the c.g. forwards 
and decreased by moving it backwards and this increase is directly 
proportional to the distance through which the c.g. is moved. 

We take this opportunity to note that the characteristic behaviour 
of an aeroplane and the approximations which are valid in normal 
flight — incidences less than 10° for a wing with profile as in Fig 2 — differ 
so radically from those in stalled flight at higher incidences that the 
equations require entirely different treatment in the two conditions. 
Unless a specific statement is made to the contrary, it will be assumed 
that the equations and discussions which follow relate to normal flight. 

7. Dimensionless Coefficients. Quantities 3uch as L and M are 
dependent upon air-density (q) and aeroplane velocity ( V) as well as 
upon the shape, size and attitude of the aeroplane. It is convenient 
and customary to study them in terms of the dimensionless coefficients 
k L and k M defined so that 


kr. 


L 

q V*8 


and k M 


M 

~oV r 8c 


where S is the conventional wing area and c is the geometric mean chord. 
These dimensionless coefficients arc, sensibly, functions of the form and 
attitude of the aeroplane only. Dividing (6.1) throughout by q V 2 Sc gives 


■M 

« J2 


dkM 
doc x 


dki J 

doc 


(7.1) 


It is found, experimentally, that dk r Jdoc is sensibly independent 
of a, being a constant in the neighborhood of 2 when a is expressed in 
radians, and it is for many purposes convenient and is normal practice 
to divide (7.1) throughout by dkjjdcx. giving 


d kj\r) 

[dkL J 2 

The expression dk M jdkj- 


(7.2) 


[ dkM ] 

[ dkL Ji 

-the rate of change of pitching moment 
with respect to lift coefficient as the incidence changes — is often used 
as the criterion of static pitching stability of the craft. 

8. C.(J. Positions for Neutral Equlibrium. It will be noted, by reference 
to (7.2) that there is some value of x for which \dk M jdk L \ is zero, and 
this leads, after an appropriate tail adjustment, to neutral pitching 
equilibrium. Let this value be x 0 . 

I" dkM] 

dkL 


Then 


0 


with other values of x , 


dkM 

dkL 


J2 C 

Dropping the suffix and writing (x — x 0 )/c = H, we have d k M Id kj, = 
which may be written in the alternative form, 

dkM „ dk L 

dec doc 


— H, 


H 
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The quantity H is comparable with the metacentric height of a ship, 
that is to say it defines the distance of the c.g. from a position which 
gives neutral equilibrium and it is proportional to the moment which 
acts on the aeroplane when displaced from the equilibrium attitude. 
It will be shown later that the sensitivity of the static pitching stability 
to movements of the c.g. perpendicular to the direction of motion is 
small compared with the sensitivity to movements parallel to the direc- 
tion of motion, or in other words, that the locus of neutral c.g. positions 
is a line not far removed from perpendicular to the direction of motion. 
Thus H is the ratio to the geometric mean chord, of the distance of the 
c.g. forward of the locus of neutral c.g. positions; the latter being nearly 
a straight line perpendicular to the direction of motion. We shall describe 
H as the metacentric ratio of the aeroplane, although this term is not 
in general use at the time of writing. 

9. A Relation Between Control and Stability. In steady symmetric 
horizontal flight, in air of given density, wing incidence is a function 
of speed only: the higher the speed the smaller the incidence. A stable 
aeroplane, trimmed for a given speed, will therefore, at lower speeds, 
have to fly at a greater incidence and will be acted upon by a negative 
pitching moment, tending to depress the nose. At higher speeds the 
pitching moment will be positive. It will be necessary, therefore, to use 
either the elevators or the trimming mechanism to hold the nose down 
at high speeds and to hold the nose up at low speeds. The reverse will 
be true for an unstable aeroplane. Only with a neutral aeroplane will 
it be possible to fly steadily at various speeds without retrimming and 
without unbalanced forces on the controls. 

This relation provides one convenient way of assessing the static 
pitching stability of an aeroplane in flight. The aeroplane is trimmed 
for some medium speed and the efforts, or control movements, required 
to hold it in steady flight at speeds above and below the trimmed speed 
are noted. 

Heavy unbalanced control forces or continual retrimmings with 
every change of speed are objectionable in flight, hence designers try 
to avoid either excessive stability or instability. We shall see, when we 
study the stability of free flight in later chapters, that a statically stable 
aeroplane, when disturbed, generally oscillates slowly and with decreasing 
amplitude about a mean path, whereas one that is statically unstable 
tends to diverge more and more from the equilibrium path. Though this 
divergence is generally so slow that the trained pilot has no difficulty 
in coping with it, he is constrained by its presence to be continually 
attending to the controls. For these reasons the condition most generally 
desired is slightly on the stable side of neutrality. 

The load distribution on a machine in service is subject to variations 
which change the position of the c.g. These variations are generally 
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controlled within strict limits by the airworthiness certificate of the 
machine. The designer generally tries to achieve a condition near neutral 
equilibrium at the cruising speed when the c.g. is as far back as is permitted, 
for this ensures stability with all other permissible load distributions. 
He may even accept a slight instability in the farthest back position 
of the c.g. in order to avoid too great stability with the usual load 
distribution. 

10. Experiments on Complete Models. Sometimes the relations be- 
tween the quantities L, D, M and the incidence a, will have been 
determined for a model of the complete aeroplane suspended in a wind 
tunnel in such a way that the force components and the pitching moments 
about some specified transverse axis, can be measured. These measure- 
ments will usually be made at a series of values of a, sufficiently close 
together to allow continuous curves to be drawn in which k Jti k n and 
k M are plotted as ordinates against a as common abscissa. It is then a 
simple process to calculate the pitching moment coefficient about any 
other transverse axis and so to determine k M and dk M \d& or dk M jdk L 
for any c.g. position and any incidence. The only uncertainties introduced 
are those due to the difference between the Reynolds Number of the model 
experiment and the corresponding full scale flight; to inaccuracies in 
the model; and to possible influences of the tunnel walls upon the flow. 

The making and testing of complete models is, however, a lengthy 
and expensive procedure and it is often necessary for the designer to 
estimate these quantities from published data relating to the air-reactions 
on the separate components of the aeroplane, such as the wings, body, 
tail unit and airscrew. Even when a complete model experiment is 
contemplated, it is generally used merely as a check on the accuracy 
of the estimates made from preliminary designs. The processes involved 
in estimating the pitching moment coefficient k^ and its derivatives 
are, therefore, of great practical importance and it is to the study, on 
broad lines, of these processes that we shall now turn. 

A. Contributions of Separate Parts of the Aeroplane 
to Pitching Moments 

11. Introduction. The problem will generally present itself in the 
following form: given the relative positions of wings, body, airscrew 
and tail, with the position of the c.g., and given the forces which act 
on these parts separately, to estimate the pitching moment about the 
transverse axis through the c.g. taking into account the interferences 
between the various parts, each of which disturbs the flow of the air 
upon the others. The problem is too complicated to be precisely solved 
and resolves itself into an exercise in approximation. We shall approach 
it by considering first its simplest aspects and then consider successively 
additional terms, taken roughly in the order of their importance. 
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12. Pitching Moments from Tail and Wings — C.G. on Wing Chord. 
We shall begin with the simple arrangement illustrated in Fig. 20 which 
shows a monoplane with the c.g. (0) situated on the geometric mean 
chord (A B) and with the tail-plane pivotted at a point ( D ) on this chord 
produced. 

Information respecting the air reactions on the isolated wings and 
tail will have been obtained without knowledge of the position of the 
c.g. in the particular design in contemplation, hence the lines of action 
of the reactions on them will havo been specified by their moments 
about arbitrarily chosen axes. For the wings the axis commonly chosen 
for this purpose passes through the leading edge. 

Let us suppose that the reac- 
tions on the wing are specified 
by the forces E and F perpen- 
dicular and parallel respectively 
to the chord and by the moment 
M w — coefficient [A^/],,, — about the 
axis through A . 

Let the reactions on the 
tail-plane in these directions be E' 
and F' and neglect their moment 
about the pivot of the tail. 

Fig. 20. Let the incidence of the wing 

chord (AB) be a. 

Let A B — c, AG — he and G I) = V . 

Let areas of wings and of the tail and elevators be S and S' respectively. 

The force components E and F on the wings will be connected with 
the components L and D by the relations 

E — L cos a + D sin a 
F = D cos a — L sin a 

which reduce, when D and a are small, to the approximate form 
E = L and F = D — L a 

The approximation will be sufficiently accurate for all practical 
purposes provided that L/D > 10 and a< 10°; a condition which is 
almost always satisfied in normal flight. 

The relations between the dimensionless coefficients k Ki k F , k L and 
k D will clearly be the same as those between the forces themselves, since 
all the force coefficients are derived through division by q V 2 S. 

Omitting, for the present, moments contributed by the airscrew, 
the body, and other parts of the aeroplane, we may write the total 
moment M in the form 

M — he E + M w — V E' 
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or, dividing throughout by qV 2 Sc 

k M — hk E + [k M ] w g - * qV*S' 

Write k' E for E'/q V 2 S', K for S' I'jSc and replace E by its approximate 
value L, giving k M = h k L + [k M ) w — K k f K (12.1) 

For equilibrium k M is zero and (12.1) becomes 

K k E = hk L \k^[] w (12.2) 

which gives the value of the force coefficient (k E ) required from the tail. 
Differentiating (12.1) with respect to a 


dk,M 
d a 


h ( p- + 

d a 


d Jcm 
d a 


— K 


dkb) 
d a 


(12.3) 


i^or neutral equilibrium dk M jda. must also be zero, and (12.3) can 


then be written 


K K 


dkb: 

dk L 


d k\u 
dkj J 


(12.4) 


where h 0 defines the c.g. position for neutral equilibrium. 

13. Joukowskis Theoretical Values for [dk M ldk L ] w . Joukowski, 
from certain assumptions as to the nature of the flow, has shown that, for 
monoplane wings having what are now called Joukowski profiles, 
[dkyldkj \ w is independent of incidence and equals — 1/4; this result is 
found by experiment to *be nearly true for most monoplanes at moderate 
incidences 1 . In so far as it is true we may write (12.4) in the simpler form 

1 dk' r 

h <> ~ 4 + A ' W (1:U) 


which shows that the c. g. position for neutral stability depends mainly 
on the tail and scarcely at all upon the form of the wing profile; for the 
rate of change of lift coefficient with incidence is nearly the same for 
all wing profiles. 

Joukowski’s theoretical result for the monoplane, quoted above, 
is equivalent to the statement that the moment coefficient about a point 
on the chord distant one quarter of the chord length behind the leading 
edge is independent of incidence: for brevity we shall describe this as 
the quarter point. This was, in fact, the way in which the proposition 
was first enunciated 2 . The magnitude of this constant coefficient is 
approximately determined by the curvature of the centre line of the wing 
profile (Ref. 1). 


1 For a biplane the equivalent theoretical value is 

1 

4 ' 32 G» 

where G is the ratio of gap to chord and M is measured about the leading edge 
of the geometric mean chord (see 46). At moderate angles of incidence these theo- 
retical values for biplanes agree fairly closely with the results of experiment. 

2 The position of Joukowski’s point about which the theoretical value of the 
moment coefficient is independent of incidence is slightly above the chord, but 
it is sufficient for our purpose to assume that it is on the chord, at the quarter point. 
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When the c.g. lies on the quarter point the wing contributes nothing 
to the stability of the aeroplane ; but when, as is more usual, the c.g. 
lies behind the quarter point the wing contributes an unstable term 
which has to be neutralized or overpowered by the stabilizing effect 
of the tail. 

14. Pitching Moments When the C.G. is not on Wing Chord. Consider 
now the more general condition when the c.g. is not on the wing chord, 
Fig. 21. 

Draw GN perpendicular to A B and let A N — he , GN — Ice. 

We must now add to the expression for the pitching moment a 
term JccF and to the pitching moment coefficient (12.1) and (12.2), 

a term kk F . The correspond- 
ing term to be added to (12.3) 
or (12.4) is kdk F jdk L . 

We proceed to expand 
these terms into more con- 
venient forms. 

Approximately 
k F — k D — a k L (14.1) 
Sec 12. 

Let — a 0 be the incidence 
when the lift is zero. 

Fig. 2i. Let a; be the incidence 

induced by the trailing vor- 
tices, in accordance with the Prandtl theory of the lift of a wing of 
finite span. (See Division El 11, 12; III Part C and IV 6.) 

Let a p be the incidence, measured from zero lift, which would give 
lift coefficient k L with two-dimensional flow about the wing profile. 

Then <x v + oq = a + a 0 (14.2) 

Write kj } — ku v + kjj^ (14.3) 

where k Dp is the profile drag coefficient, which may for our present 
purpose be assumed to be constant, and k Di is the induced drag coefficient. 

Then k Di = a* k L (14.4) 

Equation (14.1) can now be rewritten, using (14.3) and (14.4) 
k F — k Dp -f oq kj — (a + a 0 ) k L + a 0 k L 
or using (14.2) k F = k Dj) + a 0 k L — a p k L 

Now ol p is sensibly proportional to k L so that we may write a p = ak L> 
where a is a constant 

Thus k F — kj)p 0 Lq k[ — a kj^ 

llki ^ *« ~~ 2 xk T, = — 2a P 



and 
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The equilibrium equation (12.2) now becomes 

Kk E — -f- k • k Dp + (h + a 0 k) k L — ak - k 2 L (14.5) 

If we assume Joukowski’s result for a monoplane, (14.5) reduces to 

Kk' E = k • k Dv + [h -j- oc 0 k — * j k L — ak- k* L 

This form of the equation for k' E was first given in an unpublished 
paper by W. S. Farren. It is convenient for computation because it 
contains but one variable (k L ). 

The equation for neutral stability (12.4) becomes 

"f— [jg|. <'«•«> 

The interpretation of (14.6) is that, 
within the accuracy of the assumptions, | 

the locus of neutral c.g. positions cuts _^| 

the chord at the point u a P~ ai 



- 

1 


! %>-«i 

—c E- 


'2cc p ~(> 

' B 

1 


as is also shown by (12.4), and is a 

straight line inclined to the perpen- ^ 

dicular to the chord through an angle r: ~ jfaF" 

(2a p ~a 0 ). (See Fig. 22.) 

The chord makes with the direction 
of motion an angle | 

a = a £ + a p — a 0 I 

Hence the locus of neutral c.g. positions G ' J 

is inclined to the perpendicular to the I 

direction of motion through an angle Fig. 22. Heavy line— Locus of neutral 

(Op — « f ) as shown in Fig. 22. Thin , incs> and parallel 

For wings of moderate thickness to wing chord. 

, i , , , . i Broken lines, perpendicular and 

experiment shows that, approximately, parallel to direction of motion. 

a p = 0.33 k L for a monoplane 

and cn p = 0.40 k L for a biplane of normal proportions. 

To a similar order of accuracy the induced incidence due to the 

trailing vortex system of a wing or wings of finite span is given by, 

kL 

a* = 0.66 - j- for monoplane 


for biplane, 


where A is the aspect ratio. 
Thus (o^ — oq) = 0.33 1 

(oq, — 014 ) = 0.40 1 


(Monoplane) 

(Biplane) 
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A popular value of A is 6, and with this value (a p — a*) = 0.22 k L 
(Monoplane) and 0.23 k L (Biplane). 

A rough approximation will generally be sufficient for this angle, 
hence we may say, approximately, that the locus of neutral c.g. positions 
is inclined to the perpendicular to the direction of motion through an 
angle equal to 0.22 k L radians, whether for monoplanes or biplanes. 
This figure refers to aspect ratio 6 ; it rises to about 0.27 k L for aspect 
ratio 9 and falls to about 0.16 k L for aspect ratio 4. A representative 
value of k L at cruising speed is 0.2 and, with this value and aspect 
ratio 6, the angle is 0.044 radians or 2.5°. 

The locus of neutral c.g. positions is thus nearly perpendicular to 
the direction of motion at cruising speeds and therefore up and down 
movements of the c.g. (in horizontal flight) have much less influence 
on static pitching stability than do fore-and-aft movements. What 
slight influence they have is to reduce stability as the c.g. rises. 

When the pivot of the tail does not lie on a line through the c.g. 
parallel to the wing chord a term should, strictly, be introduced into 
the equations to represent the moment of the force F' (Fig. 21) about 
the c.g. Such a term is easily introduced, but is rarely of sufficient 
importance to be worth considering, particularly when account is taken 
of the uncertainties which we shall shortly consider, arising from the 
interference of the wings, body and airscrew with the flow over the tail. 

15. Direct Contribution of the Airscrew to Pitching Moments. We 
have next to consider the influence of the airscrew upon the pitching 
balance and static stability. 

•When the axis of the screw is parallel to the direction of motion 
through the air, the screw will merely exert a thrust along this axis, 
the moment of which about the c.g. will depend upon the distance of 
the c.g. from the axis. When, however, the axis of the screw is inclined 
to the direction of motion there is an air-reaction upon it perpendicular 
to the axis, which will contribute to the pitching moment, unless the 
c.g. happens to lie in the plane of rotation. 

The forces on a screw inclined to the relative wind have been the 
subject of considerable theoretical investigation (Refs. 2 and 3) the main 
conclusions of which, in so far as they are of interest in the present 
connection, are well supported by experiment. It is found that the 
inclination of the screw does not, to a first order approximation, influence 
the revolutions of the engine or the thrust, but it does introduce a force 
in the plane of rotation, so that the screw acts as though it were a small 
aerofoil inclined to the wind. 

Let F 8 represent this force, and cc s the inclination of the axis. It 
is shown in the reports referred to that approximately 


F 8 ~ qV 2 D 2 f 


kQ 

J 


1 dkQ 

2 ~dJ 


*8 
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where D is the airscrew diameter, Icq is the torque coefficient defined 
as TorquelQn 2 * D 5 ; n is revolutions per second, J stands for VjnD, and / 
is a numerical constant which depends on the distribution of torque 
along the blades. 

For the screw for which the comparison between theory and ex- 
periment was made, / was 2.3 and from the nature of the calculations 
it is unlikely to differ widely from this figure for different screws. 

If the distance of the c.g. from the plane of the screw be j (positive 
when c.g. behind screw) then the moment exerted by this force on the 
screw will be j ♦ F s and the corresponding term to be included in the 
right hand sides of equilibrium equations (10.1) and (12.2) will be 


/ 


D 2 j 


Sc 


(15.1) 


Icq 1 (Hcq] 

J 2 JT 

The corresponding term to be included in the right hand side of 
(12.3) and (12.4) to give the c.g. position for neutral equilibrium is 


, D~j [ kQ 1 (Ucq 

-* sc. hr - 2 nr 

For, since the axis of the airscrew is fixed on the aeroplane, doiJdk r 
— doL/dkj. 

The effect of the screw will, therefore, be to move the c.g. position 
for neutral stability forward by a distance equal to the magnitude of 
(15.2) multiplied by the length (c) of the equivalent chord. 

16. Numerical Values — Airscrew Contribution. The value of the term 
in the bracket of (15.2), for conventional screws, under ordinary flying 
conditions, is in the neighborhood of 0.02. It varies nearly in proportion 
to the ratio (blade area/disc area) and is rather higher for screws of high 
(pitch/diameter) ratio than for those in which this ratio is small. Rough 
estimates of its values for a two-bladed airscrew with maximum blade 
width about 0.10 D and the value of J at cruising speed equal to about 
0.05 are as follows 1 : 


d a 
dtcL 


(15.2) 


Screw idling (kQ 0) 0.016 

Cruising 0.022 

Climbing 0.025 


D 2 jlSc will be at its greatest in a conventional tractor with single 
screw, such as the BF2b for which its value is 0.25. 

Taking doLjdk L — 0.6 — a figure suitable to a biplane — we see that 
the value of this term for the BF2b at cruising speed will be approxi- 
mately, — 2.3 X 0.25 x 0.022 x 0.6 — — 0.0076, rising to — 0.0085 in 
climbing condition and falling to — 0.0055 when the screw is turning 
freely. 


1 This is the airscrew of the two sea ter tractor biplane (BF2b) which will 

be used later to provide numerical examples of the magnitudes of the moments 

and of the motions of an aeroplane following specific disturbance. 


3 * 
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The effect of this term will be to move the neutral c.g. position 
forward by a distance less than 0.01 of the mean chord, an amount 
which is sufficiently large to be included in the estimate of the neu- 
tral c.g. position but is not large enough to require very precise 
computation. 

17. Contribution of the Body and Minor Parts to Pitching Moments. 
We have now considered all the reactions which contribute to the pitch- 
ing moment, with the exception of those upon the main body of the 
machine and such external parts as the undercarriage, wing struts, etc. 
The last will generally experience a drag force accompanied by very 
little lift, and the drags will contribute terms to the pitching moment 
equation ; but, since these are sensibly independent of changes of incidence, 
they will not, as a rule, appreciably influence the static stability. The 
moment upon the body, on the other hand, may contribute appreciable 
terms both to the equilibrium and stability equations. These terms are 
difficult to estimate and are generally included in the estimate of the 
influence of the body on the terms k' F and dk' F Jdk L which relate to the 
moment exerted by the tail. 

B. Forces on Tail and Interference Factors 

18. Statement of Problem. It is in the estimation of the quantities 
k' K and dk E /dk L that the principal difficulty lies. For this purpose the 
designer will probably have access to a family of curves such as those of 
Fig: 23. 



Fig. 23. Typical curves showing: forces on isolated tail and elevator. 
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Using the conventions above described, the force on the tail when 
on the aeroplane will be k E q ( V + v) 2 S\ where kg is taken from 
Fig. 23 at an incidence (a + cl t — e). 

The force coefficient k’ E employed in the earlier calculation will thus 
equal (1 v/ V) 2 k E . For shortness we will write this in the form 


k' E = b k]: : 

The derivative dk E /dk L , which appears in the static stability equa- 
tion (12.4), can now be written in the form, 


= b* 


dk'b: 
dk L 

The terms b and (1 


d a' 


dk E 




1 


de 
d a 


d a 
dkL 


dk E 


do 


(19.1) 


doL 

dot. dkL do 

dejdoL) must be estimated from laboratory experi- 
ment or previous experience; dccjdkL is known and dk E ld<x' is taken 
from the slopes of the curves of Fig. 23. 

When estimating the tail setting necessary for equilibrium the value 
of k E required for equilibrium will be calculated from an equation such 
as (12.2) or (14.5). Then k E = k E jb and a line drawn at this value 
of k E parallel to the abscissa of Fig. 23 will show all the combinations 
of effective incidence (a') and elevator setting (rj) which will give pitch- 
ing equilibrium. The tail setting ol t is then found from the relation 
a r — a' — a + e. 

20. Hinge -Moments and Free Elevators. The moment (i) exerted by 
the elevators about their hinge may be represented by a coefficient 
ki = i/p V' 2 S' c' , where i is the hinge moment in a uniform current of 

undisturbed air of velocity 
V and S' and c' are the 
area and chord respectively 
of the whole tail. An 
example of experimental 
curves showing the vari- 
ations of this coefficient 
with incidence and ele- 
vator setting, for unbalanc- 
ed elevators, is given in 
Fig. 24. We shall assume 
the actual hinge-moment 
of the elevator upon the 
aeroplane to be obtained 
from this coefficient by the 
application of the same 
interference quantites 6 and e as apply to the reaction on the whole tail 
and elevators. This assumption is not necessarily correct unless the ele- 
vators are disposed fairly evenly behind the tail, but it will be sufficient 
to illustrate in a simple example, the effects of freeing the elevators. 
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Fig. 24. Typical curves showing moments on elevator 
hinge. 
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Provided that the force coefficient required from the tail is not too 
high, it will be observed, in Figs. 23 and 24, that both the coefficients 
of force and hinge-moment are sensibly linear functions of a' and rj. 
In normal flight therefore, it is, for most purposes, sufficiently accurate 
to represent Figs. 23 and 24 by the two equations 

k']! : = a x ol + a 2 rj 
h = b i a' + b 2 rj 

where a v a 2 , b v b 2 are constants. 

It must, however, be remembered that this approximation is not 
permissible if the force coefficient on the tail approaches the maximum 
available. 


It is sometimes necessary to examine the condition when the elevator 
is left free. Writing r] Q for the value of rj in these circumstances 

b Y , , « 

+ 6 

where C is a constant arising from the moment of the weight of the 
elevators about their hinge. 


Hence 



, 1 ci 2 oc ~j~ a o C 
°2 


d ic i,i / 1 

Therefore - -- a x — a 2 

d a 1 b 2 2 

whereas, with the elevators fixed we have simply dkg/dot.' — a v 


Freeing elevators thus reduces the effectiveness of the tail in the 
ratio [1 — b 1 a 2 /b 2 ai] to unity. For the system illustrated in Figs. 23 and 24, 
b i a 2 / b 2 a i — 0.3. Hence, on freeing the elevators of this system, the 
stabilizing influence of the tail is reduced in the ratio 0.7 : 1. 


21. Wing-tail Interference. Many very elaborate experiments have 
been made, both in the laboratory and in flight, with the object of assess- 
ing the interference factors b and e in various circumstances. It is 
found that the influence of the wings is almost entirely confined to the 
factor (1 — d s/d a). The relation between downwash (e) and wing inci- 
dence (a) has been studied both by measurement of the direction of 
flow at a series of points in the neighborhood of the tail and by measure- 
ment of the force on a tail-plane separately suspended behind the wing 
in the position which it would occupy on a complete aeroplane. (Refs. 4 
and 5.) The principal experiments, made with biplane wings, showed 
that, when the tail is in the conventional position, some three wing 
chords behind the c.g., the ratio de/def. is slightly less than one-half, 
say 0.45 as an average figure. Corresponding to this figure the factor 
(1 — de/d a) is therefore equal to 0.55. The downwash angle (e) may be 
considerably reduced if the wings are cut away at the centre section as 
is sometimes done with the object of improving the pilot’s view. 
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22. Airscrew-tail Interferences. The influence of the airscrew on the 
tail has also been extensively studied, both alone and in combination 
with the wings. (Refs. 6 and 7.) It affects both b and e. This influence 
is very difficult to estimate, because it depends on the precise relation 
of the tail to the slipstream, which is not uniform, but is of annular 
form with a central region not much influenced by the screw. A simple 
way of making a rough estimate is to find, by Froude’s momentum theory, 
the extra velocity v in a uniform slipstream and to assume that the velocity 
over those parts of the tail which come within the stream is increased 
by this amount, whilst the direction of flow is altered by the angle 
[v/( V + v)]a 8 , where is the inclination of the airscrew axis to the 
direction of motion. This estimate is, however, very rough and the 
reader should consult the references or other original works for more 
precise information on this matter. A refinement, whereby an allowance 
can be made for the extra deflection of the slipstream due to the force 
on the inclined screw perpendicular to its axis, is given in the division on 
Airscrews (see Division L VIII 7, XII 5). 

For estimating the downwash of wings and tractor screw together, 

the formula e = e 1 + jrj^— 1 — <*« 

where e x is the downwash from the wings alone, has been suggested. 
This formula allows for the alteration in downwash from the wings due 
to the change of incidence brought about by downwash from the screw, 
but its physical basis is very uncertain and it gives results considerably 
lower than are found by experiment. The simple addition of the two 

sources of downwash leading to e, = e x -f y -- <x s appears to give 
equally good results, but this again cannot be correct for large down- 
washes. 

23. Body-tail Interference. The influence of the body is generally 
held to be mainly on the factor 6, through the slowing up of the air 
velocity near the roots of the tail. This factor also is very uncertain and 
is generally made to include any moments which act on the body itself. 
A value 0.7 for 6, deduced more from design experience than from labora- 
tory experiment, may be taken as roughly representing modern tractors 
of conventional design. 

24. Airscrew-wing Interference. In addition to the direct influence 
of the screw on stability and the effect of its slipstream on the tail, there 
will also be a small indirect effect due to the slipstream on the main 
wing system. This can be roughly represented by a fictitious increase 
in the wing area (N), the only sensible influence of which will be 
slightly to reduce the ratio S'/S and with it the static stability coeffi- 
cient. We shall ignore this effect in the numerical illustration to be 
given later. 
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25. Interference Problems Discussed. In the presence of all these 
uncertainties respecting the interference factors to be applied to the 
tail, it will be clear that the estimation, from first principles, of the tail 
and elevator settings for equilibrium and of the precise position of the 
c.g. for neutral equilibrium, is a matter of great difficulty. Designers 
of experience do, however, succeed in predicting these quantities with 
considerable accuracy, but this is principally because the aeroplanes 
which they build differ but slightly from those which they have previously 
built and tested. 

It might be thought that, with these uncertainties, the study of the 
various factors which determine pitching moment becomes an unprofit- 
able exercise, having no bearing on practice, but this is not so. As in 
all other engineering practice, progress is made step-by-step, using the 
accummulated experience of past designs to predict the effect of the 
next step. The magnitude of the steps which can be made with reasonable 
certainty depends on the ability to separate the effects of different causes 
and on the extent to which factors of experience, such as b and e in 
the present discussion, rest on sound physical bases. 

Fortunately, accuracy in the prediction of the equilibrium and 
stability for an entirely new design is seldom essential, since it is generally 
possible to adjust the tail angles and c.g. positions to compensate for 
small errors in estimation. It is important, however, that these ad- 
justments shall not be so large as to require partial redesign; hence 
efforts are continually being made to improve the experimental infor- 
mation upon which the coefficients of experience rest. 

An additional point is worth noting. When an aeroplane has been 
tested and put into service and overall errors in pitching balance and 
stability have been corrected by adjustments to the tail and to the 
position of the c.g., it may often be necessary to estimate the influence 
of some further change, say in the position of the c.g., in the screw, 
or in the position and size of the tail. It may then be possible, from 
considerations such as those which we have been discussing, to esti- 
mate the effects of the changes with useful accuracy, despite the 
fact that the calculation of pitching moments from first principles 
may contain uncertainties much greater than the whole effect to be 
estimated. 

26. Numerical Illustrations. To illustrate the relative importance of 
the various terms which have been under discussion, the following 
estimate of their numerical values has been made for a typical tractor 
biplane, travelling at cruising speed, when the value of the lift coeffi- 
cient (1c L ) is 0.20. 

With airscrew stopped and using the notation previously defined, 
the locus of neutral c.g. positions is given by 
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h o = 


dkL 


+ b 


de 
d a 


K 


d a c? 
c^l da' 


-f- [2 a Icl a 0 ] k§ 


= + 0.220 + 0.70 X [1 — 0.45] x 0.35 x 0.60 x 1.7 + 

+ [2 x 0.4 x 0.2 — 0.052] x 0.04 

h 0 = + 0.220 + 0.137 + 0.004 

h 0 = 0.361 

When the airscrew is working, an additional term, representing the 
variations of force on it, perpendicular to its axis has to be added to 
the right hand side of this equation. The value of this term is in the 
neighborhood of — 0.008. 

The factors b and (1 — dejd a) are also modified by the action of the 
slipstream on the tail. As already stated, this modification is exceedingly 
difficult to estimate accurately, but a very rough estimate can be made 
by assuming that over those parts of the tail which fall within the 
slipstream, b is increased by the factor (1 + v/V) 2 and (1 — de/d<x) is 

altered to ( 1 — ^ — w V ) . 

\ d a V -f v J 

It will be found that, using the value (1 — de/dcn) — 0.55, the net 
result of these two alterations is to leave the whole term representing 
tail influence practically unaltered for all values of v/ V up to 0.3, which 
is the approximate value in climbing flight. For this aeroplane, therefore, 
the influence of the screw on static stability is sensibly confined to the 
term — 0.008, which reduces h 0 to 0.353. 

This aeroplane with screw stopped thus becomes unstable when 
h > 0.361, and with screw working when h > 0.353. The design value 
for h will probably range from about 0.30 to 0.36, according to load 
distribution, whilst the value of k will be little influenced by changes 
in loading. The metacentric ratio H will, therefore, range from about 
zero to 0.06. 


■3\ 


27. Pitching Moments at Very High Speeds. Finally it should be 
noted that at small values of k L corresponding to high speed flight, the 
value of [dkj^ldkj\ w falls slightly, but definitely, below Joukowski’s 

theoretical value, which for mono- 
planes is one quarter. The reason 
for this phenomenon is not yet 
known , but it has been amply 
verified by experiment. It is parti- 
cularly marked with low aspect 
ratios (Ref. 8). 

The curves of Fig. 25 showing 
the values of this ratio for sym- 
metrical aerofoils of aspect ratios 
1, 2, 4, 6, give some idea of the 
magnitude of the variation. For 
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Fig. 25. Curves showing variations of 
[A 'Mlk]L\w for wings of different aspect 
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SECTION 28 


43 


wings of aspect ratio 6 or greater this deviation from Joukowski’s theory 
is unimportant unless the lift coefficient is less than about 0.15, corre- 
sponding to speeds greater than twice the stalling speed. 

28. Pitching Moments in Stalled Flight. The relations which we have 
been considering apply to normal flight, where the lift coefficients of 
the tail and wings are sensibly linear functions of incidence and [< dk M /d<x.] w 
is in the neighborhood of — 1/4. If the wing incidence is allowed to 
increase to the stalling angle and beyond, profound changes occur in 
the flow about the wings and in the relations between the forces and 
moments on the wings and tail. The lift coefficient ceases to increase 
with incidence and may even fall as the incidence passes the stall. The 
downwash (e) at the tail also ceases to increase and may fall in sympathy 
with the lift. The wing moment coefficient (Jc M ) w first increases and 
then becomes roughly constant, and this increase, combined with the 
decrease in h Ll implies that the centre of pressure moves backward - 
actually to a point about 0.4 of the chord from the leading edge. 

With a conventional c.g. position, say h = 0.33, the centre of pressure 
of the wings, after stalling, will therefore be behind the c.g., and equili- 
brium will require a negative, or downward, air-reaction on the tail. 
Unless, however, an unusually large range of tail trimming angles is 
provided, the effective incidence of the tail will be very high, both 
because the wing incidence (a) is high and because the downwash (e) 
has ceased to increase with a. It may thus be impossible to provide 
the air-reaction on the tail necessary for equilibrium. 

There will, therefore, in a conventional aeroplane, be a limiting 
incidence, not much greater than stalling incidence, beyond which the 
aeroplane will necessarily be acted upon by a negative pitching moment, 
which will rapidly reduce the incidence to the limiting value for equi- 
librium. At high incidences the stability equation (12.4) in which the 
various terms were differentiated with respect to k L , has now no interest, 
and to examine static pitching stability in stalled flight we must return 
to (12.3), which is restated below with the last term expanded in 
accordance with 19. 


cIJcm 

d,OL 




d k -pi 
den' 


(28.1) 


In normal flight, with a normal value of h> greater than 0.25, the 
sum of the first two terms on the right-hand side of this equation is 
positive, showing that the wings are producing a de- stabilizing influence 
which is, in a well designed aeroplane, just overpowered by the stabilizing 
influence of the tail, indicated by the last term. In stalled flight, the 
sum of the first two terms falls practically to zero, or may even become 
slightly negative, whilst the stabilizing influence of the tail increases, 
because the factor (1 — de/da) rises from about 0.55 in normal flight 
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to a value slightly greater than unity in stalled flight. In other words 
the down wash ceases to increase with wing incidence and the tail, there- 
fore, becomes more effective. 

If, therefore, an aeroplane can be held in pitching equilibrium, at 
an incidence greater than the stall, the equilibrium is, statically , very 
stable, but it must not be assumed from this that the pitching equi- 
librium of a stalled aeroplane in free flight is necessarily stable. That 
depends on other factors which will be considered in due course. 

C. Pitching Moments in Circling Plight (M q ) 

29. Introduction. Hitherto we have supposed the aeroplane to be 
moving steadily and without rotation. We have now to consider the 
influence on the pitching moment, of a steady angular velocity about 
the transverse axis. In accordance with a system of notation which 
will be more fully developed in Chapter V, we shall denote this angular 
velocity by the symbol q. We have to consider the influence of the angular 
velocity q upon the pitching moment M. 

An aeroplane flying with velocity V in a circular path of radius E 
and centre O situated in its plane of symmetry, will have an angular 

velocity or rate of pitch, q , such that 
q = T/R 

Continuous steady free flight of this 
kind without side-slip is not possible, 
for if the plane of the circle is horizontal 
there will of necessity be some side-slip 
occurring, whereas if the plane is in- 
clined to the horizontal the action of 
gravity will differ at different parts of 
the circle. Nevertheless it is important 
to investigate the influence of q on M 
and for simplicity we may conceive q 
as occurring in a steady symmetrical 
motion , in which both velocity and 
incidence are constant. 

The state of affairs conceived will be 
very nearly attained in a steeply banked 
steady horizontal turn and can be exactly achieved for a model aero- 
plane supported on a whirling arm and whirled around in an attitude 
such that the plane of symmetry coincides with the plane of rotation. 
One method of finding the effect of q is, in fact, to perform an experiment 
of this kind upon a whirling arm. 

30. The Tail in Circling Flight. Let the c.g. of an aeroplane be 
travelling with velocity V while the aeroplane is rotating with angular 
velocity q (see Fig. 27). 
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Then the direction of motion of any point on the tail, distant V behind 

the c.g., will make an angle tan~ l qVjV with the direction of motion 

of the c.g. If V is taken to be the distance from the c.g. of a mean point 

on the tail, we observe that, provided 

qV is not too large compared with F, 

the effective incidence of the tail will be 

increased by approximately ql'l V radians, 

above the incidence which it would have 

, V 1 f Fig. 27. Illustrating effect of rate 

m tne absence oi q. C f pitch (a) upon incidence of tail. 



We may thus anticipate that when 
the aeroplane is flying on a curved path with angular velocity of pitch 
q , the pitching moment exerted by the tail will be increased by the 

amount • ^y over the value in straight flight. dM'/d a' is here 

the rate of change of the tail pitching moment with change of effec- 
tive tail incidence. This anticipation is supported with reasonable 
accuracy b}^ the results of experiments. 


31. The Derivative M q . The ratio of the pitching moment due to 
a small angular velocity q to the value of q which produces it is called 
the rotary derivative of pitching moment due to 'pitching and is given the 
symbol M q . To the above order of approximation we have, due to 

tail only M q = ^ y 


Using the notation previously developed to express the pitching 
moment of the tail in straight flight, we have approximately 


dM' 

dec' 


bfj V 2 S' l’ 


dk ’k 

d oc' 


or 


M’ a 


— be v s' v 2 


d k'f, 
d a' 


(tail only) 


where dlc^jdoi stands, as before, for the slope of curves for the tail such 
as those in Eig. 23 and b stands for a factor of experience to allow for 
the shielding effect of the body on the tail. 

Note that the downwash factor (1 — de/da) does not appear in this 
expression, because incidence is constant in the type of motion imagined. 


32. The Dimensionless Coefficient (kmq)- It is convenient to use 
a dimensionless coefficient of M q . The coefficient normally employed 
has the symbol h mq and is defined so that 
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mq 


Mq 

nVS c 2 


where c, as before, is the geometric mean wing chord. We thus have 
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(32.1) 
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The prime indicates that the symbol applies to the contribution 
of the tail only. A typical value for this quantity is 
k mq =— 1.0 X 0.7 X 1.7 = - 1.2 
33. Contribution of the Wings to M q . The contribution, at moderate 
incidences, of the wings to M q has been calculated theoretically and the 
results have been found to agree reasonably closely with experiment 

(Ref. 9). This contribution depends 
mainly on the value of the c.g. coeffi- 
cient h and, to a small extent, on the 
aspect ratio. The results of these cal- 
culations are shown in Fig. 28, from 
which it appears that, for normal values 
of h between 0.3 and 0.4, the wings 
contribute a term of the order one tenth 
that of the tail. Their contributions 
need not, therefore, be very accurately 
computed. 

34. Direct Contribution of the Screw 

to Mq. The airscrew contributes to M qi 

both directly and indirectly through the 

action of the slipstream on the tail . 

The direct effects of the forces acting 

1 2 nn* J- * 5 on the screw itself have been calculated 

C. G. Coefficient r ri _» r 

Fig. 28. Theoretical contribution of ( Ref - 3 ) and > although they are not of 
* wings to M q . great importance in comparison with the 

contribution of the tail, are here given 
for convenience of reference. They can be divided into three parts, 
arising, respectively, from: 

1. The couple acting on the screw, due to its angular velocity q. 

2. The force perpendicular to the screw axis, due to velocity per- 
pendicular to this axis, which is, in turn, due to the angular velocity q. 

3. The change of thrust due to change of forward velocity arising 
from q. 

Let i be the distance of the aeroplane’s c.g. from the screw axis and 
j its distance from the plane of the screw. 

Let the airscrew diameter be D, the thrust T, the torque Q , and the 
revolutions per second n. 

Let J — V/nD 

As before let k T = Tjqn 2 D* and k Q = Q/q n 2 D b . 

Let X be the ratio of J to the value which gives zero thrust. 

Then the contributions to the coefficient k mq of the above three 
effects of q are approximately 
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A typical value of the first term is of the order — 0.015, which is 
practically negligible compared with lc mq due to the tail. 

In level flight the third term will generally be less numerically than 
— 0.02 so long as i is less than c, and hence in normal circumstances 
this term also is negligible. For very precise work involving climbing 
flight with a screw very much above the c.g., as in seaplanes, this term 
might just be appreciable. 

A typical value of the second term in level flight may be of the order 
— 0.15. Hence this term is appreciable, though still not of great im- 
portance. The accuracy of the above formula for this term has been 
checked by direct experiment and reasonable agreement found (Ref. 7). 

35. Influence of Airscrew Slip- Stream on Tail. The influence on M q 
of the slipstream acting upon the tail is due to the enhanced velocity 
over the tail, no allowance being made for the influence of the slip- 
stream on downwash, since, as has already been observed, M q is to be 
regarded as the pitching moment due to q with incidence remaining 
constant. An approximate estimate of the effect of slipstream on the 
tail is obtained by multiplying the contribution of that part of the tail 
which is in the slipstream by (1 + vj V) 2 where v is the estimated slip- 
stream velocity. The contribution of slipstream to tail M q has been 
measured experimentally on a simplified model aeroplane having no 
body and the result of the experiments agreed reasonably well with 
calculations by the above method (Ref. 7). 


36. Numerical Illustration. The relative contributions of the various 
parts of the aeroplane to k mq are illustrated in the following Table which 
contains rough estimates of these contributions for a typical tractor 
biplane in three different circumstances. 



Contribution to kmq 



Airscrew 

Airscrew 

Aeroplane part 

Airscrew 

running 

running in 


stopped 

in level 

climbing 


flight 

flight 

Tail 

1.20 

' 1.40 

1.70 

Wings 

0.11 

0.11 

0.11 

Screw (Fin effect) 

0.00 

1 0.15 

0.17 

Screw (Rotation effect) 

0.00 

0.01 

0.01 

Screw (Fore and aft movement) . 

0.00 

0.00 

0.00 

Total 

1.3 

1.7 

2.0 





48 


N II. SYMMETRIC OR PITCHING MOMENTS 


These rough estimates, given merely to show the order of magnitude 
of the various contributions, are stated without reference to wing inci- 
dence. The mean of experimental results upon complete models shows 
(see 43, Fig. 30) agreement with the figures for engine stopped, here 
given, but the experiment gives a somewhat higher value than this 
at zero incidence and a lower value at higher incidences. 

D. Experimental Methods of Measuring 

37. Whirling Arm Experiment. The determination of M q on a com- 
plete model of an aeroplane can be carried out either on a whirling arm 
or by a method which involves oscillating the model in a wind tunnel. 
The theory of the whirling arm experiment is simple ; the pitching moment 
w is measured in steady circling motion on the whirling arm and the 
pitching moment (M 2 ) is also measured on the same model fixed in a 
wind tunnel, the incidence in the tunnel experiment being equal to the 
angle between the chord of the wing and the direction of motion of the 
transverse axis in the whirling arm experiment. 

Then M q — (M x — M 2 )/q, where q is the angular velocity of the 
whirling arm. 

Technically, this experiment is very difficult, because it is difficult 
to prevent the whirling arm from disturbing the air in the room and so 
introducing errors which are large compared with the quantity to be 
measured. 

38. The Free Oscillation Method. The method involving a model 
oscillating in a wind tunnel is theoretically more complicated but experi- 
mentally easier than the whirling arm method. Two alternative oscilla- 
tion methods have been used. In both, the model oscillates about the 
transverse axis and measurements of the damping term in the oscillation 
are made. At first this was done by noting the natural rate of decay 
of the oscillation, but this method has been superceded by one in which 
the oscillation is forced from outside the tunnel. The damping term in 
the oscillation is not, as might be supposed, equal to the derivative M q 
but the value of M q can be deduced from it in a manner described later. 

In the free oscillation method, the equation of motion may be written 

IQ + (ju + fif) 6 + kd = 0 

where I is the moment of inertia of the oscillating system, [i is the air- 
damping to be measured, /jl x represents the friction damping at the pivot, 
and kd is the restoring couple when the model is displaced through 
the angle 0 from the equilibrium position. 

The logarithmic decrement of this oscillation, namely (fx + /xf)j2 /, 
can be ascertained by recording the amplitudes of successive swings. 
A repeat experiment with wing stopped allows ^q/2 I to be determined 
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and, neglecting the air-damping in stationary air, the air-damping with 
air flowing in the tunnel is obtained from the difference of these two 
results. 

39. The Forced Oscillation Method. In the more modern method, 
the model is supported in the tunnel with freedom to rotate about the 
transverse axis O (Fig. 29). A wire 
AB, containing a spring S, is at- 
tached to the tail at A and to an 
eccentric crank outside the tunnel at B. 

The rate of rotation of this crank is 
very slowy increased until the maxi- 
mum synchronous oscillation of the 
aeroplane occurs. The amplitude and 
frequency of this oscillation are then 
observed. 

The equation of motion of this 
system is 

JO b (ju + fa)6 I -kO ~ k x sinpt (39.1) 
where defines the amplitude of the 
forcing term of which the period is 2jr/p. 

The steady solution of this equa- 
tion after the initial disturbances have 
settled down is 

^ h l sin('pt — r) 

~ vW—Bp 2 ) 2 + (Vt /< iF » 2 

where tan e ~ 

The amplitude of this steady oscillation will be a maximum when 

and then 0( max .) = 


The term (ju + ju i) 2 /4 / 2 is always negligible compared with p 2 and hence 

The friction damping fa is then determined by a repeat experiment 
with wind stopped and ja is found by difference. 

40. Relations between p, M q and . The air-damping term, p, 
found by either of these methods, was for some years thought to be 
identical with M a , and in the earlier published reports this assumption 
is made. It is now known, however, that fi and M q are not identical. 
The reason is as follows. 


*i 

t l ~b f h 


|A 2 + 


i 

(/* + fa) 2 
4/2 



Tunnel wall 


Fig. 29. Illustrating the forced 
oscillation experiment to find M q . 
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M q is defined as the change in pitching moment due to rate of pitch, 
when other variables, including incidence (a), remain constant. In the 
oscillation experiments, however, a does not remain constant; in fact 
doLjdt is equal to q. It used to be thought that the air-reactions, though 
functions of incidence, are independent of rate of change of incidence, 
but it is now known that this is not true for the reactions on the tail 
in so far as they are influenced by the down wash from the wings 1 . 
There appears to be a time lag between the creation of the downwash 
by the wings and its action on the tail ; the downwash on the tail being 
apparently substantially that appropriate to the lift on the wings 
when they were in the position occupied by the tail a fraction of a 
second before the tail reached that position. 

If V defines the mean distance of the tail behind the wings, the 
downwash at the tail will, on this supposition, be that created by the 
wings V\ V seconds earlier. 

Let d a be the increase in the incidence of the wings since they passed 
the position occupied by the tail at the instant under consideration. 
Then writing a for dcn/dt and assuming as a first approximation that a 
is constant during the time interval V Vj we have 

den — a y 

Let de be the difference between the downwash at the tail and the 
downwash which would have acted there had the wing incidence been 
constant at the value which it has at the instant under consideration. 

de 7 de . V 


Then 


de = — “da = 
a a 




by the expression 


When both angular velocity q and rate of change of incidence a are 
occurring, the effective incidence of the tail will differ from that in 
straight steady flight by an amount which is approximately represented 

qV 
V 

V , 

V I 9 

Now, in the oscillation experiment of previous paragraphs, both q 
and a are equal to 0, because the direction of motion of the c.g. relative 
to the air remains unchanged. Hence in this experiment, the increment 
of effective tail incidence due to 0 is 


or 


- de 

, de . 

+ a« a 


1 + 


6 


In the oscillation experiment, therefore, the effect of the time lag 
on the action of the downwash upon the tail is, according to the present 
assumptions, to increase the increment of effective tail incidence due 

to angular velocity by the factor Jl + 

1 For a discussion of the dependence of wing reactions on a Bee Y 6. 
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Writing, as before, M' q to represent the contribution of the tail to 
the pitching moment due to q , with a constant, we observe that that 
part of the air damping coefficient (//) of 38 and 39 which is contributed 
by the tail would, if uninfluenced by oc, be equal to M ' q , but that, when 
the influence of a upon the downwash at the tail is included, this part 

of [jt is increased by the factor |l + 

Assuming that only the wings and tail contribute appreciably to fi 
and that the contribution of the wings (M^) is uninfluenced by a, we 

have the equation M q + jr «( i +?.)=/• 

(/* + M ( ' 

or M q = Ml + Ml = ' ; 

( 1+ da 

from which M q can be obtained in terms of /i if Ml can be estimated 
independently, say by repeating the experiment with tail removed or 
by the theoretical methods of Ref. 9. Since, however, Ml is generally 
but a small fraction of // it is sufficiently accurate for most purposes to 
ignore it and to write simply 


ft 



41. Experimental Separation of and M A skeleton model, con- 
sisting of biplane wings and a monoplane tail connected together by a 
light structure, giving no interference with the flow over the tail, was 
mounted in a tunnel (see Ref. 7). 

The derivative dM'/dot .' , the rate of change of pitching moment with 
effective incidence, was determined by varying the incidence of the tail, 
keeping the wings fixed. 

The effective value of de/doL was determined by varying the incidence 
of the wings and finding, for each wing incidence, the attitude of the 
tail which gave no lift on the tail. 

The damping (ju) was determined for the whole model and for the 
wings without tail, by the method of forced oscillation. 

The contribution of the tail to this damping factor was then compared 

with the quantity (dM'jdoi) (l r I F)( l+-^-) and good agreement 
obtained. 

In so far as it can be assumed that M f q is equal to (dM' /den') (l'l V) 
this experiment indicates that the effect of the rate of change of incidence 
on the damping factor is given by 

dM' _ dM_ V_de_ 
dot. dot. V dot. 

and that therefore fx = Ml + M' q ( 1 + 


4 * 
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The dependence of pitching moment on rate of change of incidence, 
represented by the term is of considerable practical importance, 
both because this term is unavoidably associated with M q in the only 
experimental method of determining M q which has yet been success- 
fully developed, and because the derivative M „ has itself a considerable 
influence on the symmetric motions of the aeroplane in free flight. We 
shall find it necessary to include this term in the equations which deter- 
mine the response of the aeroplane to elevator movements and other 
disturbances, which are developed in Chapters VI and VII. 

42. Influence of the Screw on M a . The experiment described in Ref . 5 
was repeated with a tractor airscrew throwing its slipstream on wings 
and tail. The results were, of course, much more complicated and diffi- 
cult to interpret than those of the simpler experiment without airscrew, 
but using arguments and methods similar to those employed in the 
absence of the screw, the experimental results still indicated that 

1*= + l+jy 

provided, of course, that de/da. represents the rate of change of down wash 
due to the combined effects of wing lift and screw slipstream. 


E. Experimental Results for 
43. Normal Flight. Many oscillation experiments have been made in 
wind tunnels, to determine M q for various aeroplanes. From a study 

of these it appears that an approximate esti- 
mate of M q for an aeroplane which does not 
depart too far from conventional practice can 
be made in the following way. 

Introduce a new coefficient lc'^q such that 



b" __ 

“mq - - Q vS'l'* 


and therefore 


km q — k m q 


Sc* 


10 20 S0 C 

Incidence , cc 
Fi<?. 30. 

Experimental values of M q . 


' q is thus related to k m q in a simple manner, 
but has the advantage, for purposes of rough 
estimation, that it is related to the dimen- 
sions of the tail, which is responsible for about 
90 per cent of its whole value. Reference to 
(32.1) shows that k' 7 ^ q may be regarded as 


the effective rate of change of tail force coeffi- 
cient with respect to effective tail incidence, 
after making an allowance, in the factor 6, for the interference of the 
body, and a small allowance for the average contribution of the wings. 
It would thus be anticipated that k^ q will not vary greatly from 
one aeroplane to another and experiment has shown this to be so. 
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In Fig. 30 the upper continuous line, covering a range of incidences 
from 0 deg. to 16°, is the mean of a number of experimental curves for 
different aeroplanes (Refs. 12, 13). The separate curves for the individual 
aeroplanes can be found by consulting the references. They relate to 
six aeroplanes of the large multi-engined land plane and sea-plane types ; 
to two conventional war tractor biplanes and to two aeroplanes of the 
single engined pusher type, with tail supported on outriggers. 

At the times when the reports on these experiments were written, 
the existence of the term M had not been suspected, so that the quan- 
tities tabulated were the air damping factor (ju), which is now taken 
to be equal to M q ( 1 -{-de/d a). The values recorded in the original 
reports have therefore been divided by 1.45 which corresponds to an 
assumed value of 0.45 for the down wash ratio de/doi at the tail. The 
thick line in Fig. 30 is the mean of the values so obtained. 

The majority of the experimental results for the ten aeroplanes 
examined in these two reports fall within 0.1 of this curve, though 
a few observations are more widely separated. Thus one multi-engined, 
seaplane gave a curve which agreed well with the mean up to about 5° 
incidence, but above 10° incidence the numerical value was about 0.2 
greater. Also one single engined tractor biplane gave a value 0.2 above 
the mean at zero incidence, but agreed well at higher incidences. 

On the whole it seems probable that an estimate of M (p engine off, 
made from the mean curve of Fig. 30 for any of the common types of 
the present day, will be correct within some 10 per cent or 15 per cent 
for normal flight and of the right order of magnitude for incidences up 
to 16°. 

44. 1/q in Stalled Flight. The only experiment published at the 
time of writing which carries measurements of M q up to very high 
incidences was performed upon a large model — 8 feet wing span — of a 
Bristol Fighter, in the duplex wind tunnel, cross-section 14 feet x 7 feet, 
of the National Physical Laboratory of Great Britain (Ref. 14). This 
gave the result shown in Fig. 30. The disagreement at low incidences be- 
tween this curve and the mean curve for ten aeroplanes is probably 
due to the interference of the wind tunnel walls of the large model. This 
view is supported by the fact that the downwash at the tail, which 
was separately measured in order to assess the factor (1 + de/doi) was 
much less than is usual. 

The curve for the Bristol Fighter in Fig. 30 should not, therefore, be 
used to give a numerical estimate of M q , even for that aeroplane; it 
has, however, been included in the figure because of its interesting shape 
at high incidences. There is apparently no doubt that the sudden fall 
in the numerical value of M q at the stall is real; it has been traced to 
the wings, whose contribution to this derivative becomes large and 
positive — destabilizing — over a small range of incidence near the stalk 
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whilst the contribution of the tail is very little affected by the stall. 
This peculiar behaviour of the wings is probably due to some influence 
of q upon the incidence at which the flow changes characteristic of the 
stall occur, but the matter needs further research. 

The broken line in Fig. 30 is merely a guess at what the value 
at high incidences may be expected to be, starting the curve from the 
mean curve for ten aeroplanes and continuing by analogy with the curve 
for the Bristol Fighter. 

F. The Geometric Mean Chord 

45. Statement of Problem. The coefficients used in this chapter 
have been defined by reference to a conventional wing area ( S ) and an 
equivalent chord (c). It will be sufficient to define S as the sum of 
the areas of all the wings as they appear in a plan drawing of the 
aeroplane. 

With a single wing of rectangular plan form having a uniform cross- 
section, or “profile”, and coplanar chords, the equivalent chord used 
in the specification of pitching moment coefficients will be simply the 
chord of the centre section, but with wings of other forms the equivalent 
chord requires special definition. 

For the purpose of pitching moment calculations, any line whatever 
in the plane of symmetry could theoretically be defined as the chord, 
but unless this line is carefully chosen the numerical values by which 
the pitching moments are specified will vary widely with different wing 
arrangements. It is a great convenience in design and computation if 
the chord can be so specified that the relation of k M to k L is dependent 
mainly on the form of the profile and to a minor extent only on the 
arrangement and shape of the wings. 

When the wings have substantially the same profile throughout and 
are not twisted, it is for this reason, usual to specify the equivalent chord 
in such a way that the moment coefficient at any given lift coefficient 
is as nearly as practicable the same as it would be for a rectangular 
monoplane of the same profile. The equivalent chord now used in these 
circumstances is called the geometric mean chord and can be defined 
as follows. 

46. The Geometric Mean Chord Defined. Let A 1 B 1 , A 2 B 2 . . . , all 
parallel, be the chords of a group of wings as specified above. 

Let P l9 P 2 . . . , be points on these chords which divide them in some 
given ratio, the same for all. 

Let the lengths of the chords be Cj, c 2 ... and let the co-ordinates 
of P l9 P 2 . . ., by reference to axes OX, OY be x v x 2 . . . , y v y 2 . . . 

Let the areas of the wings be S v S 2 ... and let 

S=S l + S 1 + ... =£S 1 
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The geometric mean chord will be parallel to the individual chords. 
Let its length be c and its position be defined by a point P— coordinates 
x, y which divides it in the same ratio as the individual chords are 
divided by P lt P 2 . . . 

Then the geometric mean chord is defined 
so that 


£c 1 S 1 


s 


, _ £yiS x 


s ~ s “ s 

Let the forces on the separate wings be de- 
fined by the components X lf X 2 . . Y v Y 2 . . ., 
passing through P l 9 P 2 . . . and parallel, respec- 
tively, to the axes OX, OY ; together with the 
moments M l9 M % . . . acting about P„ P 2 . . . 

Suppose now that the dimensionless coefficients of these forces and 
moments are the same for all the wings, so that 
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The total moment of X 19 X 2 ... about the point P will be 

K Q Z S x (lh — y) 

or k x Q V 2 (E Si y 1 — S y) 

which is zero by the definition of y. 

Similarly the total moment of Y lt Y 2 . . . about P will be zero. 
The whole moment (M) about P of all the forces on the individual 


wings will thus be M — M x + J/ 2 + . . . 

-k tll 6 V 2 XS lCl 

= k m qV 2 S c by the definition of c. 

The coefficient of this moment, defined by reference to the geometric 
mean chord and the total area S will, therefore, be equal to the coefficient 
of the individual wings. 

It is easily verified that the position of the equivalent chord, accord- 
ing to this definition, is independent of the ratio chosen to define P. 

This simple result is, of course, true only when the coefficients for 
individual planes are identical. If they are not identical, owing to mutual 
interference or to differences in the sections, or if the chords are not 
parallel, no such simple treatment is possible. It is usual, however, to 
define the equivalent chord in this simple geometrical manner when- 
ever the various wings have the same shape and have parallel chords. 
For then, unless they are very close together, the simple result will 
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approximately be true and the deviations from it due to interferences 
of one wing on the other can be treated as first order corrections. 

47. Example of Application to a Biplane. In a monoplane of Joukowski 
profile the moment coefficient about a point on the chord, 1/4 c behind 
the leading edge, has, theoretically, a constant value, say K u . (This is 
not quite correct, but is sufficiently accurate for illustrative purposes.) 
If a biplane were made from wings of these sections and if the wings did 
not appreciably interfere with one another, the moment coefficient 
about the quarter point of the geometric mean chord would also be a 
constant and equal to K M . Detailed analysis of the two-dimensional 
flow about a biplane has shown, however, that, due to mutual inter- 
ference, the point about which the moment coefficient is constant and 
equal to K M is slightly nearer to the leading edge of the equivalent chord 
than the quarter point (Ref. 1). 

As a numerical example, in 13 the equation [dky/dk L ] w — — 1/4 
with M measured about the leading edge, was given for a Joukowski 

profile monoplane, whereas the value {dk M jdk L ) w — — ^ — 32 W) was 

given for an equal biplane of gap/chord ratio G. These values are, of 
course, consistent with (dk v /dk L ) w 0 at points distant (1/4) c and 

(4 — 3 c res P ec ti ve ty> behind the leading edges of the chords. Thus, 

by adopting the geometric mean chord for the purpose of defining the 
total moment coefficient, the small interference effects are kept separate 
from the mere effects of the geometrical relations between the planes. 


48. Wings of Noil-Rectangular Plan Form and with Dihedral Angle. 

The geometric mean chord of a monoplane which is not of rectangular 
plan or does not have all the chords in one plane, is found in the same 
way, provided that all the chords are parallel and all the profiles are of 
the same shape but not necessarily the same size. 

Let it be supposed that the wing is divided by a series of planes, 
parallel to the plane of symmetry and distant dz apart; and let the chords 
at these sections be of variable length (c 2 ) and be projected upon the 
plane of symmetry. 

Choose, as before, reference points on these chords, which divide 
them in a given ratio, the same for all ; and let the co-ordinates of the 
projections of these reference points on the plane of symmetry be x v y v 


Then, noting that the area of each strip is c x dz the length of the 

/ c 2 dz 

— -g — and the coordinates of 

its reference points are x — j -- 1 - and y = J yi °^ dz . 


If the coefficients for all the strips are identical the moment coeffi- 


cient for the whole wing, defined by reference to this geometric mean 
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chord, will be tho same as that for the individual strip, or for an equi- 
valent rectangular wing with coplanar chords. Of course, the assumption 
that the coefficients are the same at all sections will not be exactly true 
and more detailed computation will be necessary if the dihedral angle 
is very large or the plan is very different from a rectangle. 

When dealing with a biplane of which the wings are not rectangles 
with coplanar chords, the geometric mean chord of each wing will first 
be found and the mean chord of both wings found as already described. 

49. Twisted and Tapered Wings. When the wings are twisted, so that 
the chords are not parallel, or when the profiles at different sections 
vary in shape, the problem of deciding on a convenient equivalent chord 
becomes more complex and each problem requires individual treatment. 

CHAPTER III 

THE ASYMMETRIC OR LATERAL MOMENTS 

1. Introduction. This Chapter deals with the moments exerted by 
the air-reactions about axes which lie in the plane of symmetry and pass 
through the c.g. of the aeroplane. When a symmetrical aeroplane flies 
symmetrically these moments are necessarily zero ; they arise only 
through the actions of the controls — rudder or ailerons — or as the result 
of asymmetric movements, such as side-slip or 
rotations about axes lying in the plane of sym- 
metry. 

2. Axes. The asymmetric moments and 
angular velocities are vectors which will ge- 
nerally be resolved into components about two 
mutually perpendicular axes in the plane of 
symmetry. The system of axes, OX, OZ to be 
used for this purpose is shown in Fig. 32. 

Sometimes we shall choose OX parallel to the 
mean wing chord and shall then describe the 
axes as chord axes : at other times OX will be 
parallel to the projection upon the plane of 
symmetry of the velocity of the c.g. relative to 
the air, and the axes will then be described ^.32. Plane of symmetry 
as wind axes because OX then coincides with 

the direction of the relative wind when the flight is symmetrical. 

3. Symbols. The resultant velocity of the c.g. relative to the air 
receives the usual symbol V and its direction is defined by two angles: 
the incidence (a) which is the inclination to the mean wing chord of the 
projection of the direction of V on the plane of symmetry; and the 
side-slip angle (jft), which is the inclination to the plane of symmetry of 
the direction of V — positive when directed to starboard. 
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The component of V perpendicular to the plane of symmetry is 
called side-slip (F), positive when to starboard. Note that F = V sin /}. 

The symbols and names for the components of the asymmetric 
moments and angular velocities are as follows: 


Axis 

Positive 

Moment 

Angular Velocity 

Direction 

Name 

Symbol 

Name 

Symbol 

0 X 

Forwards 

Rolling moment 

i 

L 

Rate of Roll 

V 

0 Z 

Downwards 

Yawing moment 

! N 

Rate of Yaw 

r 


Positive senses of the moments and angular velocities are defined by 
reference to a right handed screw when looking from the origin along 
the positive directions of the axes. 

The choice of the positive direction of Z, downwards, may strike 
the reader as being peculiar; it is made to conform with the general 
system of notation which is fully developed in Chapter V. This system 
is not the only one in use at the present time, though it is the one uni- 
versally adopted in England. It is difficult to devise a complete system 
in which all the quantities have their positive senses in what may be 
described as the natural directions; the one used in the present work 
provides a good compromise despite the fact that in it the normal lift 
of the wings produces a negative (Z) force component. 

It will be noticed that the symbol L, which has elsewhere been used 
to represent lift, is here used to represent rolling moment. This ambiguity 
is difficult to avoid without breaking the valuable alphabetical sequences 
of the complete symbolic system of Chapter V. Clash between the two 
symbols will, however, seldom occur; on the few occasions when it 
does occur the distinction will be effected by using L x for rolling 
moment. 

4. Dimensionless Coefficients. Dimensionless coefficients of rolling and 
yawing moments will be defined as follows: — 

Rolling Moment ki = 

Yawing Moment Jc n = — 

where 2s is the span of the wings. Note the use of small l in the coeffi- 
cient of rolling moment to distinguish it from the coefficient of lift. 

Note here the change of form from the coefficient k m = MjqV 2 8 c, 
where c is the mean wing chord, used in Chapter II to represent the 
pitching moment. Pitching, rolling and yawing moments are all compo- 
nents of one three-dimensional vector quantity and to use one definition 
for the coefficients of two of these components and another for the 
third would be indefensible were it not that throughout the first seven 








SECTIONS 5, 6, 7 


59 


chapters the symmetric and asymmetric groups of forces and moments 
are treated entirely separately. In these circumstances the different 
definitions are convenient, and conform with modern practice. In 
Chapter VIII which relates to the spin, different definitions will be 
adopted. 

5. Controls. The asymmetric moments are under the control of the 
pilot, through the medium of the rudder (see Fig. 18, Chapter II) 
and the ailerons ; the latter enable the profiles of the wings near their 
outer tips to be modified so as to increase the lift on one wing while 
reducing that on the other. The two ailerons are always connected 
together by a mechanism which, for the present purpose, may bo supposed 
rigid, so that their angular positions can be specified by a single inde- 
pendent variable, £, which is defined as the angular displacement of the 
starboard aileron from the neutral position — positive when the trailing 
edge falls. The position of the rudder, or rudders, is similarly defined by 
a single variable, £ — positive when the trailing edge moves to port. 

6. The Independent Variables Which Govern Asymmetric Moments. 
With given values for the air-density (p), the resultant c.g. velocity ( V) 
and the wing incidence (a), the asymmetric moment components are 
functions of the five independent variables, V, p, r, £, f. From con- 
siderations of symmetry, these functions vanish when the independent 
variables are all zero and are symmetrical for positive and negative 
values of the variables; hence it is only necessary to find the effect of 
positive asymmetric variables. 

A complete knowledge of the asymmetric moments would require, 
for each value of a, a knowledge of the numerical values of both moment 
components for every combination of the five independent variables; 
such complete information is not available for any aeroplane and we 
shall in general consider only the values of the moments when each one 
of the five independent variables occurs in the absence of the other four. 
Except in some few instances it is necessary, in the present state of 
knowledge, to assume that the effect of two or more variables acting 
together is the sum of the effects of each acting separately. 

A. Effects of Side-Slip 

7. Dihedral Angle. Consider first, the effect of side-slip (F) upon 
the wings and assume that the chords of each half wing are in a plane, 
but that these planes are inclined upwards from a perpendicular to the 
plane of symmetry through an angle, y, called the dihedral angle (Fig. 33). 

Resolve the side-slip velocity ( V ) into two components parallel and 
perpendicular respectively to the plane of chords of the starboard wing 
and neglect, for the present, the former of these components. The latter 
component will then alter the incidence of the starboard wing by an 
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angle whose circular measure is approximately V yj V. The corresponding 
change of incidence on the port wing is then — V yj V. We proceed to 

consider the influence of 
these changes of incidence 
upon the rolling and yaw- 
ing moments acting on 
Figr. 33. Dihedral angle. the wing 

8. Theoretical Estimates of Rolling Moments Due to Side-Slip. Let the 
lift on the whole wing in symmetrical flight at speed V and incidence 
a be L. so that the rate of change of lift with change of incidence — 
V constant — is dL/doc. 

Using wind axes let the rolling moment exerted by the starboard 
half wing in symmetrical flight be — (1 j2)LJ 1 s where s is the semi-span 
of the whole wing. By symmetry the moment exerted by the port wing 
is + (1/2 )LJ t s. J x s is the distance from the plane of symmetry to the 
line of action of the lift on each half wing. 

Now let a side-slip (F) occur which will add to the incidences of the 
starboard wing the approximate angles V yj V and subtract a like angle 
from the incidence of the port wing. Neglecting the effect of the small 
changes in induced incidence due to the changed distribution of lift, 
the rolling moment on the starboard wing will be increased by the amount 

\ J 1 S a y y> while that on the port wing will be decreased by a 
like amount. The total rolling moment on the whole wing will therefore 

• $ Jj V 

be — J x s -g a y y the sense of which will be to raise the wing towards 
which the slip is occurring. 

The dimensionless coefficient of this rolling moment is obtained by 
dividing by q V 2 S s, so that an estimate of the rolling moment coeffi- 
cient due to side-slip is ki = — J 1 -y-y (8.1) 

A quantity of great importance in the calculations of the motions 
of an aeroplane is the ratio of the rolling moment produced by side-slip 
to the side-slip which produces it. When the side-slip is small this ratio 
would be represented, in the notation of the calculus, by dLJdV , where 
L x represents rolling moment, but for shortness it is more usual to 
employ the symbol L v which is described as the derivative of rolling 
moment due to side-slip. The conventional dimensionless coefficient of 
this derivative has the symbol k x v and is defined as follows :k lv — LJq VSs< 

and since L v ^ y Q v qV & 8 ^ y/y ) 

it follows that an alternative expression for k tv is 

, dki 

IClv ~~ d(V/V) 
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Using this notation equation (8.1) shows that a rough estimate of the 
derivative of rolling moment due to side-slip is 

hv = doi y ( 8 . 2 ) 

The numerical value of J, for a wing upon which the lift is graded 
uniformly across the span is 1/2 ; for a wing upon which the lift is graded 
elliptically it is 4/3 n or 0.425 ; while for a wing with triangular lift grading, 
that is to say with lift linearly graded falling to zero at the tip, the value 
is 1/3. The average wing has a lift grading between uniform and elliptic 
and a value of dkjjdct in the neighborhood of 2. Hence the approximate 
assumptions on which (8.2) is founded would lead us to expect a value 
of k tv slightly less than the circular measure of the dihedral angle. 

9. Theoretical Estimate of Yawing Moment Due to Side-Slip. Argu- 
ments and assumptions similar to those used in obtaining an expression 
for rolling moment due to side-slip give, for the yawing moment on the 
wings — wind axes — the equation 

Kv^+Ji-j-y (9.1) 

where k D is the drag coefficient of the whole wing, and J x now refers 
to the line of action of the resultant drag on each half wing. In normal 
flight the numerical value of this derivative is small. 

10. Conversion to Chord Axes. The rolling and yawing moments here 
considered are expressed by reference to wind axes. They can be con- 
verted to chord axes by straight forward resolution. Thus if OX' (chord 
axes) makes an angle <x with OX (wind axes) and if primed symbols are 
used throughout temporarily to distinguish symbols referred to chord 
axes from those referred to wind axes, we have 

k' lv m. k jv cos a — k nv sin a 
k' nv = k nv cos a + k lv sin a 

Note that in normal flight, when a is small and k nv is small compared 

with k lv kj v = k iv approximately. 

hence k' nv — k nv + k lv • a approximately. 

In normal flight, therefore, k iv will have sensibly the same numerical 
value whichever system of axes is used, but the value of k nv will depend 
sensitively on the choice of axes. 

11. Omissions in the Assumptions. These estimates of the effects of 
side-slip are obviously not precise, since they take no account of any 
effects of the component of the side-slip velocity parallel to the plane 
of chords of each wing, which must to some extent influence the form 
of the flow, particularly near the wing tips; neither do they allow for 
the effects of changes in the trailing vortex system when the wing is 
side-slipping. The simple calculation serves, however, to show the 
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principal reason why side-slip generates rolling moments on a pair of 
wings having a dihedral angle and it gives results not far different from 
those found by direct experiment. 

12. Experimental Measurements of the Effects of Side-Slip on an 
Isolated Wing. Experiments have been made in which rolling and 
yawing moments due to side-slip were directly measured on a model 
wing in a wind tunnel (Ref. 1). The aspect ratio of this wing was b and 
the dihedral angle was varied by intervals of 2 degrees between 0 and 
8°. Below 10° incidence the rolling moment was found to be sensibly 
proportional both to side-slip and to dihedral angle, as is suggested by 
(8.1) and the whole of the results for incidences less than 10° can be 
expressed with fair accuracy by the equation 

hv = — 0.72 y (12.1) 

The greatest variation from this simple expression occurred at 10° 
incidence and zero dihedral angle, when the value of k lv was 0.025, 
which is the value given by (12.1), with y slightly less than 1°. At lower 
incidences, however, Jc lv at zero dihedral, was practically zero. 

The derivative dk L jdct. for this wing was measured and found to be 
2.2 so that, assuming a value of 0.45 for J v (8.2) reduces to k Lv = — 1.0 y. 
This experiment therefore showed a rolling moment due to side-slip 
some 30 per cent less than would be indicated by (8.2). 

The experimentally determined yawing moments, expressed in chord 
axes, were very erratic and followed no simple law but, at the incidences 
of normal flight, they are small enough to be entirely neglected in calcu- 
lations such as will be developed in later chapters. 

13. L v in Stalled Flight. At high incidences k lv was found to rise 
to the neighborhood of about 0.2 and to be almost independent of 
dihedral angle. Equations (8.1) or (8.2) would suggest that, since dkjdcn 
falls to zero or becomes negative after stalling, k lr on a stalled wing 
would also fall approximately to zero or change sign. Many similar 
experiments have, however, been made since those under discussion and 
all have confirmed the observation that, on stalling, k iv becomes large 
and is scarcely influenced by changes of dihedral angle. The cause of 
this somewhat surprising phenomenon has been examined in an experi- 
ment in which the pressure distribution on the wing surface was measured 
(Ref. 2). 

Figure 34 drawn from data obtained in this experiment, shows, in 
isometric projection, the pressure distribution at various sections of 
the wing when the incidence was 20° and the side-slip zero and 20° 
respectively. This diagram shows that in symmetrical stalled flight 
the intensity of lift is greater near the tip than in the middle of the wing 
and that when the wing is side-slipping this increased intensity of lift is 
accentuated on the tip towards which the slip is occurring and is elimi- 
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lated on the opposite tip. It seems reasonable to suppose from an 
nspection of these diagrams that the large rolling moment generated 
)y side-slip upon a stalled wing is due to what may be described as 
Inferential stalling on the two tips. The effect of the relative wind 
jomponent parallel to the Y axis being, apparently, to unstall the tip 
lpon which it impinges and to cause the other tip to stall more completely 
}han it would in symmetrical flight. 



Fig:. 34. Pressure distribution on a stalled wins with and without side-slip. 

14. Effect of Side-Slip on Body, Fin and Rudder. Side-slip causes the 
dr to impinge on the fin and rudder so as to exert a force which has a 
component perpendicular to the plane of symmetry. The rolling moment 
of this force about the X axis is nearly always negligible — except perhaps 
on some seaplanes — but the yawing moment about the Z axis is im- 
portant. The estimation of this yawing moment from the drawings 
of the aeroplane is a difficult matter because the body interferes severely 
with the flow past fin and rudder. The sizes and positions of the fin 
and rudder are in practice, therefore, governed more by experience 
with previous aeroplanes than by any precise method of computation. 

Direct measurements of the value of k nv for complete model aero- 
planes will be discussed later, but meantime it is of interest to make a 
rough estimate of the contribution of the fin and rudder alone to Jc nv . 
Since this cannot be deduced effectively from experiments on isolated 
fins and rudders and since apparently no experiments have been made 
in which the forces on fins and rudders in place upon the body have 
been measured separately from the forces on the whole, we must fall 
back upon an indirect estimate. It is known from experiments on 
isolated fins and rudders that, in conventional designs, the air-reaction 
normal to the symmetric plane is roughly the same whether the rudder 
is rotated alone or both fin and rudder are rotated together through 
the same angle. We should therefore expect that when the rudder is 
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in place upon the aeroplane a given angular movement (£) should cause 
an air-reaction upon the whole fin and rudder of approximately the same 
amount as that caused by a side-slip angle (/?) equal to £. 

Let E" be the force on the fin and rudder, perpendicular to the plane 
of symmetry and let k y stand for the coefficient E''/q P 2 S", where S" 
is the area of the combined fin and rudder. The yawing moment N due 
to the force E" on the fin and rudder can be written 

N =*i'eF*jS"i" 

where Z" is the effective distance behind the aeroplane’s c.g. 

a t ,,, sr_V[_ 

:,kn ~ qV*8s ~~ kE Ss 

S"l"jSs is here a purely geometrical ratio which may be called the 
rudder and fin volume coefficient , the word volume being derived from 
the dimensions of the numerator and denominator of the ratio. Now 

__ dkn __ dkn _ dkpj S"_T 

knv ~ d(V/V) “ dji dp ’ 8s~ 

But, in so far as the above assumption is correct, dk^/df} is equal to 
dk'^jdC and its magnitude can therefore be estimated from experiments 
in which the rudder alone is moved in the absence of side-slip. There are 
a number of such experiments on record, (Ref. 3) the results of which 
can be roughly summarized by the statement that an average value 
otdkfi/dt is 0.7; a high value, appropriate to a fin and rudder excep- 
tionally well placed, would be 0.9 and a low value for a badly placed 
fin and rudder would be 0.5. 

A rough estimate of the value of dk'^jd^ for a typical fin and rudder 
isolated in a uniform air current would be about 1.6, from which it is 
seen that the interference of the body with the airflow must be very 
severe. 

If the airscrew slipstream passes over the fin and rudder it may 
increase their effectiveness considerably, but owing to the interference 
of the body with the stream the precise effect will be very difficult to 
estimate. 

A typical value for the volume coefficient (S^V'jSc) is 0.05, a low 
value would be 0.04 and a high value 0.06. Using the figure 0.05, and 
a typical value for dk^/dji of 0.07, leads to a value for k nv due to fin 
and rudder alone, of 0.035. It will appear later that a typical value of 
k nv for the whole aeroplane is no greater than 0.010, from which it 
appears that most of the stabilizing effect of the fin and rudder is used 
to neutralize the static yawing instability of the rest of the aeroplane. 
The average net static stabilizing coefficient is thus less than one third 
that due to fin and rudders alone, and of the order one sixth that which 
would be contributed by the fin and rudder if they were acting in un- 
disturbed air. 
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16. Experimental Values of />' ( and fe n for Complete Model Aeroplanes. 

Measurements of rolling and yawing moments due to side-slip have been 
made upon numerous models of complete aeroplanes (Ref. 4). 

Figure 35 shows a few experimentally obtained curves giving k lv 
against wing incidence for a number of models of well known aeroplanes. 
These results relate to axes inclined at an angle of — 4° to the mean wing 
chord, but they may, with sufficient accuracy for all practical purposes, 
be taken to relate to chord axes. 

Dividing the values for k lv , given in Fig. 35 at 5° incidence, by the 
circular measure of the dihedral angle (y) of the aeroplane to which 



Fig. 3f>. Experimental curves of rolling due to side-slip for certain complete model aeroplanes . 


they refer, the following figures are obtained. Bristol Fighter — 0.85, 
Avro — 0.85, S.E.5 — 1.0. The derivative dkjdcf. for these biplanes will 
be about 1.7 and if we assume J x to be 0.45, Equation (8.2) would predict 
k lv ly ~ 0.77, a quantity which is of the correct order but on the small 
side. It appears therefore that while (8.2) gives predictions of the right 
order of magnitude, experimental measurements must be made when 
a high order of accuracy is required. 

The very great rise, mentioned in 13, in the value of k lv near the 
stalling angle, is well shown. It occurs on all the models and its magnitude 
bears no relation to dihedral angle. 

Of the other aeroplanes represented in Fig. 35, the Fairey N4 has 
large upper wings with no dihedral and a much smaller lower wing with 
dihedral about 2°. The low value of k tv in normal flight is therefore to 
be expected. The Fokker has a single thick wing of the peculiar, but 
well known, Fokker shape. 

Figure 36 shows k x v and k n v for these same aeroplanes, plotted in the 
form of vector diagrams. Using chord axes, k iv is plotted against fc nv for 
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various values of a, which are marked on the curves. A line drawn 
from the origin to any point on these curves is a vector representing the 
magnitude and direction of the whole asymmetric moment. This form 
of vector diagram has the advantage of showing, at a glance, the 
changes in the components which would result from a change in the 
direction of the axes of reference. 


Chord axes 


The magnitude of the moment for a given side-slip angle (/?) is obtained, 
of course, by multiplying the length of the vector by the circular measure 

Mx - of fi. The quantities here re- 

02 - . . , * I 28 is corded were deduced from mea- 

& s surements of k x and k n when the 

~ 02 ~ a ~ side-slip angle (/?) was 10°. The 

^ measured values were therefore 

x S.C.5. f divided by 0.174, which is ap- 

- 02 - proximately the circular measure 

.w- Chord axes - of 10°. Strictly speaking they 

* ' 0Z *’^~?o kker * ^ ~ are not therefore k lv and k nv 

^oo 'gr 0 since these symbols represent 

~ the ratios of infinitesimal mo- 

— Qlf. _ 

' mtmts to the infinitesimal angu- 

‘ qq Ca/rey Mv l ar ve ^ oc i^ es which generate 

- 02 - 26 ~~~ so ‘ 16 _ them. The difference here is 

wv- H unimportant because the mo- 

.02 ~ Avr p 5Q y x » is £ ■ ments are approximately linear 

.03 functions of angular velocity. 

From these diagrams it ap- 

~ 30 ~ 20 ^ 0 pears that at cruising speeds — 

FIK. 36. “Vector diagrams” showing rolling an d incidences undcr 5 “—popular 
yawing moments due to side-slip for a number values of k nv lie, as stated ill 14, 
of model aeroplanes. around about Q Q1 The excep , 

tionally high value (0.028) for the S.E.5 is no longer representative 
of modern practice. 

The changes which occur in k nv as the wings stall are clearly shown 
in Fig. 36 and it will be observed that the numerical value is, in these 
circumstances delicately dependent on the choice of axes of reference. 
Using chord axes, as in Fig. 36, k nv generally becomes zero or negative — 
unstable — when the incidences are of the order of 20°, the reason being 
that at these incidences, the body shields the fin and rudder from the 
air stream. 


Avra 500 K 


Fig. 36. “Vector diagrams” showing rolling and 
yawing moments due to side-slip for a number 
of model aeroplanes. 


The curves of this figure have been continued up to very high inci- 
dences, but above 25° incidence they are of little practical interest; 
steady flight above this incidence is generally impossible because the 
elevators are then not powerful enough to balance the pitching moments. 
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16. Effects of Large Side-Slips. Below some 12° incidence, rolling and 
yawing moments are both closely proportional to the side-slip angle, 
at least until ft exceeds 30°. At the large incidences of stalled flight 
rolling moment is fairly closely proportional to sideslip until exceeds 
some 10° to 15°, but with larger side-slip the rate of increase of the 
moment falls off considerably. At these high incidences also the ratio 
of yawing moment to side-slip becomes more positive when the side- 
slip is large than when it is small, so that the unstable condition in- 
dicated in Fig. 30 at high incidences and small sideslip tends to disappear 
when the side-slip is large, no doubt because the shielding of the fin 
and rudder by the body becomes less pronounced when the relative 
wind is blowing well from the side. 

B. Theoretical Estimates of Moments due to Angular 
Velocities of Roll and Yaw 

We have next to consider the influence of asymmetric rotation upon 
asymmetric moments. With the object of displaying the factors on 
which these moments mainly depend, we will begin with an examination 
of an approximate method of calculating them when the rates of rotation 
are small. 

17. Moments Duo to Rate of Yaw. Consider first the wings alone. 
Suppose that the c.g. of the aeroplane — 0 in Fig. 37 — is moving forward, 
parallel to the plane of symmetry, and that the aeroplane itself is rotating 
with positive angular velocity r about 
an axis OZ , in the plane of symmetry 
and perpendicular to the direction of 
motion of O. The effect of this rotation 
will be to increase the velocity of the 
port wing and reduce that of the star- 
board wing. The lift and drag on the 
port wing will thereby be increased 
while, on the starboard wing, they will 
be decreased; the result will be a posi- 
tive rolling moment and a negative 
yawing moment. 

To obtain an estimate of the magni- 
tudes of these moments, suppose that 
the wing is divided into a series of 
narrow strips by planes parallel to the plane of symmetry, and that the 
force on each strip is the same as it would be were the whole wing 
moving without rotation but with velocity equal to that of a point 
lying on the strip and in the YZ plane. This hypothesis, which will 
often be employed, will be described as the strip hypothesis. Though it 

5 * 



Fig. 37. Illustrating the effect of an 
angular velocity of yaw (r). 



68 


N III. THE ASYMMETRIC OR LATERAL MOMENTS 


cannot represent the facts completely, because it ignores the effects of 
alterations in the induced velocities near the wing which must ac- 
company changes in lift distribution across the span, yet its conse- 
quences are worth examining. 

Let the strip, Fig. 37, be distant y from the plane of symmetry and 
let its width be dy . Let d be the chord of the strip and k ' L the local 
lift coefficient. 

The velocity of a point on the strip in the Y Z plane will be ( V — r y) 
and the lift on the strip will be, approximately, 

Q( V—ryf d dyk' L 

The incidence of the strip is not altered by the additional velocity, 
( ry ) which is parallel to F, so that, by hypothesis, k' L is the same as 
the local lift coefficient at the strip when the wing is moving without 
rotation. 

The lift on the corresponding section on the opposite side of the plane 
of symmetry will be q( V + ry) 2 d dy k' L 

The net moment of these two lifts about the X axis will therefore be 
[(V + ry) 2 — ( V — ry) 2 } gc’ yk,’ L dy = 4 ry 2 Vgc'k’ L dy 
The whole rolling moment will therefore be 

s 

4 q Yr Jd y 2 k^d y 

o 

Now the whole lift on the wing may be written in either of two 


alternative forms 2 qV 2 jk’^d dy or q V 2 Skf J 

o 

where S is the total area and kj is the lift coefficient of the whole wing. 

Thus =1 

2 f k' f d dy 

*o 

and we may write, using L x to represent rolling moment, 


L 1 V — 4gr- 


™ /Vi 

.j/iy J 


Now the ratio of the above two integrals has the dimensions of 
(length) 2 and has a meaning which is easily visualized and conviently 
expressed by a shorter notation. 

Consider a curve (Fig. 38) of which the ordinates represent k' L d 
and the abscissae represent y. Such a curve defines the proportional 
distribution of the aerodynamic load along the span of the wing in the 
absence of rotation; the load grading as it may be called. The ratio 
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is the ratio of the radius 

(*)• 


in question is then the square of the radius of gyration, about the axis 
V — 0, of the area enclosed by this curve ; it therefore may reasonably 
be expressed by the symbols J\ s 2 , where 
of gyration of this area to the semi -span 
Using this notation 

L x — 2 q VSs 2 rkj J\ 

The dimensionless coefficient of roll- 
ing moment is defined in 4 as 

L i 




oV 2 Ss 



Fig. 38. Aerodynamic load grading curve 
for half wing. 


Hence k t = 2 J\k L {^y - ) 

The quantity rsj f ] which is the ratio 
between the extra velocity of the wing tip duo to the rotation (r), 
and V, the velocity of the c.g., may be regarded as a dimensionless 
coefficient of r and therefore given the symbol k r and with this notation 

= 2 Ji k L k r 

By a precisely similar argument 


k n ^ — 2 J 2 k D k r 

where k n is the coefficient of yawing moment, k D is the drag coefficient 
and J 2 s is the radius of gyration of the drag grading curve for each half 
wing; this radius is not necessarily the same as that for the lift grading 
curve, but as a first approximation we shall assume that it is the same. 


18. The Derivatives k lr and k nr . In subsequent chapters we shall 
require the derivatives dLJdr and dNjdr which will be described as the 
derivative for rolling moment due to yawing and yawing moment due to 
yawing. The dimensionless coefficients of these derivatives will have the 
symbols k lr and k nr and be defined so that 

, dL x 1 

A?/r ~~ dr qVSs ^ 

, __ 8N _ 1 

dr qVS^ 

Alternative expressions for these derivatives are clearly 

, dki , dkn 

klr ~~ dkr knr -~dk7 

With these definitions the above theoretical estimates can be written 


hr = 2 J 2 k L 
k nr == 2 Jr, kjj 

The value of J 2 depends merely on load grading and it is immaterial, 
from the present point of view, whether this grading is due to variations 
in the flow at different points along the wing span, or is due to variations 
in the chord of the wing itself. 
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Values of J * are 1/3 for uniform load grading; 1/4 for elliptic load 
grading; and 1/6 for triangular grading. The lift grading on a rectangular 
wing at moderate incidences lies between uniform and elliptic and 

hence Jf> in the equation for k ir) with a 
rectangular wing, will be somewhere be- 
tween 0.33 and 0.25, say in the neigh- 
borhood of 0.30. 

19. Moments Due to Rato of Roll (/>). 

Figure 39 a shows an aeroplane viewed from 
behind. Let the c.g. be moving forwards 
with velocity V , parallel to the plane 
of symmetry — perpendicular to the paper 
in the figure — and let the aeroplane be 
rotating with a small angular velocity (p) 
about an axis though O and parallel to V. 
To a first order approximation, the effect 
of this rotation upon a point distant y 
from O is to change the direction of its 
motion through an angle pyj V and to 
leave the magnitude of its velocity un- 
changed. 

Making assumptions similar to those 
of the previous section, we may suppose 
that the incidence of a strip of the starboard wing, distant y from the 
plane of symmetry, is increased by the angle pyj F and we may write 
lift and drag on this strip in the form 

dL = QV 2 c'd y(k' L + 

dD = Q VH'dy(lc D + 

where the coefficients and their rates of change with incidence are the 
same as those for the strip when the wing is moving without rotation, 
but with incidence equal to the local incidence of the strip. 

The local lift and drag, as expressed above, will not, however, be 
perpendicular and parallel respectively to the axis of X but to the 
direction of motion of the strip — Fig. 39 b. The force perpendicular 
to the direction of V will therefore be 


Fig. 39. Illustrating the effect of an 
angular velocity of roll (p). 
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The force on the corresponding strip on the opposite side of the plane 
of symmetry will be found to be the same as above with the sign of the 
second term changed. The net rolling moment exerted by the two strips 


is therefore — 2 qVp J ( + k'o'j c y 2 d y 

0 

Treating this expression in exactly the same way as the corresponding 
expression for yawing moment and using analagous notation, we obtain 
the first two of the four expressions below. The corresponding expressions 
representing the effects of rate of yaw (r) are restated for convenience 
of reference. 


20. Approximate Formulae for the Rotary Derivatives. 


kip — 
knp — 

ki r “ 
knr ~ 
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hp 

kn 
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kn 

kr 


dkL 




d kn 


dec 


J -k L 


Jl 


2k L Jl 

2 k D Jl 


Though the assumptions on which these four expressions are founded 
are not exact, the estimates which they give of the values of the deri- 
vatives are in many circumstances remarkably close to the measured 
values with which we shall presently compare them. A more precise 
calculation of the r derivatives for a wing with elliptic load grading, 
taking account of modifications to the trailing vortices has been made by 
C. Wieselsberger (Ref. 5), and translated into English and extended 
to a rectangular wing by H. Glauert (Ref. 6). The expressions there 
obtained involve the aspect ratio of the wing and the formula for the 
derivate k n r takes separate account of the profile drag and the induced 
drag , instead of being merely concerned with the total drag, as in the 
simpler form. For wings of aspect ratio 6 the formulae become 

k ir = 0.43 k L Elliptic loading 

k ir = 0.49 k L Rectangular wing 

k nr — 0.50 k D (profile) +0.66^ (induced) Elliptic loading 
k nr = 0.67 k D (profile) + 0.86 k D (induced) Rectangular wing 

21. Change of Axes. The four derivatives above have been derived 
by reference to wind axes . The conversion to any other system, such 
as chord axes must now be considered. 

Let OX , OZ be chord axes and let OX' OZ' be wind axes, Fig. 40. 
The symbols relating to the moments and angular velocity components 
about these axes are appended in brackets. 
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Let the angles XOX' and ZOZ' be equal to a and let the aeroplane 
be rotating about OX with angular velocity p. 

Then p' = p cos a r* — — p sin a 

And L p p = U cos a — N' sin a 


k' np CDS* 


b — V 
n n r — * nr K 


( 21 . 1 ) 


X'(L'p') 


= (Lpp f + L’ r r') cos a — (N' p p' + N' r r') sin a 
= (Lp cos a — L' r sin a) p cos a — (N' p cos a — N' r sin a) p sin a 
or L p p — [Lp cos 2 a — ( L' r + N' v ) cos a sin a + N' r sin 2 a] p 
Dividing through by p qVSs 2 and forming, in a similar manner, expressions 
for the other three rotary derivative coefficients we obtain, 
kip — k\p cos 2 a — ( k\ r + k' np ) cos a sin a + k' nr sin 2 a 
k ir == k[ r cos 2 a + ( k\ v — k' nr ) cos a sin a — k' np sin 2 a 
« 2 a + ( k{p — k' nr ) cos a sin a — k\ r sin 2 a 
. co$ 2 a + ( k\ r + k' n p) cos a sin a + k\ v sin 2 a 

These formulae enable rotary derivatives, 
witli respect to any system of mutually per- 
pendicular axes lying in the plane of sym- 
metry, to be transformed to any other similar 
system with the same origin, but inclined 
to the first system through any angle (a). 

22. Calculations of Rotary Derivatives 
Using Chord Axes Throughout. If it is desired 
to work out a set of derivatives by reference 
to axes which are not wind axes but for 
which the axis of X is inclined to the wind direction through an angle a, 
two alternative processes are available. Either the derivatives may 
be computed with reference to wind axes and then transformed by 
the use of (21.1), or they may be worked out directly by use of the 
equations below, in which X and Z are the components of the aero- 
dynamic reaction on the wing, parallel respectively to OX and OZ, when 
the wing is not rotating. 



\Z(Nr) 
Z'(N'r) 

Fig. 40. 
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Jl 
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cos a + 2 kx sin a 


Jl 


o 7 , dkz • 

— 2 k z cos a + , sm a 

d a 

2 k x cos a — 8 ^ n a ] 


J 2 


( 22 . 1 ) 


Note that, since X and Z in these expressions are directed forward 
and downward respectively, they are, when a is zero, equivalent to — D 
and — L respectively. 

The expressions (22.1) are easily deduced by noting that a rotation 
such as p about an axis OX inclined to the “wind” through an angle a 
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causes simultaneous changes in both the velocity and incidence of wing 
strips situated at a distance from the plane of symmetry. 

The rotary derivatives can therefore be computed directly by reference 
to any desired axes. We shall, however, see shortly that experimentally 
determined derivatives can often be obtained by reference to some 
particular system of axes only, and when results so obtained have to 
be referred to other systems of axes, the somewhat cumbersome trans- 
formation equations (21.1) must be used. 

23. Rotary Derivatives Due to Body, Fin and Rudder. The only im- 
portant contribution of these parts is to the derivative N r and this 
contribution cannot conveniently be computed from data for isolated 
fins and rudders; for information on this matter we must rely upon 
experiments upon complete models of aeroplanes such as are discussed 
in the following section. 

C. Experimental Methods of Measuring 
the Rotary Derivatives 

24. Oscillation Methods. All four derivatives can be measured by 
oscillation methods similar to those described in II 38 and 39 for the 
measurement of the symmetric rotary derivative M q . Either of the 
methods there described can be applied unaltered to the derivatives 
L p and N r , but a modification is necessary in the application to the 
cross derivatives L r and N p (Ref. 7). The reader who desires details of 
this modification should consult the reference. 

If the results of these oscillation experiments are to be generally 
applied, it is necessary to consider the extent to which the reactions 
are functions of rate of change of incidence as well as of incidence itself. 
In considering symmetric motions in Chapter II we found it necessary 
to take into account the influence of rate of change of incidence upon 
forces on the tail. This was due to the time lag between the creation 
of downwash by the wings and its action on the tail. There is no such 
downwash factor present to any appreciable extent in the asymmetric 
reactions which are now under consideration and hence the assumption 
is generally made that these reactions are independent 1 of d&ldt. This 
assumption is probably sufficiently accurate at the incidence of normal 
flight, but we shall see later that it is insufficient for the consideration 
of stalled flight. 

» 25. Continuous Rotation Methods. If a model wing in a wind tunnel 
is made to roll continuously about an axis parallel to the relative wind, 
the air-reactions upon it will be steady with respect to axes which turn 
with the model. With suitably arranged apparatus the moments of 

1 For further discussion on the validity of this assumption see V 6. 
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these air-reactions about axes fixed in the wing can be measured and 
the derivatives L p and N p determined (Ref. 8). Derivatives depending 
on any rotation other than about an axis parallel to the wind cannot 
conveniently be determined by steady rotation in a wind tunnel, because 
the necessary condition that side-slip should be zero or constant cannot 
be achieved unless the flight path is curved. The effect of rotation 
about any axis perpendicular to the direction of motion can, however, 
be determined on a whirling arm in a manner similar to that described 
in II 37 for the measurement of M q . Experimentally this method is 
difficult, owing to the disturbance set up by the passage of the arm, the 
influence of which is exceedingly hard to disentangle from the effect to be 
measured. The technique of this whirling arm method is still undergoing 
development, but some few results relating to a steady rate of yaw 
have been published; these will be discussed in due course. 

D. Discussion of the Results of Experiments on the 
Rotary Derivatives at Incidences of Normal Flight 

26. Comparison Between Oscillation and Continuous Rotation Ex- 
periments. This comparison has been made upon a complete model 
of a B.F. 2 b (Ref. 9). In the oscillation experiments the rotations and 
measurements were about chord axes whereas in the continuous rotation 
experiments wind axes were necessarily used, but the latter have been 
transformed to refer to chord axes using the equations of 21. The two 
sets of results are compared in Figs. 42 a to d (38) and show, for 
incidences below 12°, an agreement which, considering the difficult 
nature of the experiments, is remarkably close. The assumption, mentioned 
in 24, that the moments were not appreciably influenced by rate of 
change of incidence during the oscillation, is apparently justified so far 
as the experiments under discussion are concerned. The wide differences 
between the results at high incidences will be discussed later. 

27. Comparison Between Experiment and “Strip” Calculation. Experi- 
ments, by the oscillation method, have been made upon the four asym- 
metric rotary derivatives of an 1/8 scale model of an S.E.5 aeroplane 
(Ref. 10), and the values so found for the three derivatives L pi L ri N p 
have been compared with the results of simple strip calculations for the 
wings alone. With a value for J\ of 1/4, that is to say, assuming an 
elliptic aerodynamic load grading across the wing span, remarkably 
good agreement — within 10 per cent — was obtained over an incidence 
range from 0° to 10°. 

A similar comparison has been made between the values of L p and 
N p obtained by strip calculation and by experiments upon the continuous 
roll balance, for a model of the B.F. 2b. The result of this comparison 
for small rates of roll is given in Fig. 41 a. The agreement is again good. 
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From these experiments it appears, therefore, that with wings of 
approximately rectangular plan form at the incidences of normal flight, 
the simple strip calculations of 17, using Ji = 1/4, gives estimates of 
L p) L r > N p which are in reasonably good agreement with the results of 
experiment either by the oscillation or by the continuous roll method. 

28. Influence of Body, Fin and Rudder. From the above agreement 
we infer that the body, fin and rudders of a conventional aeroplane 
contribute nothing of importance to L p) L r , or N p when these are expressed 
in chord axes. N r on the other hand is almost entirely due to these 
parts and but little influenced by the wings. The principal factors in 
determining this derivative are the fin and rudder. Following the method 
of estimating the analogous derivative M q in Chapter IT, write 

knr ~ — A (28.1) 

where A is a numerical factor which includes a small allowance for wings 
and body of conventional form and s''l" 2 jSs 2 is a geometrical relation 
defining the areas and positions of the fin and rudders. At the incidences 
of normal flight a value of A of the order 1.4 is representative of the 
principal experimental results available, which include experiments on 
models of the S.E.5 which had exceptional large fin and rudder and of 
the B.F.2b on which these organs wire exceptionally small. 

29. Comparison Between Model and Full Scale Experiments. An elab- 
orate series of experiments to obtain the asymmetric derivatives for 
the B.F.2b in actual flight, at about 10° incidence, is described in 
Ref. 11. The experimental values so obtained arc plotted as large circles 
in Fig. 42 ; they show good agreement with the results of model ex- 
periments except in respect of N p for which two full scale results at 
nearly the same incidence differ widely between themselves and are 
both much larger than the model result. The cause of this discrepancy 
is not yet known. 

30. Effect of Large Angular Velocities. Below 10° incidence, asym- 
metric moments are found to be closely proportional to angular velocities. 
Those generated by rate of roll are proportional to the rate of roll (p), 
at least until k p exceeds 0.2, a value which in actual flight corresponds 
to a very high angular velocity; about half that experienced in the 
common spin. 

Experiments involving continuous rate of yaw have, up to the 
present, been made at one angular velocity only, corresponding to k r 
equal to 0.065 ; but there is no reason to suppose that the porportionality 
in the effects of rate of yaw will be less pronounced than in the effects 
of rate of roll. 

31. Summary — Rotary Derivatives in Normal Flight. Taking into 
account the difficult nature of the experiments and the fact that high 
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accuracy is not yet required or obtainable in the calculation of stability 
and control characteristics, it may be said that there is good agreement 
between the results of experiments made by the oscillation and by the 
continuous rotation methods. 

Predictions from calculations based on the simple ‘‘strip hypothesis”, 
with elliptic load grading across the wing span, agree well with the 
results of experiments on the derivatives L p , L r , N p , but the value of 
N r cannot easily be predicted and, for it, estimates must be based on 
experiments upon the complete body, fin and rudder. 

The agreement between model and full scale experiments has been 
checked at 10° incidence only and found to be good for L p , L r) and N r , 
but in the case of N p the full scale experiments agreed neither with 
the model results nor amongst themselves. It seems probable that 
this disagreement is due to some defect in the very difficult full 
scale experiment, but further research would be required to settle 
this point. 

These conclusions are based on experiments on aeroplanes with 
biplane wings of thin profile and roughly rectangular plan form, but 
they probably apply, at the incidences of normal flight, to wings of 
other forms. 

E. Rotary Derivatives in Stalled Flight 

32. Introduction. We pass now to the consideration of the experi- 
mental evidence relating to rotary derivatives at incidences higher than 
those which occur in flight, except on those rare occasions when the 
aeroplane is deliberately or inadvertently stalled. In spite of the rarity 
of these occasions it is necessary to study the changes which take place 
in the asymmetric air-moments at high incidences, for it is in these 
changes that the principal danger of flying, the loss of control following 
accidental stalling, is found to lie. 

We have first to consider an extension of the calculations based 
upon strip hypothesis by which they can be applied to finite angular 
velocities in circumstances when the lifts and drags are no longer linear 
functions of incidence. Consideration of the calculations of 17 and 18 
to find L r and N r referred to wind axes show no reason why the ratio 
of L and N to r, when r is finite, should be very different from the ratios 
when r is infinitesimal. On the other hand the calculations for L p and N p 
depended on the omission of small quantities of the second order and 
involved the rates of change of lift and drag with incidence. The following 
extension of the method to finite values of p is due to H. Glauert 
(Ref. 12). 

33. Theoretical Estimate of Moments Due to Finite Rates of Roll. 
Referring back to 19, Fig. 39, let 
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y = tan<p' (33.1) 

so that p- dy = sec 2 99' d cp (33.2) 

When the incidence at the mid-section of the wings is a that at the 
strips distant ± y from the mid-section is a±f. 

Using an obvious notation and remembering that lift and drag are 
defined as forces perpendicular and parallel to the direction of motion, 
the expression for the force on strip (b) Fig. 39, perpendicular to the 
direction of motion of the c.g. of the aeroplane is 

[k L (a + y) cos <p' + k D (ce + y/) sin <p') Q (V sec cp') 2 c' d y 
The corresponding force on the symmetrically placed strip is 
[& /, (a - v >) cos cp' — k D {a _ sin <p’]q{V sec cp ') 2 c' d y 
Now, for brevity, let K x represent the difference between the square 
brackets in the above expressions, so that 

^1 = V 0 l (« + cp') — k L ( a _ cos cp ' + [ k D + y') + k D (of y/)] sin cp' 

Then the net contribution of both strips to the rolling moment is 
— K x g V 2 sec 2 cp' c' y d y 

Now write ps] V = tan cp, so that cp is the value of cp' at the wing tip. 

Substituting for y in terms of cp’ and integrating from wing root to 
tip gives: 

<p 

Total rolling moment — - — J c K 1 sec 4 ‘y/ tan cp dcp f 

0 

Let us assume first that the plan form of the wings is rectangular 
so that c' is constant and therefore can be brought outside the integral 
sign. The wing area 8 is equal to 2 sc and, on dividing by£F 2 $s or 
2 q V 2 s 2 c to obtain the rolling moment in coefficient form, we have 

V’ 

h ” 2 co ^ V f ^ 1 sec 4 cp tan cp ' d cp 

6 

A similar argument gives the yawing moment coefficient 

<r 

k n = l 2 cot 2 cp J K^sec^cp' tancp dcp r 
0 

where 

K a = fe (« + y-> — k D (a _ y-)] cos cp’ — [k L ( „ + y.) + k L ( « _ y-)] sin cp ' 

If we can assume that the air-loading is uniform across the span and 
have curves of k L and k D against incidence for the whole wing, curves 
showing the values of the expressions within the integrals against cp' 
for any given value of a can be prepared. Integrating these graphically 
up to various values of cp and multiplying by (1/2) cot 2 cp then gives 
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curves of k t and k n against 9 0 which itself defines the rate of roll : since 
tan q> = psj V— k p . 

If, instead of assuming c' constant and air-loading uniformly graded 
across the span, it is assumed that the load grading is elliptic, it can 
be shown by a modification of the above argument that the rolling 
moment coefficient is 

<p 

k i = — “ co< 2 r P J K 1 sec i (p' tan<p' j / 1 — dp 

0 

and that the expression for the yawing moment coefficient is similar but 
with K 2 substituted for K v 

The values of K 1 and K 2 in these last expressions are deduced from 
curves of lift and drag coefficients for the whole wing. 

The above expressions are the same for biplanes as for monoplanes, 
since the extra 2 which will occur in the expressions for the moments 
is cancelled out when the moments are divided by 4p V 2 s 2 c to obtain 
the coefficients. 

34. Comparison Between Strip Hypothesis and Results of Experiments 
with Continuous Finite Rates of Roll. Using the formulae with elliptic 
loading in the previous section, computations have been made for the wings 
of a B.F.2b and compared with the results of experiments involving 
continuous rolling. These comparisons are shown in Figs. 41a, b and c. 
(Ref. 8 ). In Fig. 41a, calculated values of L p and N p arc compared with 
the ratios of L and N to p obtained by drawing tangents at the origin 
to curves of experimental values of L and N against p. The smallest 
value of k p in these experiments was 0.05. In Figs. 41 b and c, the com- 
parison is between the calculated and experimental values of L and N 
when k p had the values 0.1 and 0.2 respectively. Considering the drastic 
nature of the assumptions behind the calculations and the wide range 
both of incidence and angular velocity covered, the agreement is 
remarkable. 

We infer from these experiments that the simple strip hypothesis 
with the assumption of elliptic wing loading is sufficient to allow good 
estimates to be made of the rolling and yawing moments due to steady 
rolling — wind axes — even when the incidence is very high and the rate 
of roll considerable. 

It must be mentioned, however, that a series of experiments were 
made, subsequently to those recorded in Fig. 41 using a special form of 
rolling balance in which the rate of roll could be made very small 
(Ref. 13). It was then found that when k p was of the order 0.01 the 
moments on the stalled wing were of the opposite sign to the rotation 
and were of the order of magnitude to be expected from an unstalled 
wing. This state of affairs, however, persisted only at very small rates 
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of roll and the moments altered to the destabilizing type, indicated in 
Fig. 41 a, above 20° incidence, as soon as the rate of roll was increased 
much above the value 0.01. Though this peculiar behavior at very low 
rates of roll is theoretically interesting, it is not of great practical impor- 
tance, because disturbances greater than those corresponding to k v = 0.01 
are sure, sooner or later, to occur in stalled flight and then the subsequent 
behavior of the aeroplane will be as would be anticipated from Fig. 41, 



Fig. 41, Comparison between experimental and calculated values of moments due to rolling. 

and will be very little influenced by the small stabilizing moments which 
had occurred before this slow rate of roll had been reached. In the cal- 
culations which will be made in Chapter VII upon the motions in free 
flight of a stalled aeroplane this anomolous behavior of the wings with 
very small rates of roll will be completely ignored. 

35. Comparison Between Strip Hypothesis and Experiments with 
Continuous Yawing. Unlike the effects of rate of roll this comparison 
shows, at high incidences, a striking discrepancy between the value of 
L r calculated on the “strip hypothesis’’ and the value found by experi- 
ment. The strip hypothesis leads to the equation 
k lr = 2 J\ k L (wind axes) 

and, apart from minor changes in J f due to change of distribution of 
lift across the span as the wing stalls, this equation indicates that the 
curve of k t r against incidence should be of the same shape as the familiar 
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curve of lift coefficient against incidence; that is to say, the value of 
k lr should rise until the stalling angle is reached and then fall slightly. 
Experiment, however, shows that whereas the rise of k lr with incidence 
up to the stalling incidence is substantially that indicated by the cal- 
culation, the value after the stalling incidence is passed falls very rapidly 
until, at 30° incidence, it is not much more than one third the calculated 
value. 

The reason for this discrepancy is easily understood. The strip 
hypothesis applied to find the effects of a rate of yaw, which causes 
a variation of velocity along the span, requires a corresponding variation 
of all aerodynamic pressures along the span. When, however, the wing 
is thoroughly stalled the dead air above the upper surface is practically 
stationary and cannot support any such pressure gradient, and the 
upper surface of the wing is therefore covered by air at uniform pressure. 
The corresponding difficulty does not arise in connection with the effects 
of a rolling rotation, because rolling merely changes the local incidence 
of each strip, and incidence changes on a stalled wing do not cause changes 
of pressure on the upper surface. 

36. Comparison Between Continuous Rotation and Oscillation Ex- 
periments. This comparison for the B.F.2b aeroplane is shown in curves 
referred to chord axes in Figs. 42a to d; striking discrepancies are revealed 
in respect of N p above 12° incidence and L p above 20° incidence. 

There is no reason to suppose that these discrepancies are due to 
experimental errors and it must therefore be inferred that the moments 
on a stalled rolling wing are not dependent solely on the rate of roll but 
depend also upon the history of the motion immediately preceding the 
instant under consideration. The reason for the discrepancy is probably 
to be found in the nature of the flow changes which occur at the stall, 
for there is independent evidence that the form of the air flow near 
the stalling angle is not a unique function of incidence, but depends 
on the way in which the incidence is approached. Since effects of rolling 
rotation depend on changes of incidence at each strip of wing they may 
therefore be expected to show, near the stalling point, a similar sensi- 
tivity to the history of the motion. 

The curves for continuous rotation, are, as we have just seen, reaso- 
nably consistant with the strip hypothesis, which requires that the 
extent to which the flow departs from the unstalled form should vary 
along the span in the same manner as it would vary in a number of wings 
moving steadily, without rotation, each at the local incidence of the 
corresponding strip of the rotating wing. The curves derived from the 
oscillation experiment on the other hand are reasonably consistent 
with the hypothesis that, the stall having once occurred, no recovery 
towards unstalled flow takes place during the temporary reduction of 
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incidence on the rising wing. This latter hypothesis would lead to a 
zero value for N p — chord axes — ; and assuming the value for l r in 
Fig. 42c to be correct, would lead to values of l p above 20° incidence, 
roughly as shown in the dotted line of Fig. 42a. 

The problems raised in the preceding paragraph need further research 
for their complete elucidation ; all that can be said at present is that the 
hypothesis suggested appears to account in a rough general manner foi 
observed facts. 

With regard to the effects of yawing rotations the results of con- 
tinuous and oscillating rotations are, except for some minor variations, 
in reasonably good agreement. 

37. Auto-Iiotation and Wing Tip Slots. When, on an aeroplane or 
set of wings, the derivative L p has a positive value as in Fig. 41 a between 
19° and 29° incidence, a model of the aeroplane, suspended in a wind 
tunnel with freedom to rotate about an axis through the c.g. and parallel 
to the wind, will be in unstable equilibrium; any small rotation in either 
direction will tend to increase until an angular velocity has been reached 
at which the rolling moment again falls to zero. 

This phenomenon is called auto-rotation and is of great importance 
in aviation, because, when present, it renders the aeroplane dangerously 
unstable. It is a property possessed by nearly all wings and its elimination 
is one of the major problems at present before the aeronautical engineer. 
One method of postponing this phenomenon to incidences at which 
continuous flight is impossible on account of failure to balance pitching 
moments, is to fit slots to the front of the wing tips. These postpone 
the stall at the outer parts of the wings until a very high incidence. The 
effects of autorotation will, however, be discussed more fully in Chapters 
IV and VII. 

38. Collection of Typical Values for the Six Asymmetric Moment 
Derivatives. Figure 42, to which reference has already been made in various 
connections, contains a set of typical curves for the six asymmetric 
moment derivatives. These relate to the B.F.2b aeroplane and probably 
represent the most complete set of data of the kind in existence at the 
time of writing. They are the result of so large an amount of experi- 
mental research, both in the laboratory and in flight, that they are not 
likely to be repeated in so complete a form for many different aeroplanes. 

The four Figs. 42a, b, c and d, representing the four rotary derivatives 
have already been discussed in detail. Of these Figs. 42a, b, and c are 
propably typical of any biplane of approximately rectangular plan form 
and thin profile and it is probable that they are qualitatively representa- 
tive of all aeroplanes. Fig. 42 d on the other hand depends delicately 
on the exact form and size of the fin and rudder and on their relation to 
the body. 

Aerodynamic Theory V 6 
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Figures 42 e and f, relate to the effects of side-slip ; the main continuous 
curves here relate to experiments on a model of the B.F.2b which, 
however, happened by accident to have a dihedral angle different from 
that of the full scale aeroplane on which the experiments in flight, repre- 
sented by circles, were made. The short curve in Fig. 42 e is corrected 



Fig. 42. The asymmetric derivatives of a typical aeroplane. 

for this discrepancy and shows good agreement with the full scale ex- 
periment. The bulges in both curves in the neighborhood of 22° in- 
cidence rest on the evidence of a single experimental observation. Their 
validity is therefore doubtful and it is considered that the alternative 
dotted curves are probably nearer to the correct values. 

The set of derivatives in Fig. 42 will be used as the basis of the cal- 
culation of the disturbed motion of an aeroplane which will form the 
main theme of Chapter VII. 

F. The Asymmetric Controls 
39. Balanced Controls. The detailed forms of these controls vary 
widely according to the taste of designers but, with few exceptions, their 
main features are the same in all modern aeroplanes and are too well 
known to require special description here. Their precise forms are 
governed mainly by the desire to reduce the effort required to move 
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them when the aeroplane is in flight, by nearly balancing the moments 
of the air-reactions about tho hinge around which they rotate. This 
problem of balancing controls does not fall within the scope of the present 
discussion, which is concerned with the moments of the air-reactions 
about the axes of the aeroplane and assumes that the pilot is able to 
rotate the controls to any desired position. 

40. Aileron Rolling Moments. It will be sufficient to describe the 
moments exerted by a typical set of ailerons in various circumstances. 
Figure 43 shows the rolling moment coefficients — chord axes — exerted 
by the ailerons of a biplane of conventional form, the S.E.5 (Ref. 14). 



Fig- 43. Typical curves of rolling moment 
coefficient against aileron angle at 
various values of the wing incidence. 



Fig. 44. Typical ratios of yawing to rolling 
moments — chord axes — from the ailerons of 
a typical biplane. 


The abscissae represent the angles (£), in degrees, by which the starboard 
aileron is moved down and the port aileron up; the ordinates represent 
the usual rolling moment coefficient k t = (rolling moment)/^ V 2 Ss. 
Curves are given for 0°, 8°, 16°, and 20° incidence of the wings. 

Points to be noticed are: The rolling moment varies approximately 
in proportion to aileron angle up to i 20° and then increases less rapidly, 
or may even fall ; the rolling moments are not greatly affected by change 
of incidence of the wings up to 16°, but at 20° incidence have little more 
than half the value at the incidences of normal flight. 

41. Aileron Yawing Moments. The object of the ailerons is to exert 
rolling moments about an axis roughly parallel to the wing chord, but 
the conventional ailerons of the present day generally exert in addition 
yawing moments about an axis perpendicular to the chord. Stated 
otherwise, the axis about which the ailerons generate an air-moment, 
instead of being parallel to the wing chord, is inclined forwards and 
upwards relative to the chord and consequently the effect of the ailerons 
is not simply to lift one wing tip and depress the other, as would be 
desirable, but to retard the wing tip which they are attempting to lift 

6 * 
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and advance the tip which they are attempting to depress. The conse- 
quences of this action are discussed in Chapters IV and VII; we are 
here concerned with their magnitudes, some idea of which is given in 
Fig. 44, which was prepared from experimental measurements made 
on model wings of the B.F.2b (Ref. 8). In normal flight the ratio of 
the yawing to the rolling moment is of the order 0.03 but in stalled flight 
it may rise as high as 0.5, though the ratio falls considerably when the 
ailerons are applied whilst rolling motion is occurring. 

42. Ailerons and Wing Tip Slots. The presence of wing tip slots, 
such as those mentioned in 37, in front of the ailerons, considerably 
improves their action at high incidences by delaying until still higher 
incidences the reduction of rolling moment recorded in Fig. 43 and the 
increase in yawing moment recorded in Fig. 44. If the slots are inter- 
connected with the ailerons so that those in front of the raised ailerons 
shut whilst those in front of the depressed ailerons remain open, or if 
a spoiler device is employed consisting of a small projection on the 
upper wing surface which can be raised into the air stream when the 
aileron behind it is raised, the ailerons can be made to retain their effec- 
tiveness until angles of incidence are reached which are higher than 
can be maintained in steady flight by full use of the elevators. The 
failure of the ailerons in stalled flight which is illustrated in Figs. 43 
and 44 can, therefore, with the help of the additional mechanisms on 
the wings, be eliminated at all incidences which are generally possible in 
steady flight. The bearing of these phenomena on the behavior of the 
aeroplane in flight will be discussed in later chapters. 

43. The Rudder in Normal Flight. The rudder can be made to exert 
yawing moments on the aeroplane in the same way as the elevator 
exerts pitching moments. Generally, but not always, a fixed fin , ana- 
logous to the fixed tail, is placed in front of the rudder, to assist it in 
providing static yawing stability and to reinforce its action in producing 
yawing moments. So effectively does the fin serve this latter purpose 
that the yawing moment for a given angular movement of the rudder 
is, as we have already mentioned, almost as great as if both rudder and 
fin were rotated together. 

The interference of the body of the aeroplane with the flow of air 
past the rudder is so severe that it is of little use attempting to estimate 
the rudder yawing moments from experiments upon isolated fins and 
rudders in an undisturbed air current ; estimates must therefore be made 
from experiments on a complete aeroplane body with fin and rudders 
attached. For detailed records of experiments of this nature the reader 
should consult reference (3) but a rough estimate, taken from a number 
of such experiments, of the order of magnitude of these moments in a 
typical example is given below. 
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Adopting a procedure similar to that of 14 write 

dick 

d \ ' ST 




where k n * stands for the ratio of the coefficient of yawing moment (k n ) 
to the angular displacement (f) of the rudder, dk^jd^ is the ratio of 
the coefficient of normal force on the rudder (normal for ce/gV 2 $") to 
the rudder angle. S'T'/8s is the rudder and fin volume coefficient of 14. 

Typical values of dkj,'/d£, with f expressed in radians, were given 
in 14 as 0.7 for a moderately well placed fin and rudder, 0.9 for a fin 
and rudder exceptionally clear of body interference and 0.5 with excep- 
tionally severe interference. 

Yawing moment is roughly proportional to rudder angle up to some 
30°, or 0.52 radians, which is about the limit of the movement generally 
allowed. The maximum yawing moment coefficient which can be obtained 
from a typical rudder in normal flight is thus of the order 

S" 7" S" 1" 

= 0.52 x 0.7 X V - 0.36 - a 

n 8 o 8 


A typical value of S ,f l"ISs would be in the neighborhood of 0.05, 
giving a maximum moment coefficient from the rudder of 0.018. This is 
of course, merely a representative figure, higher or lower values are to 
be expected in different designs. 

44. The Rudder in Stalled Flight. In stalled flight the rudder as 
a rule becomes less effective than in normal flight, because of the in- 
creased interference of the body with the air flow. A 50 per cent or 
even greater reduction of power is not unusual when the incidence is 
20° and aeroplanes have been known in which, at 30° incidence, the 
rudder became entirely ineffective. 


CHARTER 1Y 

FREE FLIGHT— SIMPLE DISCUSSION 

1. Introduction. Having discussed, in the preceding chapters, the 
magnitude of the air-reactions which act upon an aeroplane in various 
circumstances, we have now to consider the movements of an aeroplane 
in flight under the influence of these reactions. Chapters V, VI and VII 
will deal with the analysis of the motion of the aeroplane when slightly 
disturbed from steady symmetric flight and will follow the conventional 
lines along which calculations are now-a-days made to investigate the 
stability of aircraft and their response to the controls. When these 
chapters are studied it will be found that although the analysis is not 
difficult in the mathematical sense, it is very complicated and is not 
well suited for giving a simple statement of the problem, or a clear grasp 
of the reasons why the aeroplane behaves as it does. In the present 
chapter, therefore, an attempt is made to deal with the general problem 
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of free flight in a simple way, by neglecting entirely properties of the 
aeroplane which in specific circumstances exert but a minor influence 
on its motion. Although it is possible in this way to reach very simply 
many of the conclusions of practical importance which emerge from the 
detailed analysis of later chapters, it should not be supposed that the 
detailed analysis is therefore valueless; on the contrary it is only from 
a knowledge of the details of the more complete analysis that the ap- 
proximations of the present chapter can be made with confidence; 
moreover the methods of the succeeding chapters are generally required 
for quantitative computation of the behaviour of specific aeroplanes. 

The reader who wishes merely to obtain a grasp of the reasons why 
aeroplanes behave as they do, without wishing to engage in research 
on the matter, or to carry out computations relating to their behaviour 
in certain circumstances, will, it is hoped, find what he requires in the 
present chapter, without the labour of studying Chapters V, VI, and VII. 
For the reader who intends to study those chapters the present chapter 
should serve as a useful introduction to more orthodox methods. 

2. Lanchestcr’s Idealized Flight Path. So long ago as 1908, W. F. Lan- 
chester published a book (Chapter V, Ref. 4) upon the dynamics of free 
flight and in one section of this book he approached the problem by 
imagining an idealized aeroplane upon which the air-reaction is always 
perpendicular to the direction of motion and proportional to the square 
of the speed of the c.g. through the air. With these assumptions he 
was able to calculate, exactly and very simply, all possible forms which 
the flight path can take when it is confined to a vertical plane. Since 
no general solution of the equations of motion has yet been found with 
any more accurate assumptions, and since the solutions bear an intersting 
resemblance to the paths of a real aeroplane, it is worth beginning the 
present chapter with a consideration of Lanchester\s flight paths — he 
called them “Phugoids” — even though they do not exactly represent the 
path of any real aeroplane, and though his method of analysis is quite 
different from that followed in the remainder of the chapter. 

To visualize Lanchester’s idealization more clearly we may imagine 
an aeroplane which has zero “drag”, or, alternatively, one on which 
the screw thrust is always exactly adjusted to neutralize the drag from 
instant to instant. To secure a lift proportional to the square of the 
speed, the wings must exert a constant lift coefficient, so that their 
incidence must be constant. This implies that the aeroplane is statically 
stable as regards pitching, that it has a negligible moment of inertia 
about the pitching axis, and that the length between wings and tail 
is small compared with the radii of curvature of the flight path. The 
last condition is necessary, otherwise the derivative M q (see II 31 ) 
which defines the pitching moment generated by angular velocity of 
pitch, will appreciably influence the incidence. We confine attention 
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to the motion of this imaginary aeroplane in the vertical plane, suppos- 
ing that it is always oriented symmetrically with respect to this plane. 

3. Equation of the Flight Path. With these assumptions the external 
forces acting upon the aeroplane form a conservative system, because 
the air-reaction is always perpendicular to the direction of motion and 
therefore docs no work. The velocity ( V) of the c.g. is therefore related 
to the distance Z of the c.g. below some datum level (see Fig. 45) by 

the equation F 2 — 2 gZ (3.1) 


There is evidently one flight path which is straight and horizontal, 
in which the air-reaction ( L ) is equal to the weight (mg), and if the 
distance of this path below the datum level be Z v we have in other 
flight paths, since L is by hypothesis propor- 
tional to F 2 and therefore to Z , 

L — mg -J~ (3.2) 

Let R be the radius of curvature of the 
path, positive when on the side of the path 
towards which the air reaction is directed. 

Then it is clear from Fig. 45 that if & be the 
inclination of the path to the horizontal 

dZ 
sin 0 
dZ 

d(cos 0) 

The total force acting perpendicular to the path is the sum of the 
air-reaction and the component of the weight and is therefore by (3.2) 

il ~ c ° s0 ^ 


Rd0 = 


R = 



(3.3) 


Fig. 45. 


mg | 


The acceleration in this direction is V 2 /R or, using (3.1), 2 gZ/R which, 


from (3.3), becomes 


UgZ 


d(cosO) 

dZ 


Equating the applied force per unit mass, perpendicular to the 
direction of motion to the acceleration in this direction and dividing 
by g gives the equation, 


2 Z 


■ cos 6 


d ( cos 0) Z 

ITz “ X 

This equation is easily integrated, after multiplying throughout by 
1 


the integrating factor w r Z 


The integral may be written 


+ c i-‘ 


(i)“ 


where G is an arbitrary constant. 
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For brevity write £ for ZjZ x giving 
COS 0 = g f + + 


(3.4) 


3Z 1 


1 Z }* 

2 ° Z 3 ' 3 


(3.5) 



Datum tine 


Again, using (3.3), we find 
1 d(cosO) 

~R = SZ 

/i - 1 _ 1 0 

or R ~ 3 2 £ 3 ' 2 

4. Forms of the Flight Path. Equations (3.4) and (3.5) give the 
slopes and radii of curvature of the flight path at various distances below 
the datum level and they can be used to plot the paths with various 
values of the parameter C by semi -geometrical methods described in 

Chapter 3 of Ref. 4, Chapter V. 

— /me No real flight paths correspond 

to values of C greater than + 2/3, 
for these require cos 0 to be al- 
ways greater than unity so that 0 
is always imaginary. 

If O = 2/3 there is one unique 
value of £ only, namely unity, 
for which 0 is real. Cos 0 is then 
unity and 0 zero. This value of C 
corresponds, of course, to steady 
straight flight. 

As C decreases from 2/3, the 
range of values of £ greater and 
less than unity over which 0 is 
real, increases. The radius of 
curvature of the path is infinite 
when £ = (3/2 C) 2 3 ; is negative 
when £ is less than this value and 
positive when £ is greater than 
this. With these values of C the 
flight path is sinusoidal, the inflection points being distant (3/2 C) 2/3 Z 1 
below the datum line. The radius of curvature at the highest point of 
the path is smaller than that at the lowest point, so that the path is 
not a true sine curve, but has a series of peaks, which are more or less 
pronounced according to the amplitude of the up and down motion. 
An example of a flight path of this kind is given in Fig. 46a. 

As C decreases towards zero these peaks become progressively sharper 
and approach nearer to the datum line, until, when C is zero, they become 
cusps which touch the datum line ; the flight path then becomes a series 
of semi-circles of radius 3 Z x (see Fig. 46b). To follow out the assump- 
tions accurately, the aeroplane, in this limiting case, must be supposed 



Fig. 46. Examples of Lanehester “phugoid” 
curves for an idealized aeroplane. 
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to arrive at a cusp with zero velocity and pointing perpendicularly 
upwards, then to revolve instantaneously through 180° and start falling 
again vertically downwards on the new semi-circular path. This limiting 
case of course strains the assumptions severely, but pilots who have 
attempted a loop with insufficient speed know to their cost that some- 
thing with an uncomfortable resemblance to this manoeuvre may actually 
occur 1 . 

When C becomes negative, R remains permanently positive, so that 
the centre of curvature remains continually on the same side of the 
flight path which becomes a series of loops as in Fig. 46 c. The larger C 
the more nearly circular do the loops become and the further below 
the datum line do the tops of the loops lie. 

5. Comparison with the Path of a Real Aeroplane. These curves do 
not represent exactly the path of a real aeroplane, but that they give 
a good general idea of the possible motions for a freely launched rigid 
aeroplane can be easily verified by launching small stable paper models 
at various speeds. The sinuous and looped paths are easily obtained 
by varying the speed of launching, whilst a fair approximation to the 
cusps can be reached by carefully adjusting this speed. Though very 
interesting from a general point of view, the flight curves obtained in 
the above manner are not of much practical value for quantitative 
computation, for no one has yet devised means of modifying them to 
apply more accurately to a real aeroplane, except by carrying out 
laborious ‘ ‘step-by-step*’ computations (V 8) which have to be made 
afresh for every new set of initial conditions. It should also be realized 
that the controls are nearly always used during manoeuvres such as 
those indicated by the majority of these curves and the aeroplane cannot 
then be treated as a body of invariable form. When, for example, 
a loop is being made, a high speed is first attained and the stick pulled 
gently to avoid overstressing the aeroplane; later, when the aeroplane 
is inverted and moving more slowly, the stick may be pulled back hard 
to obtain the highest possible incidence and the smallest possible cur- 
vature while passing over the top of the loop. For these reasons there 
is not much object in attempting to follow, with assumptions more 
accurate than the foregoing, the details of violent manoeuvres such as 
those there considered, and, in fact, more detailed analysis has, in the 
main, been confined to the study of small variations from steady 
straight flight. It is to the study of these small disturbances that we 
shall now turn, observing that although, for the sake of mathematical 
precision the disturbances will be assumed to be infinitesimal, yet the 
results are found to apply with useful accuracy to disturbances of con- 
siderable magnitude. 

1 I once did it myself when learning to fly. 
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A. The Slow Oscillation of Small Amplitude 1 

6. The Ideally 'Simple Oscillation. The equations of motion of 
Lanchester’s idealized aeroplane, for infinitesimal disturbances from level 
flight, could of course be derived by making C in (3.4) and (3.5) differ 
from 2/3 by an infinitesimal amount, but it is oasier to start again. 

Using the same notation as beforo we have 

F 2 -2 gZ and 

/j X 

Using the symbol 6 to indicate that the inclination of the aeroplane 
and its flight path to the horizontal is small, cos 0 is sensibly unity and 
the vertical component of the air-reaction will be sensibly equal to the 
resultant air-reaction (L). The aeroplane, being now supported by a 
force which is proportional to the distance below a certain datum level, 
will, if disturbed from its equilibrium level, oscillate up and down exactly 
in the same way as if it were suspended upon a spring which extends 
under the steady weight of the aeroplane through a distance Z v Thus, 
if 2 be written for Z — Z x , the vertically downward acceleration of the 
aeroplane at any instant is given by 

m 'z = — m (j * 

or z + ■ z = 0 

The solution of which is 

= -= Z, cos ^ |/ 1 + ej (6.1) 

in which z x and e are arbitrary constants and t represents lapse of time 
from some zero epoch. 

The period of this oscillation is 2 n ' JZJg , which is the same as 
that of a simple pendulum of length Z v 

Write V 1 for the velocity corresponding to the level Z v Then V\ =2gZ x , 
and the period becomes j/ 2 n VJg or in foot-second units, 0.138 V\ se- 
conds. 

7. Form of the Oscillation of Small Amplitude. Write V = V x + v, 
so that v is the variation from the mean velocity (Fi). 

Then ( V 1 + = 2 g (Z t + z) 

Omitting small quantities of the second order this becomes 
2V 1 v = 2 gz 

or since V\ —2 g Z x 



1 The treatment, in this section, of the slow oscillation, though it differs con- 

siderably in form, is also founded upon the work of Lanchester in Ref. 3, Chapter V. 
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The horizontal velocity of the aeroplane is ( I^-f- v) cos 0\ but, since 6 
is small, cos 0 differs from unity by a small quantity of the second order, 
so that to first order accuracy the horizontal velocity is simply \ r 1 + v. 
The distance (x) travelled in time t is 

*-/( i\ + v)dt=--v 1 t + ffir.zdt 

which, using (6.1), becomes 


x — - V -it -f- 


or 


x ^ \\t -1- 


]/ 2 Z, H]/|, 

(Vi, 




t + el dt 


1 

V2 


z, sin 


t -|- e ) + constant 


(7.1) 


The c.g. of the aeroplane therefore oscillates back and forth about a 
vertical line which travels with the mean speed V lt the oscillation being in 
quadrature with, and 1/ j/2 times the amplitude of the vertical oscillation. 
Relative to axes moving with velocity V 1 the aeroplane therefore de- 
scribes an ellipse with major axis vertical and eccentricity -j/2; the direc- 
tion of rotation around the ellipse being such that the aeroplane is rising 
when in front of the mean position and falling when behind it. The track 
of the aeroplane relative to axes fixed in the air is therefore not a sine 
curve but is a curve of the type of Fig. 46a, in which the limb below 
the mean level is longer than the limb above it and the curvature above 
the mean level is greater than that below it. 


8. Comparison with the Oscillation of a Real Aeroplane. The idealized 
aeroplane of the above calculations would, if slightly disturbed from 
straight level flight, continue to oscillate forever with constant amplitude 
and with the period given by the calculation. A real aeroplane in these 
circumstances generally oscillates in the manner indicated, but with a 
period which is considerably greater than that given by the simple 
calculation and an amplitude which decreases exponentially to zero. 
The difference is due, of course, to the various air forces and moments 
which have been omitted in the simple calculation. The full analysis 
of the motion when these forces and moments are taken into account 
is given in Chapters V and VI, but some of the more important effects 
can be investigated very simply by an extension of the methods of the 
preceding paragraph. 

9. The Effect of on the Period. The lengthening of the period 
above that given by the simple calculation is mainly due to the operation 
of the pitching moment due to rate of pitch — to the derivative M q of 
II 31. This moment, acting sometimes in the positive and at other times 
in the negative sense, according to the way in which the aeroplane 
is pitching as it follows its sinuous path, causes the incidence to 
change very slightly from the constant value assumed in the simple 
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calculation. The nature of this change is found to be that the incidence 
is slightly increased during the time that the aeroplane is above the 
mean level and decreased while the aeroplane is below that level. The 
result is that while it is above the mean level the lift is greater than was 
assumed in the simple calculation, and while below the mean level the 
lift is less. The net force tending to restore the aeroplane to the mean 
level is thus always less than is supposed in the simple calculation and 
the period of the oscillation is correspondingly lengthened. 

The calculation which follows shows that an approximation to the 
lengthening of the period is that it is increased in the ratio 



where A x is the mean incidence of steady flight at the speed V l9 measured 
from that incidence at which lift is zero, and M (t stands for dM/dcn, 
which is the slope of a curve of pitching moment against incidence and 
defines the static (see II I) stability of the craft. 

When the aeroplane is stable, as is assumed in the present discussion, 
both M q and M a are negative and the expression under the root is 
greater than unity; for an aeroplane of normal stability its value is 
in the neighborhood af 1.7 and varies but little with change of the 
speed of steady flight over the normal range of speeds. It is liable, 
however, to increase at very high speeds, owing to the fall in the 
value of M a which occurs at low incidences (see II 27). 

In 6 the period on the simpler assumption was found to be 0.138 V x 
seconds with \\ in feet per second, so that on the present more correct 
assumption the period becomes of the order of 0.22 a seconds. The 
true period of the oscillation of a real aeroplane about a mean level 
cannot be accurately expressed by any simple formula of the kind under 
discussion, but must be worked out by an elaborate arithmetrical 
process described in Chapter VI and for the typical aeroplane of these 
calculations is found to be some 10 per cent less than is given by the 
approximation now under consideration. 

The following simple analysis shows how this approximate formula 
for the period can be obtained, without recourse to the elaborate methods 
of later chapters. It is of interest because it shows which factors must 
be taken into account and which omitted in reaching the approximate 
formula, which, it should be noted, is identical with the approxi- 
mation of VI 36 and is the approximation commonly employed in prac- 
tical work. 

Let 0 and a represent, respectively, the small variations of the 
attitude and incidence of the aeroplane from the attitude and incidence 
of straight horizontal flight at the speed V v The inclination of the flight 
path, which in an earlier paragraph was identical with 0, is now 0 — a, 
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and if, as before, the distance of the c.g. below the mean level is written 2 , 
so that z is the downward velocity component, then 

* = — (F 1 +v) (<9— a) =— V-i (0 — a) 
since products of small quantities are negligible. 

An essential point in the approximation under consideration is that, 
although a is large enough materially to alter the lift of the aeroplane, 
it may be neglected in the above equation by comparison with 0 , so that 
we may write as an approxi- 
mation 

£ = — V 1 0 

This assumption and the 
neglect of moment of inertia in fjk. 47 . 

the equations which follow are 

of course justified only by comparison of the result with that of the 
detailed calculations of subsequent chapters. 



We now have q = 0 — ^ (9.1) 

* 1 

Neglecting entirely the moment of inertia of the aeroplane we have 

M (t • a + My • q ~ 0 
or, using (9.1) a •“= z 

In normal flight, lift is closely proportional to incidence; hence we 
may write, 

Lift - 771 C (A x + a) F 2 - m C (A x + a) 2 g (Z x + z) 
where C is a constant. 


But in steady straight flight we have 

mg = mC A x 2g Z x (9.3) 

So that the unbalanced lift on the aeroplane at any point in its flight is 
2 C 771 g [(A x -f- a) (Z x + 2 ) — A x Z x ] 
which, omitting second order term reduces to 
2 C mg [A x z + Z x a] 
but from (9.3) 2 C — 1 /A x Z v 
Hence the unbalanced lift is 


or using (9.2) 


mg 

mg 



Z , Z _ M g 

Z x A x V x Ma . 
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an equation which represents an undamped oscillation of period 

-fi+'-ZV* (94) 

10. The Damping of the Oscillation. As already mentioned, the oscil- 
lations of the type under consideration, in a real aeroplane, are nearly 
always effectively damped , so that they virtually disappear in the course 
of two or three complete periods. The factors which contribute to this 
damping are extremely complicated and are dealt with in detail in Chap- 
ter VI. The most important cause of the damping is the variation of 
drag due to the variation of speed occurring during the sinuous flight 
of the aeroplane; this was entirely neglected in the preceding discussion. 
The effect of these drag changes is found to be that while the aeroplane 
is falling it moves slightly faster than it would were the drag to remain 
constant and while rising it moves slightly slower. During the falling 
period therefore, the lift is higher than it otherwise would have been 
and during the rising period it is lower. A damping term is thus intro- 
duced and a calculation on lines similar to that of the previous para- 
graph shows that the net result of this addition to the equation is to 

__JL yt 

multiply the amplitude of the oscillation by an exponential term e Vl , 
where y is the ratio of drag to lift for the aeroplane. This term is iden- 
tical with the first term (k D ) of the elaborate expression for the damping 
factor obtained in VI (36.1) the difference in the symbols being due to 
the use of dimensionless forms in Chapter VI. Though not the only 
appreciable term, the above is generally the most important term in 
the damping and its numerical value for a normal aeroplane at cruising 
speed is of the order e~~ 0 02 *. Due to this term alone therefore, the 
amplitude would be reduced one half in about every 35 seconds, or in 
say, slightly more than one complete period. 

Hitherto the moment of inertia of the aeroplane has not entered 
into the estimates of period and damping of the slow oscillation; this 
is because the period of the oscillation is so long that the angular acceler- 
ations necessary to allow the aeroplane to follow the sinuous path are 
small and, if the aeroplane has appreciable stability, the changes of 
incidence necessary to provide the moments required to overcome the 
pitching inertia are so small as to be almost negligible. When the effect 
of moment of inertia is taken into account, it is found that the only 
appreciable influence which it . has on the oscillations is to cause the 
incidence to be a little higher than it would be with no inertia during 
the time that the aeroplane is rising, and a little lower whilst the aero- 
plane is falling. The result is the addition of a small forcing, or negative- 
damping, term to the motion, which to some extent offsets the damping 
due to variations in drag. In a normal full scale aeroplane this effect 
is of no great importance, but by deliberately increasing the moment 
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of inertia of small model aeroplanes it can be made into the predomi- 
nating term and will cause any small oscillation to increase indefinitely. 

11. Influence of the Airscrew. These estimates of period and damping 
have ignored the variation of thrust of the screw due to changes in the 
aeroplane’s speed. These are troublesome to calculate and are considered 
at some length in VI 37 — 46. As the speed increases, the thrust of the 
screw falls, so that one effect on the damping of the oscillation is the 
same as that of the variations of drag which we have been considering 
and is, from the present point of view, ecpiivalent to an increase of the 
drag of the aeroplane by a quantity which depends on the details of 
the screw design. 

The variation in the thrust of the screw with change of forward 
speed alters also the intensity of the slipstream from the screw and, if 
this slipstream passes over the tail, variations in pitching moment may 
arise from changes of air speed; these may have an appreciable influence 
both on the period and damping of the oscillation, but their further 
consideration is deferred to Chapter VI. 

12. Other Factors which Influence the Oscillation. The more com- 
plete analyses of Chapter VI shows in 36 that many other influences 
which are not entirely negligible contribute to the damping and hence 
the only sound way of arriving at an accurate estimato of the damping 
is to carry out the complete computation. The above simplified treat- 
ment of the damping term must be regarded more as a discussion of 
the principal factors at work than as providing means for a quantitative 
estimate of the damping. As however, there is nearly always sufficient 
damping for practical purposes it is not generally a matter of great 
practical importance to arrive at a precise estimate of its amount. 

13. Gliding and Climbing Flight. When the engine is working with 
either more or less power than is required for level flight the steady 
flight path of the aeroplane must be inclined to the horizontal, either 
upward or downward. The oscillations which we have been considering 
can take place about these inclined paths in the same way as about a 
level path and, unless the inclination of the path is unusually severe, 
its influence upon the period and damping of the oscillation is not serious, 
but the damping will of course be modified by the different actions of 
the screw in the different circumstances. 

14. The Unstable Aeroplane. Expression (9.4) shows that the period 
of the oscillation becomes larger as the static stability of the aeroplane 
(defined by M (t ) falls towards zero. When M. x is very nearly zero the 
presence of the small damping term in the equations causes the motion 
to become aperiodic and when the aeroplane becomes statically unstable, 
the free flight also becomes unstable and any slight disturbance tends 
to increase exponentially with the lapse of time. For reasons which will 
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appear shortly these unstable disturbances develop relatively slowly, 
unless the static instability is much higher than it is likely to become 
in practice. The detailed analysis of an unstable condition of this kind 
is given in Chapter VI. 

B. The Rapid Incidence Adjustment 

15. Simplifying Assumptions. In the previous paragraphs of the 
present chapter we have, with one unimportant exception, been con- 
sidering the flight of a stable aeroplane which virtually has no moment 
of inertia, so that the incidence is always automatically adjusted to 
that value for which the resultant pitching moment is zero. We have 
now to consider what happens when, from any cause, the incidence of 
a real aeroplane is temporarily altered to some other value, or when 
the elevators are suddenly moved. We shall find that in these circum- 
stances adjustments of direction of motion and orientation take place 
with such rapidity that, within less than one second, the incidence is 
restored nearly to the equilibrium value and the subsequent motion is 
of the type which we have been discussing. This rapid incidence adjust- 
ment, though completed in a very short time, is of great practical im- 
portance, for it may involve high stresses in the aeroplane and discomfort 
to the crew. 

We shall approach the study of this motion with assumptions radic- 
ally different from those of the previous sections. It will at first be assumed 
that the moment of inertia of the aeroplane is virtually infinite; or, if 
the reader prefers, that the adjustment occurs so rapidly that the aero- 
plane has not time to rotate appreciably in pitch. Later we shall have 
to modify this assumption, but the conclusions to which it leads are 
by no means so far from the truth as might at first sight be supposed. 
A second simplifying assumption is that the forward speed of the aero- 
plane does not change appreciably during the rapid incidence adjust- 
ment. In the present connection this assumption is sufficiently near 
the truth for practical purposes and will not need subsequent modi- 
fication. 

16. Sudden Change of Incidence. We shall consider an aeroplane of 
mass m for which the lift at a speed is proportional to the incidence 
(A x + a), where A x is the incidence at which the lift is equal to the 
weight and a represents any variation of incidence from this value. If 
this aeroplane is at any time flying approximately horizontally with 
speed Vi and incidence (A x + a), the unbalanced upward force upon 
it is (mg/Aj) a and the upward acceleration is ( gjA a. 

Suppose that, at zero time, the aeroplane, though still flying hori- 
zontally, has been rotated through an angle 0 o from the attitude of 
steady horizontal flight, so that the incidence is (A 1 + 6 0 ) and the 
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vertical acceleration is (g/A^ Q 0 . This acceleration will, in time, generate 
a vertical component velocity to which, in the present section 1 we give 
the symbol w. If now, in accordance with our assumption the orien- 
tation of the aeroplane during 
the subsequent motion does 
not change appreciably, the 
change in the direction of 
motion at some subsequent 
instant will, assuming that w 
is small compared with V v have changed the incidence to (Aj + 0 o — w/ 1\) 

so that (see Fig. 48) a = 0 o 1*1 (16.1) 

* i 

Using w to represent the upward acceleration, we have 



Fig. 48. 


W= -A l a 


(16.2) 


or from (16.1) 


i («•-?.) 


iv + 


A 1 V 1 


- g 0 
- A x U ° 


Since 0 o is constant, the solution of this differential equation, with 
the condition that w is zero at zero time is: 




_gt 

AxVi 


(16.3) 


Typical values of A x and \\ might be 0.1 radian and 160 feet per 
second, respectively, and with these values gjA x \\ is approximately 2. 


The exponential term in (16.3) is therefore approximately halved 
every third of a second and has sensibly disappeared after about one 
second. After this, the aeroplane is left flying with incidence A v upon 
a path which is inclined upwards through an angle 0 o and it will continue 
so to fly until the speed has had time to change appreciably. Ultimately, 
of course, variations of speed will bring about the slow oscillation 
previously studied. 

The vertical acceleration during this rapid adjustment of incidence 

6 — g t 

is given by w~ -Q ‘ e AxVl 

It has a maximum value at zero time when, as is otherwise obvious, its 
value is (0 o Mi) 9- 


1 The positive direction of vertical velocities in the present section is upward, 
whereas that in the previous section and in subsequent chapters is downward. 
Too meticulous a regard for consistency in this respect results in an artificiality 
of expression which detracts from the simplicity which it is the object of this 
chapter to achieve. Note that w in this section is identical with — z in the previous 
section. 


Aerodynamio Theory V 
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The above motion is substantially that which occurs when A statically 
neutral aeroplane flies suddenly into air which is moving with a vertical 
velocity different from that of the air from which it has emerged — into 
what may be called a sharp edged vertical gust. The large but very 
transient acceleration provides the bump felt by occupants of an aeroplane 
in these circumstances. 

The only important difference between the motion represented by 
the above expression and that of a real aeroplane which is statically 
neutral arises from the effect, studied in II 40, of rate of change of in- 
cidence upon pitching moment. This neither alters the initial acceleration 
nor the final direction of motion, but slightly modifies the form of the 
transition between the initial and final states (see 18). 

17. Sudden Application of Elevators. It is of interest to consider 
what happens when the elevators of an aeroplane are suddenly moved 

to some new position and 
then held fixed. We may 
suppose that this causes an 
additional constant pitching 
moment M 0 (see Fig. 49) to 
act upon the aeroplane, at a 
moment when it is flying 
straight and steadily in a horizontal direction. For simplicity we shall 
first suppose that the aeroplane is statically neutral and shall neglect 
the pitching moment due to rate of change of incidence. The pitching 
moment produced by angular velocity of pitch must not, however, be 
neglected, since it is the principal factor which, in these circumstances, 
determines the form of the motion. In accordance with the notation of 
Chapter II, we shall write the pitching moment due to rate of pitch q in 
the form M q • q , where M q is sensibly constant. The whole pitching 
moment acting upon the aeroplane at any instant after the constant 
applied moment M 0 has generated an angular velocity q , is thus 
M 0 + M q • q. It is now, of course, no longer permissible to consider 
the moment of inertia to be indefinitely large, and if B is the approp- 
riate moment of inertia of the aeroplane, we have 





Fig. 49. 


or 


M q ■ q + M 0 = Bq 


S' — 


M q n _M ± 
1 1 ' q ~ ~ B 


The solution of this equation with the condition that q is zero at zero 

m„ 


time is 


M o 
Mn 


1 — e 


(17.1) 


and the angular acceleration is 
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A typical value for MJB is — 2.5 so that it appears that the aeroplane 
begins to rotate with angular acceleration MJB, as it obviously must 
under the applied moment Af 0 ; and that this angular acceleration very 
rapidly dies away, and has sensibly vanished within one second; the 
aeroplane is then left rotating with that angular velocity which is just 
sufficient for the applied moment to be balanced by the moment due 
to the angular velocity. 

If, at any instant, the angle through which the aeroplane has rotated 
from the attitude of steady flight be 6, we have, as in (16.1) (see Fig. 49) 

^7 (17 ' 2) 

In which, however, 0 is now a variable whose first differential is identical 
with the angular velocity q. 

Differentiating (17.2) with respect to time, substituting for w from 
(16.2) and writing q for 0 , gives the differential equation 


+ “TtV. “ 


(17.3) 


The variation of q with time is however, given independently by 
(17.1), so that using this equation, we have 


a + 


AJ\ 


M 0 

M (] 


M (l 


-t 


For brevity write this a + Col — G 1 




where C and F are positive constants (M q is always negative). The 
solution of this equation with the condition that a is zero at zero time is 



Since, as we have seen, the numerical values of C and F are of the 
order 2 and 2.5 respectively, the incidence very rapidly settles down 
to a constant GjC radians greater than that of steady straight flight. 

When the incidence has become constant the direction of motion 
of the aeroplane is changing at the same rate as its orientation, that 
is to say with the sensibly constant angular velocity q — MJ( — M q ) 
see (17.1) so that the aeroplane flies along the arc of a circle of radius 
(MJM 0 ) V\> the curvature being upwards when M 0 is positive. 

On a conventional aeroplane the value of MJM q , for a movement 
of the elevator of 1°, would be about 0.15 which at a speed of 150 feet 
per second would give a flight path with radius of curvature of about 
one thousand feet. The aeroplane will continue to fly in this path until 
an appreciable alteration has occurred in the forward speed. The sub- 
sequent motion in a particular case is shown in the illustrations to 
Chapter VI. 

18. Solutions with More Complete Assumptions. When the aeroplane is 
not statically neutral, or when the effect on pitching moment of rate of 


7 * 
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change of incidence is not neglected, the equations become more com- 
plicated, but the result is not very different from that of the simpler assump- 
tion. Retaining the assumption of constant forward speed, let us write 
for the pitching moment the expression M 0 + M q • q + M a • a + M a a 
where M q , M lt and are sensibly constants. M a stands, as before, 
for dM/d a; a derivative which defines the static stability or instability 
of the aeroplane. M« stands for dMjd'oL and indicates the dependence 
of pitching moment upon rate of change of incidence. The latter deri- 
vative was seen in II 40 to occur because the effective downwash near 
the tail is more nearly equal to that caused by the wings as they passed 
the position now occupied by the tail, than to that being generated 
by them at the instant under consideration. 

It is now necessary to satisfy simultaneously the differential equations 


a + 


Ai 


a = q 


Bq — Mq + M q • q -f- M u - a + M ^ • a 
which on rearranging become 


a + 


<7 = 0 


Ma 

B 




A t f \ " 

Mol , Mq Mq 

+ b ^ -- b 


(18.1) 


For brevity rewrite this 

a + Ccl — q ~ 0 I 

Dx + E<x. + q+Fq=G | 

where C, Z), F are positive constants, E is positive for a statically stable 
aeroplane and negative for one which is statically unstable, while G 
represents the applied moment. 

If G is zero the solution of simultaneous differential equations of 
this type is known to be of the form a = a x e xt , q — q 1 e li , where oq, q x 
and A are constants. Substituting these expressions in (18.2) and dividing 
by e lt gives the two simultaneous algebraic equations 


(A C)cc i — q x = 0 
(Z)A + E) 4* (A + ~ 0 

Eliminating the ratio tx 1 lq 1 leaves 

(A + C) fr+F)+(DX+E)= 0 

which may also be written 

A* + (C + F + D) A + CF + E = 0 (18.3) 

This quadratic has two roots, say A x and A 2 . Corresponding to the root A r 
we have, from the first of (18.2) 

<h = (A a + C) aj 

Corresponding to A 2 we have (say) 

<7 2 = (^2 + C ) a 2 
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The complete solution can therefore be written 
oc = ol 1 e Zl 1 + a 2 e As 1 
q^^ + C) ai e*‘* + (^ + 0 0,6*** 

In which a x and a 2 are arbitrary constants, which can be adjusted to fit 
any two conditions of the motion at zero time. 


The complete solution when G is not zero is found by adding to the 
solution with G zero any particular integral whatever, and the simplest 
form of such a particular integral occurs when a and q are constant. In 
this ease the particular integral is 


whence 


Col — q =0 
Eol + Fq = G 

q = 


G 


£ + OF 

The complete solution is therefore 


CG 

E + OF 

p? it 


CL — OL^' 1 + & 2 e ' 

q = {l x + C) oq e Alt + (L + C) a 2 e ; ** + 


G 

E + OF 
GC 

E 4 - OF 


(18.4) 


19. Discussion of the Solutions. With a normal aeroplane the valuos 
of A x and A 2 are either real and negative or, if they are complex, the 
real part is negative. In the former case the exponential terms obviously 
die away in time and in the latter case the two terms together represent 
a damped harmonic oscillation which also disappears in the course 
of time. In either case the values of a and q ultimately become constant 
and, after a sufficient time, the aeroplane is flying in a circular path 
as with the simpler assumptions of 17 ; but, unless E is zero, the curvature 
of this path is appreciably different from that of a neutral aeroplane. 

If E and D aro both zero, (18.3) shows that the roots become — C 
and — F and the motion is that examined more simply in 17. 

The constant D, which defines the pitching moment due to rate of 
change of incidence, does not appear in the steady part of the motion 
but merely in the values of A. The simple discussion of 16 therefore gave 
the correct answer for the final steady motion of a statically neutral 
aeroplane, but did not give the intermediate stages of the motion quite 
correctly for any aeroplane in which the tail is in the downwash from 
the wings. 

The constant E defines the static stability of the aeroplane, which 
has been shown in II 8 to depend upon the value of the metacentric 
ratio (H). A typical relation between E and H (corresponding roughly 
with the values 2 and 2.5 used above as illustrative of the magnitudes 
of C and F) would be E = 100 H. Again, from the definition of D and F 
it appears that DjF = M „ fM q and this ratio was shown in II 43 to be of 
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the order 1/2 for a normal aeroplane. Inserting 
these numerical values into (18.3), we obtain 
A 2 + 5.7 A + 5 + 100 H - 0 
The roots of this equation for various interesting 
values of H are given in Table 1. 

20. Unstable Aeroplanes. From this table 
we observe that so long as the c.g. of the aero- 
plane which it represents is distant less than 
0.05 of the mean wing chord behind the locus 
of neutral c.g. positions, the motion, in so far 
as it is represented by the present assumptions, does not become unstable. 
In Chapter VI it will be seen that whenever H is negative the motion 
does become unstable, but unless the negative value appreciably exceeds 
a value corresponding to the figure 0.05 in the present example, the 
instability is slow in developing and is of a type which depends on changes 
in the forward speed. In the present simple analysis it has, of course, 
been assumed that no changes occur in the forward speed and hence 
this slowly developing type of instability has not been revealed. 

Aeroplanes have often been in general use with the c.g. so placed 
that H is negative, but the negative value is rarely so great as to make 
the rapid adjustment of the aeroplanes to sudden disturbances become 
unstable. So long as the negative value of H does not appreciably exceed 
the critical value at which this occurs, the unstable aeroplane, though 
it cannot be left indefinitely to look after itself, is reasonably easy to 
fly, because the unstable motions develop so slowly that the pilot’s 
reactions are amply rapid to deal with them. 

By some pilots, moderately unstable aeroplanes are even preferred 
to aeroplanes which are completely stable, because they are more 
sensitive to the elevator control. For example, using the numerical 
values previously adopted, the constant term GCj(E + FC) in (18.4) 
becomes (for a stable aeroplane with H = - j- 0.03), GC/S , whereas 
for an unstable aeroplane (with H — — 0.03) it becomes GC/2. Thus, 
after the preliminary transition stage represented by the exponential 
terms of (18.4), the unstable aeroplane settles down to a circular path 
in which it is turning four times as fast as the stable aeroplane. It is 
true that with the unstable aeroplane one of the exponential terms 
decays more slowly than with the stable aeroplane, but even so this 
term becomes unimportant after some two seconds and henceforward 
the angular velocities are in the ratio stated above. 

Though a moderate negative value of the metacentric ratio is, for 
these reasons, not necessarily disadvantageous, a high negative value 
such as — 0.10 in Table 1 may make the aeroplane almost unmanageable, 
even by a skilled pilot; for it introduces a positive root of the order 


Table 1. 


H 

1 

2 

—.10 

— 6.4 

-b 0.8 

—.05 

— 5.7 

0.0 

—.03 

— 5.3 

— 0.4 

.00 

— 4.6 

— 1.1 

.031 

— 2.8 

— 2.8 

.05 

— 2.8 ± 1.4 i 
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unity into the quadratic for X and this involves an exponential term in 
the solution, which more than doubles itself every second. 

21. Stable Aeroplanes. When the aeroplane is statically stable and 
the positive value of H exceeds about 0.03, the roots of the quadratic 
become complex and the motion represented is of the damped harmonic 
form, but even when H has the high value of 0.0.5 the motion is seen 
from Table 1 to be so heavily damped that its oscillatory nature is 
scarcely apparent. Thus, in this example, the period is 2 tt/ |/ 1.4 or 
about 5 seconds, whilst the amplitude is reduced to less than one 
tenth of its value in every second. The second half swing and sub- 
sequent swings of this oscillation are therefore inappreciable. 

22. Dimensionless Forms of the Quadratic for The numerical 
values used to illustrate the previous paragraphs relate to one particular 
type of aeroplane flying at one particular speed in air of one particular 
density. It is therefore of interest to manipulate the quadratic (18.3) 
for X into a form which shows how the numerical values of the roots 
change from one aeroplane to another and from one flight condition 
to another. For this purpose we shall force the equation into a dimen- 
sionless form consistent with the system which will be employed 
throughout later chapters and by doing so we shall, in addition to 
throwing light on the problem in hand, introduce the reader in a simple 
manner to the very powerful system of dimensionless representation 
which will be met later. 


Tn what follows, we shall assume for simplicity that 1) 
shall use the notation of Chapter II to write 

M q , qVjSc* 

B “ k 


1/2 F and 


F — — - 


mq ' 


B 


E 


C^= 


- M -° =aH-^ r - 

9 - a & 

m 


A l V 1 

where a is the rate of change of lift coefficient with incidence and k mq 
is a dimensionless coefficient which was discussed in II 32. S and c are 
the area and mean chord of the wings and m is the mass of the aero- 
plane 1 . The third substitution above is obtained by observing that in 
steady flight, weight is equal to lift and therefore, since a is sensibly 
constant mg = aA 1 qV\E 

We introduce also three new symbols, the meanings of which will be 
discussed presently 

m m 7 B 

l 1 


QV,S 


Q Sc 


k{3 


me* 


1 The reader will, of course, distinguish between the use of m as a subscript 
for k and as denoting the mass of the aeroplane. 
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Then, after multiplying throughout by t 2 (18.3) can be written 

k T 


(/T ) 2 + 


a + 1.5 


k l Tna ]?.T + 

JCB KB 


4 "rnq 


+ 


= 0 


( 22 . 1 ) 


This may be regarded as a quadratic equation in (At) of which it will 
be observed that the coefficients contain only dimensionless quantities, 
r is a quantity which has the dimensions of time, so that (At) has zero 
dimensions. The value of r sets a time scale to the motion, for if the 
dimensionless coefficients are unchanged, the two values of A which 
correspond to the roots of this equation are inversely proportional to r; 
thus, when r is large the values of A are small and the period of the 
oscillation and the time required for damping are proportionally long. 
In later chapters notation will be simplified by expressing times as 
ratios to the time r, but for the present it is unnecessary to pursue this 
idea further. 


Of the quantities which make up the coefficients of the quadratic; 
a varies but little from one aeroplane to another; k mq was shown, in 
II 43 to depend principally upon the size and length of the tail and not 
to vary very greatly from one aeroplane to another; k ]} is the square 
of the ratio of the radius of gyration to the mean wing chord; H is the 
metacentric ratio with which the reader is already familiar; while (x is 
an interesting quantity which has not appeared before but which will 
appear frequently in later chapters. 

From the definition of //, it is the ratio of the mass of the aeroplane 
to the mass of a quantity of air of density q and volume Sc, or it may 
be regarded as defining the ratio of the average density of the aeroplane 
to the density of the air through which it flies. The peculiar interest 
of (i lies in the fact that aeroplanes having the same external form and 
load distribution behave in similar manners if, and only if, the value of ju 
is the same for all. The time scales of the similar motions which they 
can then perform are in the ratio of the values of r. In the present 
chapter these properties of (x and r are displayed in relation to one 
particular type of motion only. The general proof for all types of motion 
begins in V 18. The way in which fx is associated with H in (22.1) shows 
that, in the motion represented, the effects of changes of ju and of c.g. 
position can be represented by a single parameter, /nH. The larger the 
value of ix the more sensitive therefore does an aeroplane become to 
the precise value of the metacentric ratio, and the nature of the immediate 
response to gusts and to movements of the elevators is, in the main, 
determined by the two quantities ixH\k B and k mq jk B . 


C. Asymmetric Motions 

23. Statement of the Problem. We have now to study, in a simple 
manner, the various kinds of asymmetric motion which are possible 
for an aeroplane. These involve angular velocities of roll (p) and yaw (r) 
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about the X and Z axes respectively, and side-slip ( V) perpendicular to 
the plane of symmetry; they are maintained by rolling moments (L) 
and yawing moments (N) about the X and Z axes and side forces (7) 
perpendicular to the plane of symmetry (see Fig. 50). 

The moments which act upon the 
aeroplane when it is moving asymmetric- 
ally have been discussed in Chapter III 
and the notation and results of that 
chapter will be employed. In general it 
will be assumed that the forces which 
act upon the aeroplane whilst it is 
rotating or moving in simple ways, such 
as side-slipping without rotation , or 
rolling without yawing or side-slipping, 
can be added together to give the forces 
in complicated motions involving all 
three types of movement. This cannot 
be exactly true, but it gives reasonably 
correct results for motions of moderate 
violence in which the directions and 
magnitudes of the velocities of the aero- 
plane’s extremities do not differ very widely from the velocity of the c.g. 
We shall in the present chapter be concerned mainly with manoeuvres 
which are regarded as infinitesimal disturbances from straight symmetric 
flight, or with manoeuvres of moderate violence. The violent manoeuvre 
of spinning will be dealt with along different lines in Chapter VIII. 

24. The True-banked Steady Turn. The simplest motion to be con- 
sidered is the steady true-banked horizontal turn in which the aeroplane 
is banked , or rolled about the X axis, 
until there is no side-slip. The balance 
of forces in this type of turn has been dis- 
cussed in I 23, it remains to consider the 
balance of moments. We shall suppose 
first that the X axis is horizontal and use 0 
for the angle of bank (see Fig. 51). 

Let the angular velocity about a ver- 
tical axis be Q and let it be represented 
by a vertical vector, the positive direction 

of which is downward, and corresponds to a turn to starboard. 

This vector will have components 

p = 0 

q = £? sin 0 
r —D cos 0 

along the axes of X , 7, Z , respectively. 
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The angular velocity of pitch (q) will cause additional pitching 
moments, which may be written M q • q, to act on the aeroplane and we 
shall assume that a symmetric rotation such as q generates no asymmetric 
moments and conversely that asymmetric rotation produces no sym- 
metric moments. 

To keep the aeroplane turning steadily it will be necessary for the 
pilot to move his elevator so as to apply a pitching moment given by 

M 0 +M q -q= 0 

or M 0 = — M q Q sin 0 

Since M q is negative and Q and 0 are always of the same sign, M 0 
is positive, or in other words the control stick has to be held in a farther 
back position during a banked turn than in straight flight at the same 
speed. As the turn becomes sharper and sharper and the bank steeper, 
sin 0 approaches unity and in the steeply banked turn becomes in- 
distinguishable from unity. 

An important difference should here be noted between aeroplanes 
which are longitudinally stable and those which are unstable. During 
the turn the balance of forces requires incidence to be higher than in 
straight flight at the same speed (see I 23) and therefore a stable aeroplane, 
which is correctly trimmed for straight flight will experience, on a turn, 
a negative pitching moment and the pilot will have to exert a large 
positive pitching moment to overcome both this and the moment due 
to the angular velocity of pitch. On the unstable aeroplane the pitching 
moment due to the increased incidence will be positive and help the 
pilot to overcome the opposing moment due to the angular velocity. 
Other things being equal an unstable aeroplane can, therefore, be held 
in a steady banked turn with less control effort than a stable one and, 
since the normal method of changing direction quickly is to use a steeply 
banked turn, this difference may have considerable practical importance. 
The phenomenon under discussion is the same as that discussed in 
relation to curved flight in a vertical plane in 20. 

The angular velocity of yaw (r) will cause a rolling moment ( L r r ) 
and a yawing moment (N r r) to act upon the aeroplane and in a steady 
turn, these must be neutralized by the moments N Q and L 0 applied by 
the controls, in accordance with the equations, 


therefore 


L 0 + L r r = 0 1 
A r 0 + N r r = 0 
L 0 — — L r Q cos 0 
N 0 — — N r Q cos 0 


(24.1) 


1 For strict accuracy the right hand side of the rolling moment equation should 
contain a term (VIII 4) 


I Q* (C — B) sin 2 <0, 
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Moments such as L 0 and N 0 and derivatives such as L r and N r were 
expressed in Chapter III in terms of dimensionless coefficients as follows 


L 0 — ki 0 g V\ 8s L r — hi r q S s 2 

N 0 = k n0 g V\ Ss N r =r k nr QV 1 Ss 2 

where S and s are the area and semi- span of the wings. 

In terms of these coefficients (24.1) becomes 
k t o — — k tr kf) cos 0 I 

Ko — Kr cos & I 

where ky stands for - * . 


(24.2) 


The necessary control setting for a steady true-banked horizontal 
turn can be obtained from these equations using values of k Ir and k nr 
taken from experiments such as those recorded in III 38 and relations 
between kj 0 and k n0 and the control settings from experiments such as 
those recorded in III 40. 

For a conventional aeroplane in normal flight k lr is positive while 
k nr is negative. The rolling moment required for a steady true-banked 
turn will therefore be of opposite sign from the turn but the yawing 
moment will be of the same sign. Thus in a true-banked turn the control 
stick must be held against the bank to prevent the turn from becoming 
over-banked, whilst the controls must exert a net yawing moment in 
the sense to prevent the flight path from straightening out. The position 
of the rudder in the steady turn will depend, of course, upon the strength 
of the yawing moment exerted by the ailerons when they are set to 
maintain the correct bank. 


25. The Steady Turn with Side-Slip. If the aeroplane is not correctly 
banked for the turn, side-slip will occur, to an extent which can be 
calculated along the lines of I 22. If this side-slip be v the control moments 
necessary for steady turning are obtained from the equation 


Lq -j- L r t -f- L v — 0 ) 
N 0 -j- -j- N V v 0 | 

or in terms of dimensionless coefficients 


(25.1) 


ki o -- 
kn o “ 


— klr ki) cos 0 — ki v - .V 

* i 

— k n r k SJ cos 0 — k nv * 


(25.2) 


If the turn is under-banked v will be of opposite sign to Q. Likewise 
k iv is always negative and k nv generally positive; hence, in an under- 
banked turn, aileron control will have to be applied even more powerfully 


where C and B are the moments of inertia about the Z and Y axes respectively. 
This term represents the moment required to hold the aeroplane against the action 
of centrifugal force, which is greater on the outer than on the inner wing. It is 
negligible in normal flight, although in the spin, terms of this type may rise to 
primary importance. 
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than in a true-banked turn, in the direction to prevent the bank from 
increasing. A stronger yawing moment than in the banked turn is also 
required in the sense to prevent the turn from stopping. It will be 
obvious from these considerations that the application of rudder alone, 
with ailerons neutral, will not only cause an aeroplane to turn, but 
will ultimately cause it to bank into the turn and that, unless the 
ailerons are applied against it, the turn will in time become over- banked. 

Returning to (25.1), and eliminating v we have 

(L v N r — L r N v ) Q cos 0 — L 0 N V — N 0 L V (25.3) 

an equation from which can be found the steady angular velocity Q 
appropriate to any combination of applied control moments. Note that 
if (L v N r — L r N v ) is small, small applied control moments only will 
be required for a given steady rate of turn. If this expression is zero, 
steady turns of any angular velocity can continue indefinitely without 
applied moments, and no finite steady rate of turn is possible with any 
applied moments however small they may be. In this special case the 
equilibrium of straight flight is neutral and the steady turns must be 
such that the side-slip is related to the rate of turn by the equation 

v N r _ L r 

Q cos0 N v L v 

L r is always positive and L v always negative; therefore v must be of 
the same sign as r in this neutral type of motion; that is to say the 
side-slip must be inwards towards the centre of the circular path. Again, 
since N r is negative, N v must be positive, so that steady circling without 
control moments can only occur on an aeroplane which is statically 
stable for rotations about the Z axis — for one having static directional 
stability as it is generally called. 

26. Ascending and Descending Steady Turns. When an aeroplane 
turns steadily whilst ascending or descending, so that each portion 
describes a helical path about a vertical axis, the component angular 
velocities about the three axes, become respectively 


p = — Q sin 0 
q = Q cos 6 sin 0 
r Q cos 0 cos 0 


(26.1) 


where 0 is the angle between the X axis and the horizontal, positive 
when the nose points upwards, and 0 is the angle through which the 
aeroplane must be rolled about the X axis to bring it from the position 
with wing tips level to its attitude in the steady turn. The reader who 
is not familiar with direction cosines in solid geometry can verify these 
equations by first resolving the vertically downward vector of angular 
velocity into components ( — Q sin 0 and Q cos 0) parallel and per- 
pendicular respectively to the X axis. The former of these is p and the 
latter can be again resolved into components q and r, as in (26.1). 
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We now assume that the symmetric angular velocity component (q) 
does not appreciably influence the asymmetric moments (L and N ), 
and conversely that the asymmetric moments (p and r) do not influence 
the symmetric moment ( M ). This assumption is certainly true for very 

small values of 0 and 0, and is probably true enough for practical 

purposes for most of the possible forms of unstalled flight. With this 
assumption, we may write for turns without sideslip 
M 0 + M q ■ q — 0 

L 0 +L p -p+L r -r = 0 (26.2) 

N 0 + N p p + N r r =0 

in which the centrifugal moments mentioned in 24 are, as before, too 
small to be of practical importance. 

Using (26.1), (26.2) becomes 

M 0 = — QM q cos 0 sin 0 

Lq = Q [L p sin 0 — L r cos 0 cos 0] (26.3) 

N 0 — Q [iVp sin 0 — N r cos 0 cos 0] 

From these equations it appears that the elevator movement required 
for a climbing or descending turn is less than for a horizontal turn of 
the same bank, but that the difference is not noticeable unless 0 is large. 

Again since L p is of opposite sign to L r , the aileron movement required 
for a climbing turn will be greater, and that for a descending turn 
less, than for a horizontal turn, zero movement being required when 

tan 0 = j* cos 0. The factor L r \L p is generally of the order — 1/3, 

hence with a moderate angle of bank the ailerons will be about neutral in 
a true-banked descending helix with 0 — — 18°. In a climbing turn with 
0 of the order +18° the necessary aileron movement will be about 
double that in a horizontal turn of the same bank. The ratio N r /N p is, in 
normal flight, of the order — 3, hence it appears from the third of (26.3) 
that the yawing moment necessary in a steady true -banked turn is 
much less influenced by the angle of ascent or descent than is the rolling 
moment. The rudder position will however be influenced by the necessity 
of neutralizing yawing moments generated by the ailerons. 

When side-slip occurs in climbing or descending turns its effects are 
similar to those discussed for horizontal turns. 

D. Small Disturbances from Straight Flight 

27. Introduction. The behaviour of the aeroplane following a slight 
asymmetric disturbance from steady symmetric flight can be examined 
theoretically and is of considerable interest; the conclusions though 
strictly true for infinitesimal departures from straight flight only, are 
in reasonably good agreement with the actual behavior of the aeroplane 
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even when the departures from straight flight are considerable. The 
detailed analysis of infinitesimal asymmetric disturbances from steady 
flight is more fully worked out in Chapters V and VII, but, as with the 
symmetric disturbances, it is possible, knowing the result of the detailed 
analysis, to explain many of the principal features of the motion in a 
relatively simple manner by disregarding those factors which are of 
minor importance in respect of the aspect of the motion under con- 
sideration. 

28. The Rapid Damping of Rolling Motions. The dominant factor 
in the asymmetric motions of an aeroplane in normal flight is the high 
negative value of the derivative L p . This derivative defines the rolling 
moment (L) which opposes any angular velocity of roll (p) through the 
increase of effective incidence near the falling wing tips and the corre- 
sponding decrease near the rising tip. This moment is so large that it 
very rapidly checks any rate of roll which is not being maintained by 
some applied rolling moment and it ensures that the rate of roll in any 
manoeuvre will be small unless very large rolling moments are applied 
to the aeroplane. 

To estimate the time taken by the derivative L p to destroy any 
rolling motion which is not being otherwise maintained, we may safely 
neglect all other factors but the moment due to this derivative and the 
moment of inertia about the X axis, and thus write, simply 

A p = L p • p 

The solution of this is 

- 5-1 

p=ih e 

where p x is the value of p at zero time. 

A typical value of L p jA is — 7 so that the rate of roll {p) is reduced 
to about one half value every tenth of a second and virtually disappears 
in about one third of a second. 

If a rolling moment L 0 is suddenly applied to an aeroplane the 
equation of motion for the first second or thereabouts after the ap- 
plication is sufficiently represented by 

A p = L p • p + L 0 

of which the solution, subject to the condition that p is zero at zero 



Thus, within a third of a second, the aeroplane is rolling with that angular 
velocity for which the opposing rolling moment (L p • p) is equal to the 
applied rolling moment. These numerical values explain certain well 
known peculiarities of aeroplane flight very clearly. Thus, on applying 
the ailerons, the aeroplane appears to start rolling just as though it 



SECTION 29 


111 


had no moment of inertia, and for an interval of a second or so rolls 
at a rate which is directly proportional to aileron movement. Sub- 
sequently the motion is complicated by other moments which arise from 
the fact that a rolling motion cannot persist for long without causing 
either side-slip or yawing rotation, either of which themselves generate a 
rolling moment which modifies the motion. Again an aeroplane flying 
through disturbed air on a windy day experiences sudden rolling motions 
or bumps which will be familar to everyone who has flown in bad weather. 
This happens whenever the aeroplane flies into air which has a vertical 
velocity gradient across the wing span, or which is rotating about an 
axis parallel to the direction of motion. These bumps are of course due 
to the aeroplane taking up the mean angular velocity of the air into 
which it flies with a suddenness which is indicated by the high negative 
value of L p jA. 

Since the influence of the moment of inertia (A) upon the motion 
of an aeroplane in normal flight is confined to about one fifth of a second 
following any change in the applied moments, it is practicable to neglect 
this moment of inertia altogether when studying motions which develop 
relatively slowly. 

29. The Slow Spiral Motion. Another interesting feature of the 
disturbed asymmetric motion of an aeroplane can be studied in a simple 
manner by returning to (25.3), from which it was deduced that, when 
L r N r — L r N v is zero, steady circling flight is possible without applied 
control moments, provided the ratio of side-slip to rate of turn has the 


value 


N r L r 

Ar - or r 

Nv Lv 


In any normal aeroplane of the present day L v N r — L r N v is very nearly 
zero, hence aeroplanes can fly steadily in a circle with the lateral controls 
nearly in the neutral positions. 

In general, of course, L v N r — L r N v is not exactly zero and therefore 
the circling motion with controls neutral is not quite steady but the 
curvature of the path and the angle of bank tend to increase or decrease 
slowly, according to the sign of this expression. The more detailed calcula- 
tions carried through in later chapters with typical numerical values, 
indicate the factors which can be ignored in a simplified study of this 
motion. Thus, if the aeroplane is not statically unstable (N v not negative) 
a fair approximation, to the exponential term which governs this motion 
can be obtained by neglecting entirely the moments of inertia of the 
aeroplane, the side-force due to side-slip, and that part of the accelera- 
tion perpendicular to the plane of symmetry which is due to the rate of 
change of side-slip (?)). We suppose in other words that both the radius 
of the spiral path and the angle of bank change so slowly that the moments 
necessary to maintain the angular accelerations are negligible, and that 
the acceleration can, with sufficient accuracy be taken to be simply 
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the centripital acceleration ( V x Q) acting horizontally. Using small cp 
to indicate that the angle of bank is small and equating applied force 
perpendicular to the plane of symmetry to mass acceleration in this 
direction we have, on these assumptions 

mg sin cp — m V x O cos cp = m\\r cos 2 cp 


or (p being small 


g <p = Fi r 


(29.1) 


The motion therefore must satisfy the following three simultaneous 
equations : 


LpP + L r r + L v v — 0 
N p p + N r r + N v v = 0 
gp — l\r = 0 
Where the third equation is obtained by differentiating 
noticing that (p = p. 

The solution is of the form 


(29.2) 
(29.1) and 




a X t 


v — v 1 e 


,JL t 


r v v i gives 


p ~ p x e ° r — r x 
where p v r v v x X are constants. 

Substituting these values in (29.2) and eliminating p 19 

- g Ly Nr — * Lr Ny 

\ j Lv Np — - Lp Nr 

The value of this expression is unchanged by substituting the dimen- 
sionless coefficient of the derivatives for the derivatives themselves, and 
of these only L v and N v vary much from one aeroplane to another. 

Hence, inserting typical values for the other derivatives taken from 

Fig. 42, III 38, at cruising incidence, we have 

% (— .03)kiv— (.lljfcit, ,o Q o. 

V t (— M)kiv — (-A3)knv [ ^' 6) 

The value of k lv for the particular aeroplane of Fig. 42 was approximately 
— 0.05, hence this aeroplane will be spirally neutral if 

.03 


knv — 


.11 


.05) = .0130 


which is about the value actually shown in Fig. 42. If, for the sake of 
example, we take a somewhat smaller value for k nv , say 0.010 we have 

; 9 _ ^ 0015 --.0011 __ _ g 

V Y .0020 -f- .0043 \\ 

At a cruising speed of 100 miles per hour YJg — 4.6 seconds and 
therefore A = — 0.014. 

If this aeroplane is set to turn steadily with angle of bank (p lt and 
appropriate side-slip, the controls will be very nearly neutral and if 
they are then placed exactly neutral it will begin to recover an even 
keel according to the equation 

<p = cp x e” * 014 1 

The recovery will thus be very gradual, the bank being reduced to one 
half value in, approximately, 50 seconds. 
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If, on the other hand, k nv is greater than 0.135, the banked turn will 
tend to increase, but unless the value of k nv is unusually large this 
increase will be so slow that the instability will scarcely be noticeable 
unless the aeroplane is left entirely to itself for a considerable time. 

It is clear from the form of (29.3) that the larger k ivi that is to say 
the greater the dihedral angle, the greater can be the directional static 
stability without spiral instability developing. It is of interest to see 
what happens when k x 0 is zero, that is, approximately, when the wings 
have no dihedral angle. In this case, 


X 


9 —11 

Fj .43 


- .25 


9 

Vi 


or at 100 miles per hour X = 0.055 

and the bank is approximately doubled every 13 seconds. 

In general it appears that large dihedral angle and low directional 
static stability are favourable to spiral stability. 

30. More Accurate Estimate of the Spiral Motion. A more accurate 
estimate of the value of X, which is identical with the first approximation 
obtained in VII 29 as the result of the more detailed analysis of Chap- 
ter VII, is obtained by including the moment of inertia (C) about the 
Z axis and the side-force Y v • v , but still neglecting the moment of inertia 
(A) about the X axis and that part (v) of the lateral acceleration which 
is due to rate of changes of side-slip. The equations of motion now become 
L v V + L r r + L r v = 0 

N p p + N r r — C'r + N v v — 0 

mgp — m f\r + Y v v =0 


Treating these three simultaneous equations in a similar manner to 
those of (29.2) we obtain a quadratic for X in which, however, the term 
containing X 2 is negligibly small compared with the other two terms. 
Neglecting this small term leaves the following value for X 
^ 9 Xr — Lf A x> 

* l LvNp — LpN v ( LpNr—LrNp ) - l C Lv 

ml 1 f 1 

This more accurate expression for X also vanishes when L v N r = L r N v 
as it obviously must do from the fact that in these circumstances the 
turn can continue indefinitely without either increasing or decreasing. 

It appears from Table 5, VII 29, that, in the examples which were 
correctly worked out, this approximation agreed with the correct value 
within about 10 per cent, which is probably near enough for all practical 
purposes, particularly as the critical condition for neutral equilibrium 
is given correctly by the approximate formula. 

31. The Oscillation of a Statically Stable Aeroplane. The more com- 
plete analysis of Chapters V and VII shows that, in addition to the 
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quickly and slowly developing modes of motion which we have been 
considering, the solutions of the asymmetric equations of motion contain 
a mode which generally takes the form of a damped oscillation with a 
period of some 5 or 6 seconds. This oscillation involves rolling, yawing 
and side-slipping in comparable proportions and, except in special circum- 
stances, it is not easy to find any simple expressions for either the period 
or the damping, which will do more than indicate the order of their 
magnitude. The detailed analysis of Chapter VII, based on typical 
numerical values, shows that all the derivatives — with the exception of 
Y p and Y r which are never important — have appreciable influences 
upon this motion and that any attempt to represent the damping 
factor in the oscillation by a single general formula leads to excessive 
complications. In the present simplified discussion we shall therefore 
confine ourselves to a consideration of the nature of this oscillation and 
of the factors which mainly control it, without attempting to evolve 
a simple working formula by which it can be represented. 

Imagine first an aeroplane pivoted about the Z axis, which is itself 
held fixed perpendicular to the relative wind: an aeroplane in fact 
arranged as a weather-cock. When the inclination of the plane of sym- 
metry to the direction of a wind of strength \\ is tp, then the side-slip 
velocity (v) relative to the air is 

v = — V 1 y) (31.1) 

In conformity with the system of notation with which we are now 
familiar, write r for the angular velocity about the fixed Z axis, so that 
r — xp and let C be the moment of inertia about the Z axis. 

The equation of the motion when the aeroplane is disturbed from 
the attitude in which xp is zero is 

N v v + N r r — Cr 
or — N v \\ xp + N r ip = Cxp 

Treating V 1 as constant the solution of the equation is of the form 

xp -xp-^e 11 

where xp 1 and X are constants and X is a root of the equation 

A 2 — + = 0 (31.2) 

As an illustration we shall choose, for typical values of the constants in 
this equation, numbers which correspond with the values used in the 
detailed illustration, which is worked out in Chapter VII 1 . 

With these values (31.2) becomes 

X 2 + 0.34 X + 1.53 -0 
the roots of which are — 0.17 ± 1.22 i 

1 The actual numbers employed will not be the same as those of Table 1 of 
Chapter VII because in that chapter the dimensionless system of calculation is 
employed. 
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The pivotted aeroplane therefore oscillates according to the equation 
rp — y) t e~ * 17 1 cos (1.22 t + e) 

where the amplitude, defined by yj lt and the phase, defined by e are 
dependent on the initial conditions. 

When an aeroplane with appreciable static (or weather-cock) direc- 
tional stability (N v positive) is disturbed from steady free flight by, 
for example, a rotation about the Z axis, a yawing oscillation of a type 
similar to that indicated by the above equation is set up, but the oscil- 
lation is complicated by the fact that the Z axis is not fixed either in 
position or direction. Both the yawing rotations and the side-slips 
occurring in this oscillation generate rolling moments, through the inter- 
mediary of the derivatives L r and L v respectively, so that the aeroplane 
rolls as well as yaws; further the whole aeroplane can be accelerated 
from side to side and so the side-slip cannot be represented simply by 
ipVx as in (31.1). 

In a normal aeroplane with adequate directional static stability, the 
angles of side-slip (/?), roll (yp) and yaw (yj) in the oscillation are all of the 
same order of magnitude, the period of the oscillation does not differ 
greatly from that of the simple oscillation of (31.2), but the damping is 
considerably greater. To illustrate these points the damping and period 
obtained by the simple equation are compared in Table 2 with the values 
obtained by the more precise methods of Chapter VII. The comparison 
is with the “neutral” and “unstable” cases at 3° incidence in Tables 3 
and 4 in Chapter VII 1 * 3 . 


Table 2. Comparison between damping and period of an oscillation with fixed 
Z axis and oscillation in free flight. (Aeroplane directionally stable.) 


Fixed Z axis 

Free flight (Zero dihedral angle) 
Free flight (With dihedral angle) 


i Period : 

; Seconds 


5.1 

5.0 

4.5 


Time to 
reduce 
amplitude 
by one-half: 
Seconds 


4.1 

2.1 
2.3 


The agreement as regards period is remarkably close for the aero- 
plane without dihedral angle and the simple calculation gives a period 
of the correct order of magnitude even when the aeroplane has a dihedral 
angle. The true damping is, however, about twice as great as that of 
the simple oscillation. 

1 The words “neutral” and “unstable” refer to the slowly developing mode of 

motion and not to the oscillation under discussion; they are here used merely to 

identify the appropriate parts of Tables 3 and 4. 


8 * 
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32. The Oscillation of a Statically Neutral Aeroplane. If the static 
directional stability, as defined by N v , becomes small, zero, or negative, 
the above method of obtaining some insight into the nature of the 
asymmetric oscillation becomes meaningless. When N v is zero the 
aeroplane pivotted on a fixed Z axis, would be in neutral equilibrium, 
while with N v negative it would be unstable. The oscillation of the free 
aeroplane does not, however, disappear when N v is zero, nor does the 
free aeroplane become unstable when this quantity is negative, unless 
the negative value is sufficiently large. To obtain some insight into the 
nature of the motion when N v is zero, consider the hypothetical case 

in which N p is also zero, so that 
neither rolling nor side-slip can 
cause any yawing moment. If 
the aeroplane is now supposed 
to be rolled through an angle 99 
from steady flight, it will begin 
to side-slip and the side-slip will, 
through the intermediary of the 
derivative L v , exert rolling 
moments tending to raise the 
wing towards which the slip is occurring; and since there are no yawing 
moments the X axis will remain fixed in direction. 

The aeroplane, seen from behind, will thus slip from position A to 
position B , and be carried by its momentum into position C, from which 
it will slip back again towards B. During the slipping, however, the side- 
force Y v • v will continually oppose the motion so that the oscillation 
will eventually be damped out. The equations controlling this motion 
are as follows: L p p + L v v = Aj) | 

1 v I (3iw . 1 ) 

mg<p + Y v v — mv | 

For the reasons given in 28 we may, as a first approximation, neglect 
the term A p and, if the second equation of (32.1) be differentiated with 
respect to time, we have 

L p p + L r v — 0 
mgp — mv + Y v v — 0 
writing p = p x e* *, v — v 1 e xt gives 

L P V 1 + L v v x = 0 

m9Pi + (— A 2 + Y l .k)v l = 0 
Eliminating the ratio pjv 1 gives 

i'—Y v l + <7^- = 0 

Taking values corresponding to the “stable” case (N v = 0) in Table 1, 
Chapter VII, this becomes, 

A 2 +0.17 A +0.15 
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And the solution can be written 

(p = 9 ?i e~ - 085 1 cos (.38 t + e) 

This represents an oscillation of some 17 seconds period which takes 
8.2 seconds to reduce to half amplitude. 

This simple calculation does not, of course, represent the facts unless 
N p is zero, which it is very unlikely to be. Figure 42, III 38, shows in fact 
that, in normal flight, N p is negative, and detailed calculations show 
that its influence on the motion is materially to increase the damping 
and reduce the period. Thus the calculations of Chapter VII give, for 
the true oscillation with N t , zero, a period of 10 seconds and a reduction 
to half amplitude in 3 seconds, so that the simple calculation has done 
no more than indicate the nature of the oscillation. 

33. The Oscillation of a Statically Unstable Aeroplane. If N v becomes 
negative and the aeroplane therefore statically unstable, the motion 
becomes exceedingly difficult to follow by any simple argument. The 
effect, as shown by detailed calculation, is that the damping of the 
oscillation decreases and the period increases as the numerical value 
of the negative X r increases, until eventually the oscillation becomes 
undamped ; a small further increase of the negative N v causes the ampli- 
tude of the oscillation to grow very rapidly and still further increase 
causes the oscillation to break up into two exponential terms, one of 
which has a large positive exponent and corresponds to rotation which 
increases continually in one direction with great rapidity. The precise 
values of — N v at which these changes occur depend of course upon the 
values of the other derivatives, and the only one of these over which the 
designer has much control is L n which depends mainly upon the dihedral 
angle between the wings. It is shown in VII 34 that the negative value 
of N v necessary to cause the oscillation to persist indefinitely is nearly 
proportional to L v and that with reasonable values of L v the margin by 
which N v can be on the negative side of zero is not great. 

34. The Two Possible Forms of Instability. Comparing these con- 
clusions with those of 29 it will be observed that the aeroplane can become 
unstable laterally in two ways. If the directional static stability is too 
great, free flight will become spirally unstable, whereas if static instability 
is too great an increasing oscillation will develop. The margin between 
these two forms of instability depends directly on the dihedral angle, 
being greater the greater the angle. Both forms of instability must be 
avoided if the aeroplane is to be left entirely to itself, but if it is to be 
continually controlled, a slight spiral instability is relatively unimportant. 
On the other hand the undamped oscillation which arises when the 
aeroplane has too great a static instability is probably very detrimental 
to comfortable flying; indeed, it is probable that an adequate amount 
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of damping for this oscillation is necessary for comfortable flying in 
bumpy weather, but this is a matter which would repay further inves- 
tigation. 


E. The Stalled Aeroplane 

35. The Stalled Aeroplane — Symmetric Motion. The simplified dis- 
cussions of the present chapter have related exclusively to normal flight, 
that is to say, to flight at speeds considerably above the stalling speed, 
and, therefore, to angles of incidence well below the stalling incidence. 
Subject to this condition, the general characteristics of the motions 
remain the same for all speeds and incidences, but if the speed drops 
to something near the stalling speed and the incidence rises to near or 
above the stalling incidence, profound changes occur in all the deri- 
vatives and the character of the motion following any disturbance or 
application of the controls entirely changes. The behaviour of the aero- 
plane now becomes much more difficult to follow by simple arguments 
such as are used in the present chapter, and although considerable research 
has been done upon aeroplanes flying in this stato, the motions are so 
complicated and differ so much from one aeroplane to another that 
they cannot as yet be said to be thoroughly understood, although a 
good deal is known about the causes of the principal characteristics of 
many of them. Numerical solutions of the motions, based on the data 
of Chapters II and III, are worked out in Chapters VI and VIT. And 
we shall here give no more than a brief sketch of some of the more 
important factors governing these motions. 

The principal change which occurs to the symmetric forces when the 
aeroplane stalls is that the resultant force upon it ceases to increase 
with incidence and may even fall as the incidence increases; the direc- 
tion of this force changes from nearly perpendicular to the direction of 
motion to nearly perpendicular to the wing chord, and since the inci- 
dence is high this implies a large increase of drag. Further, the line of 
action of this resultant moves backwards until it cuts the wing chord 
at a point not far in front of its middle point. 

A result of these changes was shown in II 28 to be that the static 
stability of the aeroplane becomes very great and it becomes impossible, 
upon an aeroplane of conventional type, to maintain equilibrium about 
the axis of pitch when the incidence rises much above the stall. Steady 
stalled flight is therefore, for such aeroplanes, confined to a range of 
incidences between say 18° and 25°, and if the incidence temporarily 
rises above the higher limiting value, it must very quickly fall again. 
When flying stalled within this range the pilot has some control over 
incidence, but owing to the greatly increased static stability, he has, 
when he requires to produce a given incidence change, to move his 
elevator much more roughly than in normal flight. Moreover, since he 
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cannot, by changing incidence, make any large change in the magnitude 
of the resultant air-reaction, he has no direct control over vertical 
acceleration and cannot immediately cause any appreciable change in 
his vertical velocity. All that he is able to do is to alter the direction of 
the resultant air -reaction by altering the attitude of his wing. 

In a steady stalled glide with engine off, the resultant air-reaction 
must be vertical and, therefore, the wing chord must be nearly hori- 
zontal (see Fig. 10, 17). If, when the aeroplane is in such a glide, the 
stick is thrust forward, the nose will be depressed and the resultant air- 
reaction, which remains nearly perpendicular to the wing chord, will 
be inclined forward and the speed will begin to increase; this increased 
speed will cause the resultant force to increase and the consequent upward 
acceleration will reduce the downward speed of the aeroplane. If the 
operation is correctly timed, a landing without shock from a stalled 
glide is possible, but between the moment when the stick is first pushed 
forward and the moment when the vertical velocity is reduced to zero, 
a considerable time must elapse and a large loss of height (generally 
more than 100 feet) is inevitable. Landing from a stalled glide is there- 
fore a matter of great difficulty and at present is rarely attempted. 

Small symmetric disturbances of the stalled aeroplane from straight 
flight can, of course, be worked out by the methods of Chapters V and 
VI, provided that the values of the derivatives are all known; but when 
the incidence is near the critical angle there is still much uncertainty 
with regard particularly to the influence of the rate of pitch (q) upon the 
pitching moment and resultant force. It is indeed not yet certain whether 
the variations of the forces which act upon the aeroplane when near 
the critical incidence can be represented adequately bv simple deri- 
vatives of the kind used in this and later chapters, for there is some 
evidence that the incidence at which the stall occurs may be influenced 
by the previous motion of the aeroplane. This whole matter is at present 
the subject of research and it would be unprofitable to discuss it further 
in the present chapter. 

36. The Stalled Aeroplane — Asymmetric Motion. The asymmetric 
motions of a stalled aeroplane are even more complicated than the 
symmetric motions, but they have been more thoroughly studied on 
account of the importance of designing aeroplanes which do not easily 
develop the involuntary spinning motion which has caused so many 
disasters. A glance at Fig. 42, III 38, will show that all the derivatives 
change their values drastically, either at or shortly beyond the stall. 
The most important change is the reduction of the derivative, L p , from 
the large negative value which it has in normal flight, to zero, or even to 
a positive value. This change removes the predominating factor which 
prevents the occurrence of rapid rolling motions in normal flight and, 
as a consequence, the most noticeable characteristic of stalled flight 
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is the high angular velocity of roll which can occur. It has been observed 
in III 37 that when a stalled aeroplane is rolled steadily about an axis 
through the c.g. and parallel to the relative wind, it may, and generally 
does, experience a rolling moment of the same sign as the direction 
of roll [L p , positive when referred to wind axes (see III 2)]. Such an 
aeroplane, when pivoted about a fixed axis parallel to the wind, is in 
unstable equilibrium and, once rotation starts in either sense it will 
continually increase until an angular velocity is reached at which 
the rolling moment is again zero. Such a property clearly suggests 
instability in free flight and although it has lately been shown that 
complete stability in free flight is compatible with a very small positive 
value of Lp, it is generally true to say that an appreciable positive value 
of L p leads to instability of a peculiarly violent kind. 

Another important feature of stalled flight is the very great rise in the 
numerical value of the derivative L v which occurs as the stalling angle is 
passed (see Fig. 42, III 38). This, coupled with the high value of L r which 
occurs when the incidence does not greatly exceed the stalling incidence, 
makes the rolling motion of the aeroplane, flying near the critical stalling 
incidence, very sensitive to any yawing motion which may occur. For 
when the aeroplane yaws — that is, rotates about the Z axis — a side-slip 
occurs towards the advancing wing and large moments are generated 
which tend to raise the advancing wing. 

The rolling of stalled aeroplanes can therefore be very powerfully 
controlled by the rudder provided the rudder has sufficient power to 
yaw the aeroplane in any desired direction, but it does not follow that 
it is easy to control a stalled aeroplane with any degree of precision 
by the use of the rudder alone, for the destabilizing effect of the deri- 
vative L v causes any oscillation which may be started to increase rapidly 
in amplitude and a negatively damped oscillation of this kind is always 
difficult to control. Nevertheless it has been amply demonstrated both 
theoretically and practically that the provision of adequate rudder power 
is one of the essential factors of good control when in the stalled state. 

This same property of extreme sensitivity to yawing motion is the 
primary cause of the failure of conventional ailerons to control the 
motions of a stalled aeroplane for they, as seen in III 41, exert not only 
the rolling moment which is required from them, but a yawing moment 
retarding the wing which they are attempting to raise. This yawing 
moment generates yawing rotations and side-slips both of which ulti- 
mately cause rolling moments which eventually overpower the direct 
aileron action. 

Another consequence of sensitivity to yawing motion is that when, 
as shown by the full line in Fig. 42, III 38, the derivative N p becomes 
large and positive after stalling, any rolling motion (p) which may be 
occurring, of itself generates a yawing motion, which in turn causes 
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rolling moments in the sense to increase the original rolling motion still 
further. A powerful destabilizing term may thus be added to the equa- 
tions of motion. 

The combination of a violent instability, involving rapid rolling and 
yawing motions, with the failure of aileron control, renders a stalled 
aeroplane of normal design almost uncontrollable except in the hands 
of very experienced pilots and makes anything like controlled manoeuvres 
impossible. The cure, indicated by detailed study of the motion on the 
lines of Chapter VII, is to prevent the wing tips from stalling until inci- 
dences have been reached which are considerably beyond those which 
can be steadily maintained by full use of the elevators. This can be done 
by the use of the Handley Page wing tip slot mentioned in III 37, or 
it is possible that a partial success sufficient for many practical purposes 
can be achieved without slots by careful shaping of wing tips and a 
delicate adjustment of the derivative which depends upon fin and rudder 
area, but into these ramifications of modern research it is not proposed 
to enter since no final conclusions have yet been reached. 

The lateral stability of the stalled aeroplane is discussed in more 
detail in VII 24 et. seq. where it is shown that the problem may be 
complicated by the fact that the moments acting upon the aeroplane 
depend upon the history of the motion as well as upon the motion at 
the instant in question. The difference between some of the derivatives, 
particularly N p as obtained by oscillation and continuous rotation 
experiments respectively, is probably due to this cause, and the motion 
of the aeroplane may therefore have to be regarded as controlled by 
different sets of derivatives according as to whether it is oscillatory or 
involves continuous rotation in one direction. 

CHAPTER V 

THE EQUATIONS OF MOTION WITH SOLUTIONS FOR 
SMALL DISTURBANCES FROM STEADY 
SYMMETRIC FLIGHT 

A. Axes, Symbols, and Equations of Motion 

1. Axes. The general equations representing the motion of an aero- 
plane are usually referred to axes which are fixed in the aeroplane and 
therefore move with it; we shall choose these axes as follows 1 : 

The origin O lies on the centre of gravity of the aeroplane; OX, OZ 
lie in the plane of symmetry and OY is perpendicular to it. OX lies 
roughly along the body, but its exact direction will be chosen to suit 
the convenience of each specific problem. 

1 The reader will find this section easier to follow if he provides himself with 
a small model aeroplane upon which he can visualize the axes and the various 
component rotations. 
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The names of these axes will be: — 

OX Longitudinal axis 
OY Transverse axis 
OZ Normal axis. 

The positive directions are: — 

OX Forward 
OY To starboard 

OZ Towards the undercarriage of the aeroplane. 

The axes will be right handed ; that is to say the positive sense of a 
component rotation or couple about any axis will be determined by 
reference to a right handed screw, when facing 
the positive direction of the axis. 

2. Orientation. The orientation of the aero- 
plane in space will be specified by three angular 
coordinates 0, 0, 0. When these are all zero OZ 
is vertical, OX and OY are horizontal and OX 
points in some specified direction in the hori- 
zontal plane. Any other orientation of the aero- 
plane is then reached by three consecutive 
rotations, of which the sequence is important. 

Rotation (1). About OZ , through angle W, 
until OX lies in the vertical plane containing 
its ultimate position. 

Rotation (2). About OF, through angle 0 , 
Fig. 53. Plane Of symmetry until OX points in its final direction. 

and axes. Rotation (3). About OX, through angle 0, 

until aeroplane has the required orientation. 
Using terms current in air navigation the foregoing precise statement 
may be loosely interpreted as follows: — 

Zero orientation corresponds to horizontal flight on some assigned 
compass bearing with wings level. In order to reach the position which 
it is desired to specify, the aeroplane is: — 

First. Rotated in azimuth to the required compass course. 

Second. Pitched to the desired climbing or diving angle. 

Third. Rolled to the desired angle of bank. 

The positive senses of these rotations are: — 

Azimuth rotation to starboard. 

Pitch upwards. 

Roll to starboard (starboard wing depressed). 

This more picturesque statement is precise only when OX happens 
to coincide with the direction of motion, but it may serve to give a 
clearer idea of the processes imagined in the definition of 0 , 0 , W. 

3. Symbols. Symbols which will be used to represent the components 
of the velocity of the centre of gravity of the aeroplane and of its angular 
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velocity, together with the components of the aerodynamic forces and 
couples, and the moments and products of inertia of the aeroplane are 
collected below: — 


Velocity and Force Components. 


Axis 


x 

Y 

Z 

Velocity 


u : 

V 

w 

Force 


X 

Y 

z 

Name 


Longitudinal 

Lateral 

Normal 

Positive Direction . . . 

• * 

Forward 

Starboard Downwards 

Angular Velocity and Moment Components. 

Axis 

X 

Y 

i Z 

Angular velocity . . . 

p 

Q 

j R 

Moment 

L 

M 

\ N 

Name 

Rolling 

Pitching 

Yawing 

Positive Sense .... 

Starboard wing down 

Nose up 

Nose to Starboard 

4. Effect of Gravity. In Moments and Products of Inertia. 

addition to tne air-reaction 



upon the aeroplane the gravi- A - — * * 


X 1 Y Z 

tational field exerts 

a force Moment of Inertia . . | 

A B , C 

through the e.g. whose com- Product of Inertia . . 

D E F 

ponents along the axes are Moment of momentum 

/q 1 h 2 


found by multiplying the 

weight by the direction cosines of the vertical. If m is the mass of 
the aeroplane and g the strength of the gravitational field these com- 
ponents are : — —mg sin 9 along OX 

m g cos 9 sin & along O Y 
m g cos 9 cos <Z> along OZ. 

5. The Equations of Motion. Equating mass acceleration along each 
axis to the appropriate component of the applied force, and equating 
rate of change of moment of momentum about each axis to the appro- 
priate applied moment, we obtain six equations which must be satis- 
fied throughout the motion of the aeroplane. 

m\u — V R + WQ\ = X — mg sin G 
m [V — W P + U R] = Y + mg cosQ sin 0 
m[W — UQ + FP] = Z + mg cos 0 cos 0 
h± — h 2 ^ 4 “ ^3 Q — L 
h 2 — h 3 P +h x R = M 
ha — /q Q h^P — N 


(5.1) 
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where h v h 2 , A 3 , are given by the following equations: — 

\~AP — F Q — EE | 

h 2 = BQ — DR — FP (5.2) 

h 3 — C R — EP —DQ j 

6. Dependence of the Air - Reactions on the Velocity Components^ 
Given the shape of the aeroplane and the properties of the air through 
which it moves the air-reactions X, Y, Z, L, M, N, depend upon the 
motion of the aeroplane relative to the air; that is to say upon the six 
variables, U, V, W, P, Q, R } and their rates of change with respect 
to time. In practice, the principal difficulty lies in determining the 
realtionships between X , Y . . . and U , V. . . but even could these rela- 
tionships be exactly determined the solution of the equations, in any 
general form, becomes immensely complicated and drastic approximations 
and restrictions of generality have to be made before solutions can be 
obtained in a form sufficiently simple for practical use. 

The first approximation which is always made before attempting to 
handle the equations is to neglect, with one exception, any dependence 
of the reactions on the rates of change of the variables U, V ... . It is 
assumed, in fact, that the reactions depend solely upon the instantaneous 
motion of the aeroplane and not upon the rate at which the motion is 
changing, or upon the history of the motion. This assumption cannot 
be exactly true. It is now known, for example, that when the incidence 
of the wings changes suddenly from one steady value to another, the 
lift approaches asymptotically to the steady value appropriate to the 
new incidence and does not become sensibly constant until the aeroplane 
has moved through a distance of the order of ten wing chord lengths 
from its position when the change occured. Assuming, for example, 
a chord of 7 feet and a speed of 100 miles an hour, the time required 
to travel ten chords is of the order 0.5 second, so that oscillations or 
other motions involving important changes of incidence in times con- 
siderably less than half a second cannot be accurately calculated on 
the assumption that the air-reactions depend only upon the instantaneous 
values of the velocities. 

Considerably more research than has yet been done will be required 
before effects due to this cause can be incorporated into calculations of 
aeroplane movements and we shall ignore them in the following cal- 
culations. The reader should, however, bear in mind the fact that those 
parts of the solutions which involve important changes of incidence 
while the aeroplane travels only one or two chord lengths may, on this 
account, give a somewhat inaccurate statement of the true motion. 
This warning is particularly important when dealing with flight conditions 
near the stalling angle, where such information as is available indicates 
that the dependence of the air-reaction upon the history of the motion 
may be more marked than in normal flight. 
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7. Influence of If 7 on 3 f. One exception must, however, be made to 
the rule that the instantaneous values only of the velocity components 
will be held to influence the air-reactions. It was observed in II 40 
that the rate of change of incidence influences the pitching moment on 
account, apparently, of the time lag between the generation of down- 
wash by the wings and the effect of that downwash on the tail. Now 
U and W are functions of incidence and hence, if we are to introduce 
this effect into the equations, terms representing the effects of U and W 
upon M must be retained. In those circumstances which we shall choose 
for analysis the effect of U upon rate of change of incidence will be small 
and therefore the only term which will be retained to represent this 
effect will be the term representing the effect of W upon M. 

8. Step-by-Step Methods of Solution. Though the general solution 
of the equations, even with the approximation discussed above, is too 
complicated to have much practical value, it is practicable, though at 
the expense of great labour, to reach an approximate solution for any 
particular set of initial conditions, by a method known as step-by-step 
integration. In this method the aeroplane is supposed at zero time, 
to bo moving with certain specified values of U, V, W, P , Q, R and the 
values of the air-reaction X, Y , Z, L , M , N appropriate to this motion 
are then computed and inserted in the equations; the instantaneous 
values of U , V, W, P,Q, R are thus obtained. The changes in C7, V ... 
in some chosen small time interval can now be computed, on the assump- 
tion that U, V ... remain constant during this interval. The new 
values of U, V ... at the end of the interval are then used as the initial 
values for the next interval and the process repeated indefinitely. 

If the time intervals chosen for this operation are sufficiently small 
the process can be given any degree of accuracy required, but it is 
obviously very laborious and, when completed, relates solely to the 
chosen initial conditions. It is, therefore, useful only when a specific 
problem is to be attacked and cannot bo used to give a general survey 
of possible types of motion unless numerous calculations are made, 
which start from systematically varied initial conditions. Except by 
the expenditure of very great labour the method cannot, therefore, be 
made to take the place of the more general solution shortly to be dis- 
cussed, though it may be useful in certain circumstances in which the 
latter becomes impracticable. 

Step-by-step computations, using the full equations of motion, 
have been made by several investigators, with the object of following 
the descent of an aeroplane from steady stalled flight into the spin 
(Refs. 1 and 2). Each separate calculation of this type required months of 
computation and in most cases no more than one or two inital condi- 
tions have been attempted. The practical value of the results has been 
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severely limited by lack of knowledge as to the relationship between 
the air-reactions and the aeroplane’s motion when all the components 
U, F, W, P, Q , R are large. 

An extensive series of step-by-step computations on the restricted 
problem presented by moderately small lateral disturbances of an aero- 
plane from steady straight flight have also been made (Ref. 3) in order 
to investigate the reasons for the difficulty of controlling a stalled aero- 
plane. This particular problem is, as will be seen, susceptible to general 
treatment, provided that disturbances are infinitesimal, but the step- 
by-step method was used to carry the investigation into regions where, 
although the majority of second order terms were negligible, certain of 
the moments were non-linear functions of the disturbances. 

Step-by-step solutions of the equations, though they may have 
important practical applications, are of no great theoretical interest, 
since they merely require careful systematization on obvious lines. We 
shall not discuss them further, but proceed to the study of the general 
solutions which become practicable when the complication is reduced 
by restriction to certain relatively simple types of motion. 

9. Steady Motions. Very great simplifications result when all dotted 
symbols are omitted from the equations so that the motion which they 
represent is steady. Steady motion, since it implies that the attitude 
of the aeroplane to the vertical shall not change, is necessarily of a spiral 
or helical nature. Steady motions at the incidences of normal flight 
have been discussed in IV 23 to 27 whilst the spin which is a steady 
helical motion with high wing incidence is considered in Chapter VIII. 

B. Small Disturbances from Steady Symmetric Flight 

10. Historical. The solutions of the equations of motion when the 
movements of the aeroplane are limited to infinitesimal disturbances 
of a symmetrical aeroplane from steady straight symmetric flight have 
been extensively studied by many investigators, beginning about the 
year 1900 with Lanchester (Ref. 4), who first surveyed the ground, 
using unconventional mathematical methods, which were, however, 
sufficiently powerful to reveal many of the broad conclusions now used 
in practical aeronautics 1 . Later Bryan (Ref. 5) developed the solutions 
along the more conventional mathematical lines which are generally 
employed at the present time and which will be discussed in the present 
chapter. Bryan showed how the solutions could be made to depend on 
a number of experimentally ascertained constants or derivatives , as they 
will be called, which define the aerodynamic properties of the aeroplane. 
About the year 1912, Bairstow (Ref. 6) and others, at the National 
Physical Laboratory, developed the experimental technique necessary 

1 A discussion on the lines of Lanchester’s methods will be found in Chapter IV. 
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to determine these derivatives and showed how the essential features 
of practical interest could be extracted from the rather elaborate solu- 
tions which arise, even in these restricted circumstances. In 1920 
Bairstow published (Ref. 7) a comprehensive treatise on the subject 
in which he extended the solutions to more complicated motions and 
to the movements of airships. Since that date numerous treatises have 
been written, dealing mainly with the detailed application of the equa- 
tions to practical problems, but apart from a general adoption of a 
dimensionless form for the equations, which was originally proposed 
by H. Glauert (Ref. 8) in 1927, the mathematical side of the matter 
has undergone no important change. The principal advance since 1912 
has lain in the development of the experimental technique required to 
determine the derivatives necessary for the quantitative solutions of 
the equations, and in the accumulation of data; matters which have 
been discussed in Chapters II and III. 


11. Moderate Finite Disturbances. Before proceeding to study the 
solutions to these equations we note that although they apply strictly 
to infinitesimal disturbances only, the results obtained are found to 
apply with fair accuracy to finite disturbances which are sufficiently 
large to make the conclusions drawn of great practical interest. Thus, 
with some exceptions, which will be noted in due course, it is true to 
say that an aeroplane which is stable to small disturbances from steady 
equilibrium flight is also stable to disturbances of moderate magnitude, 
such as may be met when flying through air of normal bumpiness. Also 
the effects of finite applications of the controls in steady straight flight 
are at least of the same type as those indicated by the solutions for 
infinitesimal control applications. The restriction of the mathematical 
processes to infinitesimal disturbances does not, therefore, restrict 
the general value of the solution so much as might at first be supposed. 

Put otherwise; the second order terms, which are neglected in the 
mathematical solutions, do not seriously influence the motions, even 
when the disturbances are of the moderate finite amounts which occur 
frequently in ordinary flight. 


12. Force and Moment Derivatives. A consequence of restricting 


disturbances from straight steady flight to infinitesimals is that each 
component of the air-reaction, such as X, can be expressed in the form 


r dX , JT d X -j . d X j ... dX , D . d X y ^ D 

X = A 1 + -^ lJ dU + dV + ^dW + 2 pdP + ^dQ + :rr ^dR 


dV 


dW 


dP 


dQ 


dR 


where X 1 is the value of X in steady flight and dX/dU etc. are 
partial derivatives ; d U etc. being the variations of U etc. from steady 
flight. It is here assumed that X is not dependent on the rate of change 
of velocity components such as W. We have, however, agreed (see 6) 
to ignore such effects with the exception of the effect of JF on M 
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which will, in the equation for M , introduce an eighth term, d W. 

The equations will thus contain 37 derivatives such as dX/3U , each 
of which could conceivably be determined by experiments on the aero- 
plane itself or upon a small model; alternatively the derivatives may, 
in favourable circumstances, be approximately computed from a know- 
ledge of the motion of the air about the aeroplane. 

The assumption that the aeroplane has a plane of symmetry and that 
the steady motion about which the disturbances occur is symmetrical 
with regard to that plane, immediately reduces 18 of these derivatives 
to zero. For the disturbances such as dU , dV . . . and the reactions 
such as X } Y y ... can be divided into a symmetric group d U, dWy 
dQ; Xy Z, My and an asymmetric group dVy dP y dR\ Y, Ly N. Now 
no symmetric disturbance can cause an unsymmetric reaction and, 
therefore, the nine cross derivatives such as dY/dU etc. are all zero. 
Again, the effect of an asymmetric disturbance upon a symmetric reac- 
tion must, by symmetry, be independent of the sign of the disturbance 
and therefore such derivatives as dXfdV must be zero when V is zero; 
but V, Py R, are all zero in steady symmetric flight, hence the nine 
cross derivatives of this type must also vanish. 

13. Shortened Notation. In the interest of brevity we shall now adopt 
the following notation. Forces, moments, velocities, and angles relating 
to the steady motion about which the infinitesimal disturbances are to 
occur, will be represented by capital letters with a suffix — for example 
O x . Small variations from the steady motion will be represented by 
small letters. Thus, when the aeroplane is slightly disturbed from steady 
flight, 0 = 0 X + 0, U = U x +u etc. We note that the rates of change 
with respect to time of the capital letters are the same as those of the 
small letters; for example U — U 1 + u = ii, since XJ x is constant. Note 
also that V v P x , Q Xi R v & x are all zero from considerations of symmetry. 
Finally we shall use symbols such as X u to represent derivatives of the 
type dX/du when the values of the derivatives for small disturbances 
from the steady motion are under consideration. 

14. The Applied Forces. Using this notation the right hand sides 
of (5.1) become: — 

X x — mg sin 6 X + X u u + X w w + X q q — mg cos 0 X O 
Y x + Y v v + Y p p + Y r r +mgcosO x (p 

Z x + mg cos 0 X + Z u u + Z w w + Z Q q — mgsinO x Q 
L x + L v v -f- L v p + L r r + Pq 

M x + M u u + M w w + M q q + M w w + M 0 

N x +N v v + N p p +N r r +N 0 

where L 0> M 0f N 0f in the last three equations, represent infinitesimal 
couples — if there are any — applied by the controls to disturb the 
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aeroplane from steady flight. The corresponding terms X 0 , Y 0 , Z 0 , have 
been omitted, because there is no means of applying them; the action 
of the controls in producing direct forces of this type being negligible 
compared with their action in producing moments. 

The first two columns of these expressions represent the applied 
forces and moments in steady flight and therefore their sum is zero. 
The remaining terms represent the net applied forces and moments acting 
upon the disturbed aeroplane and can, therefore, be directly equated 
to the mass accelerations and rates of change of momenta. 

15. The Mass Accelerations. These mass accelerations and rates of 

change of momenta are given on the left hand sides of (5.1). Re- 
membering that F x , P 1? Q v R v are all zero, that £7, V . . . are the same 
as u, v . . . ; that the products of inertia D and V are zero and that the 
products of infinitesimals can be omitted, the left hand sides of 
(5.1) reduce to m [u -f- W Y q] 

m [v -f- U x r — W x p] 
m [w — U x q ] 

Ap — Eir 
Bq 

Cr — E p 

16. Separation into Symmetric and Asymmetric Groups. The six 
equations are now divisible into two groups of three, such that neither 
group contains any variable which occurs in the other. Thus the first, 
third and fifth equations contain only symmetric variables, whereas 
the second, fourth, and sixth contain only asymmetric variables. These 
groups can be treated entirely separately and will be so treated in the 
following analysis, under the names Symmetric or Longitudinal and 
Asymmetric or Lateral equations, respectively. Regrouped in this way 
they are stated below. 

Symmetric or Longitudinal Equations 
m [it + \\\q + g cos O x 0] = X u u + X w w + X q q 
m [w — U x q + g sin 0 l 0] = Z H u + Z w w +Z q q (16.1) 

Bq — M xl u + M w w + M q q + M w w + M 0 

Asymmetric or Lateral Equations 
m [v + U x r — W t p — gcosG 1 q ?] = Y v v + Y v p + Y r r 
Ap — Er = L v v + L p p + L r r + L 0 (16.2) 

Cr — Ep = N v v + N v p + N r r + N 0 

The symmetric group relates to pitching rotations combined with 
variations in velocity in the symmetric plane, which in this case is ver- 
tical. The three variables consist of two linear velocity components and 
one angular velocity component. 
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The asymmetric group relates to rolling and yawing rotations com- 
bined with side-slip, the three variables consisting of two angular 
velocity components and one linear velocity component. 

Of the constants; 0 l9 W v U v together define the attitude, the in- 
clination of the motion to the horizontal, and the wing incidence of the 
aeroplane in steady flight. A, B, C and E define the distribution of the 
total mass m about the centre of gravity, while the derivatives on the 
right hand sides of the equations define the aerodynamic properties 
of the aeroplane. 

It is obvious that the symmetric group of movements, even when 
finite, could occur without generating asymmetric movements. If, 
however, the reverse is to be true and asymmetric movements are to 
generate no symmetric movements, the disturbances must for strict 
accuracy be infinitesimal as is here assumed. We have seen, from 
considerations of symmetry, that if both groups of disturbances are 
infinitesimal, they will proceed entirely independently of one another, 
and therefore the solutions of each can be considered without reference 
to the other. 

17. The Equations of Motion Rearranged. Before proceeding to the 
solution of these equations it is convenient to rearrange their terms 
so as to bring variables of a like kind together and to replace 6 by 
the equivalent expression fqdt and cos 0 1 (p by the equivalent terms 
cos0 1 fpdt + sin 0 1 frdL This substitution is legitimate because (p is 
always infinitesimal so that the only velocity component which influen- 
ces 0 is q ; also the rate of change of cos 0 X (p — the angle made by 0 Y 
with the horizontal — is clearly cos 0 X p + sin 0 X r. 

With these rearrangements and substitutions the equations of motion 
become 

mu — X u u — X w w + (mW 1 — X q )q + mg cos 0 1 Jqdt = 0 I 

— Z u u +mw — Z w w — {mU 1 +Z q )q + mg sin 0i fqdt = 0 (17.1) 

— M u u — M w w — M w w + Bq — M q q =M 0 J 

mv — Y v v + ( — mW 1 — Y v )p — mg cos 0 l fpdt + 

+ (m Uj — Y r ) r — mg sin 0 l Jrdt =0 

— L v v + A p — L p p — Er — L r r = L 0 

— N v v — E p — N p p + Cr — N r r = N 0 

C. Conversion to Dimensionless Form 

18. Introduction. It will ultimately be necessary, before practical 
use is made of (17.1), (17.2) and their solutions, to give numerical ex- 
pression to the various terms involved, and experience has shown that 
it is then a great convenience to arrange that the numbers which appear 
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in the computations relate to dimensionless quantities — mere ratios — 
rather than to quantities, such as forces in pound units, velocities in 
feet per second, etc. The reasons why this is so will appear as we proceed 
and it is unnecessary to enumerate them here. It will be convenient, 
therefore, to throw the equations into dimensionless form before pro- 
ceeding to their solution. There are many ways in which this can be 
done, but we shall adopt a form originally suggested by H. Glauert 
(Ref. 8) which is extensively used and is probably the most convenient 
which has yet appeared. 

19. The Parameter From dimensional considerations alone it 

can be deduced that the subsequent motion of an aeroplane of given 
shape which, at a given instant, was in a given attitude, flying in a given 
direction with velocity V y is dependent upon the value of two para- 
meters only, which may be written m/gP and V 2 jlg respectively, where 
q is the density of the air, g is the acceleration due to gravity and l is 
some representative length which defines the size of the aeroplane; for 
example, the span of the wings 1 . Two similar aeroplanes which at any 
instant are flying similarly will, if these two parameters have the same 
value for each, continue to travel similarly, though their sizes, masses 
and velocities may be very different and though the atmospheres through 
which they fly may have very different densities. 

The parameter ra/oZ 3 defines the ratio of the average density of the 
aeroplane to the density of the air. The inertias both of the air and of 
the aeroplane enter into the problem and must clearly bear the same 
ratio to one another in each case if the motions are to be similar. It will 
be more convenient to write this parameter in the alternative form 
mips l, where S is the conventional wing area. For brevity we shall 
give to it the symbol //. Thus// - mjQSl . 

The parameter V 2 /lg is the well known criterion of similarity for 
similar mechanisms of any kind moving under the influence of gravity. 
When this parameter is the same for two geometrically similar motions 
the accelerations of corresponding parts bear the same ratio to the 
gravitational field in each case. 

In general these two parameters are independent of one another, 
but in our problem of small disturbances from steady flight, in which 
we shall make V the resultant velocity of steady flight, they are related 
by the consideration that the resultant aerodynamic reaction in steady 
flight must equal the aeroplane’s weight and they therefore reduce to 
a single parameter only. One of the principal advantages of Glauert’s 

1 Strictly, it is necessary to take into account also the parameter qV Ifri, 
where // is the coefficient of viscosity of the air. Except in special circumstances, 

however, wide variations of this parameter will not appreciably influence the 

motion. The reader is referred to Division G and Division I Part 2 for further 
information on this point. 


9 * 
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dimensionless system is that it separates out this parameter (fj) from 
the other quantities in the equations of motion and their solutions. 

Let the resultant air-reaction on the aeroplane in steady straight 
flight be k q V 2 S, in which expression k , being dependent on incidence 
only, has the same value for all similar aeroplanes flying similarly. 
Since this resultant force is necessarily vertical 

k qV 2 S — mg 


and therefore 


F 2 

ig 


k 


giving a simple relation between the two parameters. The symbol k 
will be required in the analysis. It may be described as the coefficient 
of resultant air-reaction and is equal to the lift coefficient for the whole 
aeroplane divided by the cosine of the inclination to the horizontal of 
the steady flight path. 

20. The Dimensionless System Explained. The easiest way of under- 
standing Glauert’s dimensionless form of the equations of motion is 
to begin by observing that the equations can be used equally well with 
any consistent system of units; that is to say, with any system in which 
Newton’s law relating force to mass acceleration is expressed as an 
equality. Let us now imagine a system in which the fundamental 
units are 


Unit of Mass m 

Unit of length . ... I 

__ . . m l 

Umt of time r „ 11 - r 

o I 

so that in this system the mass of the aeroplane and the representative 
length are represented by unity and time intervals appear as ratios to 
the time required for the aeroplane to travel a distance /al whilst flying 
with the velocity V of the steady motion about which the small disturb- 
ances are to occur. 


To be consistent with these fundamentals the units which would 
have to be used to express the various quantities which appear in the 
equations are then as given in Table 1, in which it will be observed that 
all the quantities in the second and third columns are constants which 
must be known for the aeroplane before any calculation can be undertaken. 

Now suppose that every quantity in (17.1), (17.2) is divided by the 
appropriate expression in the third column of Table 1. This process 
reduces the equations to the dimensionless form which wc require and 
since it is equivalent to expressing the equations in terms of the con- 
sistent system of units in Table 1 , it does not destroy their validity. In 
order to avoid the unnecessary repetition of numerous symbols we now 
adopt the shortened notation of Table 2, in which column 1 shows the 
new symbols, column 2 the meaning of each symbol in terms of symbols 
previously employed, and column 3 shows the relation of some of the 
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new symbols to the dimensionless coefficients of the type employed in 
previous chapters. All expressions on one row of this table are exact 
equivalents. 

Table 1. Table 2. Symbols Used in the 

Units Employed in the Dimensionless System. Dimensionless Form of the 

Equations of Motion. 


Quantity 


Alter- 
nativeEx- 
prcssion 
i for Unit 


Mass . 
Length 


Velocity .... 
Angular Velocity 
Acceleration . . 


Moment 0 - 

T“ 

Moment of Inertia ml 2 

Force-Velocity derivatives ... ^ 

Force-Rotary derivatives ... 

Moment- Velocity derivatives . . ^ 

m l 2 

Moment-Rotary derivatives . . — 

Moment- Acceleration derivatives m l 


The quantities represented by k A , &/>*> 
h r , will be called the inertia coefficients 



1 

V 


T 

V 


1 

V 

<1 

T 

III 


l 

q r*s 

kA 

T 2 

mu 


ml 

Q V 2 S 

k b 

T 2 

V 


m V 

Q V*Sl 

kc 

T 2 

V 

— 

ynV 

mV 

X W 

rn 

qVS 

Xq 

X 

ml 

Q VS l 

— 

r 

7nl 

qVSI 

VI w 

X 


Mw 

7U V 

X 

q VS V 


ml 

qSV/i 

m q 


_A 

mV 

B 

mV 

C 

mV 
— A w 
q rs 
— 

qVSI 
— M w 
o V SI kn 

— Mw 
q S I 2 k 7 ? 
~ M q 
gVSVkn 

_ 

q V 2 Slks 


Angle between X axis 
and direction of motion 


of the aeroplane. The table does not - |and direction of mot 

contain all the symbols involved in the 

calculations, but merely a single representative of each type. For 
example, the quantity which would be represented in the new notation 
by l v corresponds to a moment caused by a velocity and is of the same 
type as m w which, appears in the table. The entries in columns 2 and 3, 
which would correspond to l v would be — LJ(qVS lk A ) and — k t Jk A 
respectively, the appropriate inertia coefficient being used for each 
moment component. 
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Some explanation is called for to justify the use of two different kinds 
of dimensionless coefficient to represent the derivatives, as in columns 
1 and 3 of Table 2. In dynamical calculations the type exemplified by 
m w in column 1 are the more convenient, since by their use unnecessary 
repetition of the inertia coefficients and the minus sign in the equation 
is avoided. On the other hand, when discussing experiments or calcul- 
ations to ascertain the values of these coefficients, the moments of in- 
ertia of the aeroplanes for which the coefficients are to be used are not 
known and it would be intolerable to make the recorded values dependent 
on arbitrary inertia coefficients. Even when the computations are made 
with a view to application to some definite aeroplane, rather than, as 
is more usual, to acquire information for general application, it will 
be realized that the inertia coefficients of the aeroplane are not fixed 
quantities, but vary with every change of loading. For these reasons 
coefficients of the type k mtr , which depend solely upon the external 
form of the aeroplane and on the wing incidence, are used throughout 
Chapters II and III, which discuss their magnitude, whilst the alternative 
form of column 1 are used in the present and subsequent chapters, which 
deal with their effect upon the aeroplane’s motion. As regards the force 
derivatives k XUi x u etc. the two types are identical except for the change 
of sign, but the appropriate symbol is employed to avoid the unnecessary 
mixing of symbols of different types in one calculation. 

21. The Equations o! Motion in Dimensionless Form. When this 
process has been earned through and the substitution of the symbols 
of column 1, Table 2 has been made, the equations of motion take the 
form (21.1), (21.2) below. 

U -\- x u u + X w w + (ju sin Q + x q ) q + ft k cos Ojqdt- 0 I 

z u u + w 4 - ZwW + (— /i cos Q + z q )q + /iksinG 1 Jqdt — 0 (21.1) 

m u u+ --—iv +m w w q 4- rn q q = /m 0 

v + y v V + (—jusinQ -f y v )p — fxkco80 l jpdt + 

+ (n cos Q + y r )v — /tik sin 0 1 jr dt = 0 
E 

1 V V+ p + l v p — A r + l r r =.-= fii 0 

E . 

n v v— (jP + npP + t + n r r = f m 0 

In this form of the equations the numerical values of all the symbols 
used are entirely independent of the units employed and all the con- 
stants but ii depend solely upon the shape, mass distribution, attitude, 
and direction of motion of the aeroplane. The influence upon the equa- 
tions of the size, velocity, and mass of the aeroplane and of the density 
of the air through which it flies are all represented in the single para- 
meter [j,. The variables u, v } etc. and t are written in bold face type 
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to indicate that they are expressed in terms of the units m i l , r. The solu- 
tions will contain u , v , etc. expressed as functions of t and will apply 
equally to all aeroplanes of given shape moving initially in a given way 
and having the given value of ft. When it is desired to convert the 
solutions so as to apply to a specified flight of a specified aeroplane in 
terms of specified units, it is merely necessary to multiply u> v, W , 
by V/jii ;/>,</ V, by V/jul, and t by r (or m/g V S ) ; where ju, V, l, S relate 
to the specified flight and are expressed in terms of the specified units. 

D. The Solutions of the Equations of Motion 

22. Introductory. The solutions of these equations of motion follow 
the usual procedure for linear, differential equations, the two groups 
being handled separately but on similar lines. For brevity we shall, 
throughout, handle the solutions in terms of the symbols appropriate 
to the symmetric or longitudinal group, noting in passing any small 
differences in procedure which may be necessary when the method is 
applied to the asymmetric group. 

23. The Complementary Function. We proceed first to find the com- 
plementary function , that is to say the solution when the applied couples 
represented by l 0 , m 0 , n 0 are zero. It is known that the solutions of 
equations of this type are such that the variables are related to their 
differential coefficients and integrals with respect to time, in the follow- 
ing manner. 

u = Xa; w — Xw; q^Xq; jqdt~X~ l q (23.1) 

where X is a real or complex constant having the same value for each 
variable. 

It follows that the solutions can be written in the form 
u-u 1 e > t ; W~ a\e xt \ q — q 1 e >t ; 0 = J qdt = i~ 1 q 1 e lt (23.2) 
in which tr lf q lt are real or complex constants. 

Replace u, iv, q y fqdt in (21.1) by the equivalent expressions of 

(23.2), thus reducing the differential equations to three algebraic equa- 
tions having three unknowns, namely X and the two ratios and 

H\l q v of which the last two may be written in the alternative form 
ti x : u \ : q v The unknown and the ratios K* : ti \ : q 1 are thus determinate. 

For convenience of reference we shall here make this substitution 
in both groups of equations, although we shall, as stated above, proceed 
subsequently in terms of the variables of the first group only. The 
result of this substitution is as given below. 

(A -I -x u )u 1 + x w (i„isinQ+ixlcco8 6 l X- l + x q )q 1 =0 

z u ii x + {X+ Zw) w 1 + (—pco8Q+pk8in 6 1 )r 1 + z q )q t ^0 (23.3) 

m u Mi 4- ^ ^ X + m w j Wj 4- (X + nbq)q l = 0 
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0> + Vv) + ( — jusinQ — jtikcosO l X~ 1 + y v ) p 1 + 

+ (ju cosQ — ju ksin 0 1 X~ 1 + y r ) V 1 — 0 

^17^1+ (^‘+ ^p)^l + ( -^-P.+ l T = 0 

n v v 1 + (-*H»p)pi+ (;.+ w r )f 1 = 0 


(23.4) 


The bold face letters are here the unknowns and it will be remembered 
that they are expressed in terms of the appropriate units in Table 1. 
)>, of course, need not have the same value in the two independent 
groups, but it has not been considered necessary to emphasize this by 
employing different symbols. 

For brevity rewrite (23.3) in the form 

a iUi + K u 'i + ciffi~0. 

« 2 Wi + f) 2 Wi + c 2 q 1 -= 0 (23.5) 

« 3 ^i + b s w i + C 3</l = 0 I 

Oj, b v Cj . . . are here constants involving the, as yet, unknown constant ). 
and the various constants in the equations of motion. For future 
reference the values of a v b 1 c x ... will be found by comparing (23.3) 
and (23.5). A similar shortened notation will be used in relation to (23.4). 


24. The Quartic Equation for Eliminate the ratio u 1 'W 1 'q 1 from 
(23.5), leaving the determinantal equation 

oq Cj 

a 2 b 2 c 2 : = 0 (24.1) 

a 3 b 3 c 3 i 

which, on expansion, will be found to contain the single unknown (/) 
raised to every integral power from 0 to 4. This quartic for ). has four 
roots, say )> v 2 2 , 2 3 , 2 4 , which may all be real or which may become 
complex in pairs. 


25. The Ratios v 1 Insert these four roots in turn into any 
two of (23.3) and for each value of the root find the corresponding value 
of the ratios u 1 :w 1 ’q v 

The fact that ?. x is a root of the quartic ensures that the same ratios 
V 1 :U\:q 1 will be found whichever pair of (23.3) is chosen for this purpose. 
Choosing the first two equations we have 


2^1 ^2’ W2 

Thus, for example, throughout the mode of motion corresponding 
to the root ). lf the portions of the variables u, U', q, which are given by 
this mode must be in the ratio given by (25.1) when the numerical value 
of this root is inserted in the quantities a v b x ... Since there are four 
roots to (24.1) there are four independent modes of motion which satisfy 
(21.1), with the right hand sides zero, in each of which 1 and the ratios 
tr.W'.q have definite values, different in each mode. 
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26. The Four Arbitrary Constants. For brevity write 


— 

Qi = 


c.a 2 — 

/ / Wi = a X U X 

b x c 2 —b 2 c x 1 1 1 


(X| ^2 




^ 1^2 ^ 2^1 


(26.1) 


where the suffixes applied to the symbols Mj, r/ 1; oq, and indicate 
that they relate to the root y> r 


The mode of motion corresponding to X x can now be written in the 
form u~u x e Xlt ; tr %= oq -u^'* ; q ~ P l n 1 e 7 ^ t 

in which is the only arbitrary constant and oq, are ratios indicated 

in (26.1). Since there are four roots of the quartic for ?. there will be four 
such arbitrary constants. 


27. General Form of the Complementary Function. Any combination 
of the four modes corresponding to the four roots of the equation for X 
will satisfy (21.1) with m 0 zero and the complementary function in its 
most general form can therefore be written 

ti = ti 1 e Xi *+ tl 2 e* lf + v 3 e 7it + w 4 e x «* 

W-- a + OL 2 U 2 e Xit + cc 3 U 3 e Xat + a 4 t* 4 e* 4t ^7 

0 — y x U 1 e ) '' t -f y 2 n 2 eM t + y 3 l/ 3 e As< + y 4 'M 4 e* 4< 
in which y l5 y 2 , y 3 , y 4 are, for uniformity of notation, written instead of 
A/>i, P 2 IX 29 PzlX 3 , A/>> 4 * The equation for 0 is not necessary to define the 
motion, but it will be required later and is added for convenience of 
reference. 

The right hand sides of these equations contain four arbitrary con- 
stants ti v K 2 , 1 / 3 , tf 4 and the independent variable t ; all the other 
quantities present can be determined by numerical computation, in 
accordance with the processes above described. 

When the roots are all real the motion consists of the sum of four 
modes, each containing an arbitrary constant, and in each of which the 
variables increase or decrease exponentially with time, according as 
the root is positive or negative, but throughout the whole time remain 
in constant ratios to each other; the interpretation when the roots are 
complex will be considered later. 

28. Initial Conditions. Tho equations can be made to satisfy four 
arbitrary intial conditions. When t = 0 we have, denoting initial values 
by suffix 0 . 

n 0 = fi x + */ 2 + ti 3 + ti A 

w 0 ~0L 1 v 1 + a 2 u 2 + oc 3 i#3 + a 4 W 4 

Qo = Pi v 1 + P2 U 2 + Pz li 3 + Pi l *4 

Oo = Vl^l + 72^2 + Yz'U 3 + 74^4 


(28.1) 
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(28.2) 


If we suppose tf 0 , W 0l q 0 , ft to be given, we require to find U lf 1# 2 > 
ti a , in terms of t/ 0 , tr 0 , q 0 , ft and the ratios cl v oc 2 . . . ft, ft e ^ c * 

Let the determinant | l x 1 2 1 3 1 4 

a i a 2 «3 a 4 

ft ft ft Pi 

Yi Y 2 Ys Yi 

where the symbols in the top row each represent unity but the suffixes 
are added for identification of the minor determinant. Let the minor 
determinant, derived by crossing out the row and column through any 
symbol such as a 2 , be represented by a 2 . 


Then A u r = + v 0 l x — W 0 oq + q 0 ft 1 — ft y x 

A t# 8 = — ?/ 0 1 2 ir 0 a 2 — <y 0 ft +ft y 2 

^W 8 =+«o 1 3 “ ! a 3 + */ 0 ft : — ft 73 ! 

- W 0 I 4 + Wq a 4 ?0 ft ft i Yl 1 


A Ui 


(28.3) 


Inserting these values for u ly W 2 , f/ 3 , f/ 4 in (27.1) gives a complete 
statement of the motion following any four given initial conditions. 

29. Solutions of the Asymmetric Group. In the solution of the asym- 
metric group the equation (p == p + r tan 0 1 replaces the simpler equa- 
tion 0 = q of the symmetric group. The solutions of the asymmetric 
group therefore take the form 


l\ t } " * + 


p>2* 


P 
r ■ 


: oq l\ e llt + a 2 V 2 -f 




o}'* t 


+ • • 


etc. 


(29.1) 


(p — y Y v 1 + y 2 v 2 e Xit + • • • 
where y 1 = 1 [a 4 + ft tan &A etc. 

Apart from this variation in the expression for (p the computations 
for the asymmetric group follow exactly the same procedure as for the 
symmetric, although, of course, the numbers involved may be very 
different. 


30. Complex Boots. The four roots of (24.1) may become complex 
in pairs. It will be sufficient to examine the treatment of one pair of 
complex roots. 

Let — *5 i H I ^2 ~ ^ ^ T ] 

where § and are real quantities and i stands for j/ — 1. The solutions 
then become u = 1 [ u 1 e { 1 1 + U 2 e~~ i * # ] + etc. 

W = e 1 n * + w 2 e~ * * *] + etc. ^ ^ 

q = e * 1 [ q x e l 1 -f- e ~ i # ] + etc. 

8 = ft e* '' f -|- ft * ** *] + etc. 

These can be rewritten in either of two alternative forms, both of which 
are of interest. 
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One of these forms is 

U — 2 ]/ Mj U 2 e* * cos >i t — tan ~ 1 i ~ ” 2 l] 4 . etc 

L «, + m 2 J 

which, with three similar equations for W, q, 0, show that the two modes 
combine to take the form of a damped oscillation. 

Now the ratios U 1 .W 1 .q l and u t :w 2 :(j 2 arc given hy (25.1). Let 
us suppose that, corresponding to the root /, » 4 - j ( j we have 

flu ivu fiw + i Vw fiq + ivq (30.2) 

The ft s and iv s being the real and imaginary parts of expressions such 
as a x b o — a 2 b v after inserting the complex value of the root. 

The corresponding ratios for the root l 2 § — iij are easily seen to be 


U 2 W 2 

fin — i i'u fiw — i v w 
Multiplying (30.2) and (30.3) yields 

Mi U 2 W x IV 2 

t*l + v l + 

. a 

u i -f it 


<h _ 

flq — i Vq 


( 1\ <h 


— 6, (say) 


ffq 4 - v\ 


a b 


(30.3) 


(30.4) 


Also 


" 2 = ftm-i vu 


q 

tan 


a — b 

■1 T Cf 2 flu a + b 

Now a and b are complex quantities which are complementary to one 
another, but are otherwise arbitrary, hence we may write ab ~ c and 
tan' 1 i(a — b)/(a + 6 ) — e, where c is a real arbitrary constant and e is 
a real arbitrary angle. The first three of (30.1) can therefore be written 
in the form. 


u — 2 c ~\j ul + v'l e> ' cos 
W — 2 c ]/ fi'l | r% c* * cos 
q=--2c y ft* -+ 


lit |- tan 1 Vu — e 

~f etc. 

I 1 " 

lit + tan 1 - w — e 

-f- etc. 



ii t + tan ~ 1 Vq — s 

L /'<? J 

~f~ etc. 


(30.5) 


Thus the pair of complex roots correspond to an oscillation of period 
2tz/}i and logarithmic increment The amplitude and phase of this 
oscillation are arbitrary but the ratios of the magnitude of the components 
and the phase differences between them are determinate and are as 
indicated above. 

For the purposes of numerical computation a more convenient form 
of the solution with complex roots is as follows. 

u — e^ # [(w x + u 2 ) COfn lt T — u 2 )sini]t\ -f ?tc. 
with three similar equations for w, q , and 0. 

From (30.2) and (30.3) we have 
fxw -\-Jjvw , fiw “ iv w 
flu — ivu 

(Mj+ M 2 ) + i 


U\ + IV 2 


, U 1 +■ 
flu H- 1 Vu 1 

flufliv + VuVw 

“ t l u + v l~ 


Uo 


ftuVW- 

t l u 


- fiw Vu 


(M 1 ~-M 2 ) 
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which may be written 

u\ + w 2 = A x l\ + A 2 Z 2 
similarly i (u\ — W 2 ) = A x ZJ 2 — A 2 L\ 

where Uj = u x + u 2 ; l / 2 = » (t/ x — w 2 ), whilst ^ and stand for 
the appropriate expressions involving jli ’ s and r’s. 

In a similar manner we have 


| 2 + 7 ? 

4 " " 


#1 + (?2 — ^1 ^2 4 ~ ^2 

* (#1 # 2 ) ~ -^1 ^2 ^2 ^1 

The fourth equation for 6 is transformed as follows 

0= J* qdt— J* + + etc. 

[(I — ii])q x e il A + (§ + ii() q 2 ^~ iHi \ + etc. 

' i (Qi * {/ 2 ) G0S ~H t 4 ~ ( ® (#1 ~ * # 2 ) § + 

+ (tfi + (/ 2 )>i)^^] + etc. 

= |2 _|_ ^2 [{(-® 1 § 4 * ^ 2 ^) ^ 7 1 + (-^ 2 $ ^ lh ) f 2 } c 05 > i ^ + 

+ 4 ^ 2 h) £ 7 2 — (# 2 $ — Bih) U\}simit] + etc. 

It will be convenient now to write 

r _ lh%+ B 2V. r B 2 $—B x // 

Cl “ '«•+>* '* 2 = $M : V~ 

The solution can be written as follows 

U — e$ f [ l\ cosiit + Z 2 sini]t\ + etc. 

W = + A 2 L\) cosiit + (A X ZJ 2 — A 2 Z\)sim^t] -f- etc. 

q — e$ t [(B 1 TJ 1 + B 2 TJ 2 ) cos i^t + (B x V 2 — B 2 IJ^sin jj /] + etc. 

0 = e^ t \(C 1 TJ 1 + C 2 JJ 2 ) cosi] t + (C x Zj 2 — C 2 Z\) shin ?] + etc. 

where JJ 1 and J7 2 are arbitrary and the values of ^4 2 , ^4 2 , B v B 2 , C v C 2 

are collected, for convenience of reference, as follows: 

ftufiu ? + v u v w 
+ v u 


( 30 . 6 ) 


A x 


^ fluVw flwVu ? 

“ 2 ~ /'« + »’« 


( 30 . 7 ) 


fiuflq -f" VuVq 

i l i+ v l 

ftuVq — fJiqVu 

B x % 4- B 2 ri 

jg 2 § — B 1 rj 
£ a -f yf 

The values of U v U 2 are found from the initial conditions by making 
t zero in the same way as when all roots are real. Thus when one pair 
of roots is imaginary and the other real the initial conditions yield 


B 1 

b 2 

C 1 = 
c. = 
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Uq — TJ^-t 0 -f- 'it 3 -j- u A 

w 0 A x IJ 1 + A 2 U 2 + a 3 ?/ 8 + a 4 te 4 

Qo — ^1 4 ' ^2 ^2 4 4 " ^4 ^4 

0 O — r/j ~f C 2 U 2 -f y 3 tl s + y 4 -M 4 

from which l/j, Z7 2 , w 3 , w 4 can be found as before. 


(30.8) 


31. Complex Roots in the Asymmetric Equations. The corresponding 
solutions for the asymmetric equations take a similar form with, again, 
a slight modification in the fourth equation. If the form be 


V — e$ l \ V 1 cos t + F 2 sini]t\ 4- etc. 

p = F x 4- 4i 2 V 2 )cosnt + V 2 — A 2 V^sini^t] + etc. ^ 

r = e^K^j F x 4- V 2 )cost]t 4- (#i V 2 — B 2 J\)siniit\ 4“ etc. 

<p ■-= [(Cj Fi 4- C* 2 F 2 ) cos tit, 4- ( ( \ V 2 — (\ Vi) sin lit] 4- etc. 

in which \\ and l 2 are arbitrary. The values of A lt „4 2 , B lf B 2 are 
related to the appropriate y s and r’s exactly as for the symmetric group, 
but the values of C\, C 2 are 

C\ — | 2 ,^ 7 -i [Mi 5 4- A 2 i) 4- (B x $ + B 2 ii)tanO^[ 

@2 *** 2" [(^2 5 4- A 4 q) {- (-^2^ + B 1 i^)tan0 1 \ 


E. Complete Solution with Constant Applied 
Control Couples 

32. No Roots Zero — Symmetric Croup. The above arc the general 
solutions of (21.1), (21.2) when the right hand sides are zero, that is to 
say, with suitable adjustments of the four arbitrary constants, they can 
be made to represent all possible motions of the aeroplane when acted 
upon by no forces or moments other than those represented on the left 
hand sides of these equations. This solution is described as the comple- 
mentary function of (21.1), (21.2). To find the possible motions of the 
aeroplane under the action of constant applied moments, such as are 
indicated on the right hand sides of these equations, we find any solution 
whatever of the whole equations and add it to the complementary func- 
tion. This single solution contains, of course, no arbitrary constant and 
is called a particular integral of the equation. When none of the roots 
are zero the simplest particular integral is that solution in which the 
motion is steady ; that is to say the solution — in the symmetric case — of 
the following three simultaneous algebraic equations: 

x u u 4~ x w w 4 - [i k cos 0 1 0 — 0 

z u u-\~ z w w 4 - /i1csin0 1 d = 0 (32.1) 

m u u 4 - m w w = 4 m o 

which is obtained from (21.1) by omitting all terms involving u, iv, 0 

( q), or q. 
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Let the solution of this be U ■ = u\ w = w\ 0 — 0', where u', w\ O' 
are constants whose magnitude varies in proportion to m 0 . 

The complete solution of (21.1) is obtained by adding the particular 
integral to the complementary function and is, therefore, 
u = u' + u x e klt + ti 2 e Aat 4- / t/ 3 e ; * af 4- u A e kit 

W = iv' + <x l li 1 e lit + a 8 «f 8 e*** + a 3 W 3 e ; ' #f + a 4 w 4 e*- e ^ 2) 

<1 = j8 1 «i 1 e A » l + /f 8 t# 8 e*«* + ft 3 l4 3 e ?it + /? 4 t# 4 e*«* 

0 + yi Uie Al1 + y 2 tt 2 e } ^ + 73^ 3 e ,s< + y 4 w 4 6*« # 

where t/ 4 , tij,, i/ 3 , i/ 4 are arbitrary, may be regarded as the independent 
variable and the numerical values of all other symbols on the right hand 
sides are known. 

If the initial values of u, w, q, 0 are known the corresponding values 
of the arbitrary constants are found, as before by making t zero and 
solving the four simultaneous linear equations. 

33. No Roots Zero — The Asymmetric Group. The particular integral — 
steady motion — of the asymmetric group is obtained from (21.2) by 
making v, p, r, cp all zero and since (p = p + v tan S x we must put 
p = — rtan0 v Since also, in (21.2), f [}) cos 0 X + r sin 0 x ]dt is equi- 
valent to (p cos 0 X the required particular integral is the solution of 

y v V 4- \p (cosD 4 sinQ tan 0 X ) 4- y r — y p tan 0 x \r — ft kcos & x cp = 0 
l v v 4 - [ l r — Ip tan 0 X ] r l () (33.1) 

n v t?4 f n r — n v tan 0 X \ r jn n y) 

Let the solutions of this be V = v', V — r', <p — cp' and therefore 
p‘ = r' tan @ v Then the complete solution of (21.2) is 
v = v' + iq + etc. 

p = — v* tan 6 X 4- a 4 v x e }it + etc. 

r = r f 4~ P x v x e Xit 4- etc. 

(p — (p + y x v x e }it 4- etc. 

in which V x , v 2 , t* 3 , V A are arbitrary and are found in terms of the initial 
disturbances by making t zero. 

34. One Root Zero — The Symmetric Group. When the constant term 
in the quartic for X happens to be zero one of the roots is zero and the 
complementary function contains one mode in which the variables do 
not change with time. The particular integral with U x , W v 6 X constant 
then does not exist or, stated in another way, if the root is regarded as 
becoming vanishingly small, the corresponding values of f/ 1? w v d x 
become infinitely large. The simplest form of the particular integral 
is then u = at 

w = w' 4- OL x at 
q ~ y x a 
d = O' 4 - y x at 



(33.2) 


(34.1) 
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where a*, y x have the same values as in the mode corresponding to the 
zero root and w\ O ' , a are constants. These constants are found by 
substituting from (34.1) in (21.1), observing that all terms containing t 
vanish identically; because, on dividing them throughout by t the remain- 
der is identical with (23.3) when X is zero and the variables ft , W 9 q y 0 
are in the ratio 1:^:0:^ which, in this special case causes the three 
equations to vanish identically. 

The result of this substitution is 

w* + 1 + yijusinQ + y x x q a -f pikcos0 x 0' — 0 

z w iv' + \ql x — y 1 jucosQ -f y x z q a -f jLcksinO x 0' — 0 

W’W W + - a x + y x rn q a /n m Q 

from which w', «, O' can be found in terms of ra 0 . The complete solution 

is then U — at + n x -|- U 2 e ?it + etc. 

W ” W f + CL ± at + oq If i + a 2 ?/ 2 e* 2< + etc. 
q = y x a + ft + etc. 

0 — O' + + }t m i -t- + etc. 


35. One Root Zero — The Asymmetric Group. The process of solving 
the asymmetric group of equations in this special case follows similar 
lines but is more complicated. The simplest form of the particular 

integral is now v = at 

pm y x a — v r tan 0 X — ft tan 0 x at 
r— r’ + p x at 

(p — (p + y x at 

where ft and y 1 have the same values as in the mode corresponding to 
the zero root and r <p', a are constants to be determined. The expression 
iorp in the above is obtained from the relation p + r tan G x — (p = y x a. 
v cp a are next found by substituting (35.1) in (21.2) and noting that 
terms containing t vanish identically leaving (35.2) below. 


(35.1) 


[1 — y x /asinQ + yi!/ p ]a + \fi(cosQ 4- sinQtanO x ) + 

+ y r — y v tan 0 X \ r' — jakcos0 x (p =■= 0 


— /? 1 (to»0 1 + ^+yjv 

a + 

\l r — l P tan (ft)/*' 

= t* l 0 

PiU + jtanO x )+ 

a + 

[n r — n p tan0 x ] r 

= fin 0 

The complete solution then takes the form 


V = 


a t -f~ t’j -p 

V 2 e hit -f- etc. 


p = y^a — r f tan0 x — p x tan0 x at — ft tan 0 X V X + a 2 v 2 e* jt + etc. 
r= r' -f ft dt+ fi x V x + ft v 2 e M + etc. 

(p=z (p f + y 1 at+ y l V x + y 2 V 2 e Xit + etc. 
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36. Two Roots Zero. When two roots of the quartic for X are zero, 
as may sometimes occur when dealing with the asymmetric equations 
for stalled motion, the particular integral involves both linear and 
quadratic terms in t. The process is then somewhat complicated, but 
follows similar lines to those when one root only is zero. 

37. Case of Equal Roots. One other special case, that of two roots 
equal, requires attention, though it is of less practical importance than 
the case of one root zero. 

Let there be two equal roots X v then the symmetric solution takes 
the form 

U " ■ [Uj + It 2 f] e llt + t/ 3 « ; * ,f + u A e ? " 1 

W = a x [Uj + U 2 f] e } " 1 + a 3 W 3 e* s * + a 4 W 4 e >4< 

q— /?i [if x + il 2 1] eM* + /? 3 it 2 eM* + /? 4 u A eM 

6 — + ^1 + e?lt + -I- 

the asymmetric solutions in this case take the same form but with the 
modification arising from the fact that the relation (jp — p + V tan 6 1 
replaces 0 = q. 

The solutions in the preceding sections have been given in a general 
form, which it is hoped will prove useful to readers who intend to carry 
out for themselves numerical computations of the type illustrated in 
Chapters VI and VII. In this general form they are inevitably some- 
what complicated, but it will be realized, after reading Chapters VI 
and VII, that in any particular computation they can as a rule be 
greatly simplified by choosing conditions in which some of the quan- 
tities, such as Q or 0, are zero and by neglecting quantities, such as E , 
y v , y r which may be too small to influence the motion appreciably. 

CHAPTER VI 

NUMERICAL SOLUTION OF THE SYMMETRIC 
EQUATIONS OF CHAPTER V 

1. Introduction. In this chapter the equations which were developed 
in Chapter V to represent the motion of an aeroplane subjected to 
infinitesimal symmetric disturbances from steady symmetric flight are 
studied, with regard to the numerical values of the quantities involved 
for a typical aeroplane. The movements following on certain initial 
disturbances are first computed and displayed graphically and then 
the approximations commonly employed when a rough survey only of 
the nature of the motion is required, are discussed with numerical 
examples. 

2. Notation and Axes. The notation of Chapter V will be used, with 
the exception that the representative length used in defining dimension- 
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less coefficients will now be specified as the mean wing chord (II 46) 
and given the symbol c instead of the symbol Z, which was used in 
Chapter V for some unspecified representative length. For the con- 
venience of the reader, some of the salient features of the system of 
notation are now restated. 

Capital letters with suffix (1) such as U lf 0 lt etc. stand for values in 
the steady motion. Plain capitals such as U , 0, etc. stand for the values 
in disturbed motion. The differences between the disturbed and steady 
motion are represented by small letters, thus: — 

U = U 1 + u\ 0 = + d\ etc. 

All disturbances from the steady motion 
will be regarded as infinitesimal, so that the 
prefix d of the calculus may or may not be \ 
attached to a small symbol without altering its 
meaning ; thus d u has the same meaning as u. 

The small symbols such as u will be generally 
employed, for brevity, but the prefix d will be 
attached when it is desirable to indicate that 
some standard process of the differential calculus 
is being used. As in Chapter V, the symbol V 
will be used for the resultant velocity of the c.g. 
of the aeroplane during the steady motion. 

Before proceeding to solve the equations it is 
necessary to choose the direction of the X and Z 
axes which, in Chapter V, were defined merely * lg * 54, ^a n axes. 8ymmet,T 
as lying in the plane of symmetry. Later in the 

present chapter it is convenient to choose the X axis parallel to the 
direction of motion, so as to make Q = 0, but for the present it will be 
more convenient to make the X axis parallel to the wing chord and so 
have it fixed permanently in the aeroplane, no matter what the incidence 
of the steady motion may be. These axes will be called chord axes. 

With this choice of axes the angle Q between the X axis and the 
direction of the steady flight becomes equal to the wing incidence; 
we shall therefore change this symbol to A x and write A — A 1 + a, 
where A is the incidence in disturbed motion, and a the difference between 
the incidence in disturbed motion and the incidence in steady motion. 
Note that the rate of change of incidence with respect to time may be 

written either A or a, and that differential coefficients with respect to 

d d 

incidence may be written either ^ or ^ . 

3. Evaluation of the Derivatives. We have next to consider the 
methods by which the various derivatives of V (21.1) can be evaluated 
numerically. These derivatives are to some extent influenced by the 

Aerodynamic Theory V 10 
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airscrew, but for simplicity we shall carry out the detailed computation 
for a gliding aeroplane with airscrew stopped or turning idly and controls 
held fixed. The influence of the airscrew will be considered later. 

4. The Force- Velocity Derivatives. The four derivatives x U) x W) z Ui z w 
depend upon the values of the lift and drag coefficients for the whole 
aeroplane and upon their rates of change with incidence. We have 
now to obtain expressions for these derivatives in terms of lift and drag. 

From the definition of x u we have 


■qVSx u — — = gu \e r* sk x ] = e s k x 2 v 1 


Therefore 


■*u = k x 2~ + V 1 - 


Similarly — x w = k x 2 \ 

The suffix (1) indicates that the values relate to the steady motion. 
Now V 2 — U 2 + W 2 

Therefore \\dV — U x dU + W x dW 

XT dV U x 

Hence ^- rT - = y- = cos A x 


and W = v\ = sinA i I 

Again, if dA is the change of incidence due to small changes dU 

and dW in the velocity components U and W, which may be supposed 

to occur whilst the orientation of the aeroplane remains unchanged, 

then, by resolving perpendicularly to the direction of the steady motion, 

it is easily seen that 

V x dA — — d U sin A x + d W cos A x 

mi - 3A cosA x dA sin A, 

Therefore gyf - — ^ ; g ^ (4.3) 

Since k x is a function of A only we may now write 


wr dlc X 

v 1 dW 


y r d kx d A 
V 1 d A dU ^ — 
1 dk x dA . 

v 1 Ta jw = + 


3 — r sm A, 

dA 1 

dk x A 

d A cos A i 


Using (4.1) and (4.2) and applying a similar process to z u and z w 


we find 


■ 2 k x cos A x + sin A x 


2k z cos A x 


sin A x 


— XT 008 ^ sin A x 

— A A 608 ^ k z sin A x 
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We have also, by direct resolution of forces 


1c x -- kj) cos A 1 -f- kj^ sin A ^ 
k z ■= — k L cos A r — k n sin A 1 


(4.6) 


If we possess curves relating k L and k D for the whole aeroplane to 
the wing incidence A, we can deduce from these, using (4.6) curves 
for k x and k z \ from the slopes of these we can find dkJdA and dkJdA 
and so obtain the derivatives from (4.5). Alternatively we may differ- 
entiate (4.6) to obtain 


= sin ^ l ms A x cos A x +- sin A x 

= k L sin A j — k D cos A l — cos A j — ~~ sin A L 


(4.7) 


Using (4.6) and (4.7), Equation (4.5) becomes 

x u — 2 k I )Cos 2 A l — -f k L ) jcosA 1 sinA 1 + + bo) sin 1 A 1 

z u — 2 k Ij cos 2 A l — ( — k D ^cosA 1 smA 1 — — kj \ sin 2 A x 

x w = — k L y,os 2 A 1 — ( ^ — k D ) cos A 1 sinA 1 — 2k Jj sin 2 A x 

Si© + k L ) jcosA 1 sin A t + 2k n sin 2 A 1 

The four derivatives can thus be obtained directly from curves of k Jj 
and kj) against incidence. We note that when the X axis coincides 
with the direction of motion, which with the present choice of axes 
occurs when the inc idence is zero, the derivatives are given by the first 
column on the right hand side of (4.8) with cos 2 A unity. 


5. Force-Rotary Derivatives. The derivative x q is always negligible 
and will in future be omitted from the equations. 

In normal flight the effect of z q is small and a rough estimate of its 
value will be sufficient. In stalled flight there is some evidence that it 
may be important, but at incidences near the stall so little is known 
about it that we shall not include it in the numerical examples relating 
to stalled flight. 

H. Glauert has calculated the value of k zq for wings alone at small 
incidences (Ref. 9 of Chap. II). For our present purpose it will be suf- 
ficient to summarize his result by taking for wings alone, k zq = — 1.0 
for all positions of the c.g. between 0.3 c and 0.4 c behind the leading edge. 

To estimate the contribution of the tail to k z q we note that its contri- 
bution to the moment M is always l times its contribution to Z, where 
l is its effective distance behind the c.g. Therefore (Tail only) 

_ Zq 1 Mq c M' q __ c , 

Kzq ~ qV S c “ l qFSc l qVSc 2 l mq 


10 * 
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The contribution of the body to k zq may generally be neglected, 
so that we have as an approximation to z qi for the whole aeroplane in 

normal flight z q = — k zq = 1.0 — jk' rnq (5.1) 


6. Moment- Velocity Derivatives. m xl and m w are related primarily 
to the coefficient of static stability dk M ldA of Chapter II. We have 

— q VSck B m u — -~- 

From which, as for the force derivatives: 

— ks m u — k m 2 cos A x — sinA 1 

But, since k m in the above equation relates to steady motion, its value 
is zero. 

Hence m u — -r— sin A 1 ~ — . 1 H sin A , 

u ks oA 1 kn dA 1 i) 

. .i ■» 1 & k j\j j 1 yj dk[j . 

Similarly m w = - cos A 1 = - £ ~ H dA cos A l 

where H is the metacentric ratio of II 8. 


7. Moment-Rotary Derivatives. The value of k mq has already been 
discussed in II 43, where it was decided that in the present state of 
knowledge a good estimate is obtained by writing 

, __ S'V 2 „ 

Kmq — K?nq 


and taking 
Thus 


k' 7 ^ lq from the mean curve of Fig. 30, Chapter TT. 

kmq S'l' 2 kfn q 

q kn Sc 2 ku 


8. The Derivative m tc * We have agreed (see V 6) to neglect the 
direct effects of acceleration upon the air-reactions, even though this 
neglect may introduce some error into the more rapidly changing motions 
in the solutions of our equation. We found, nevertheless, that a term 
involving m ^ must be retained in the equations to represent the fact 
that the downwash felt at the tail is more nearly that generated by the 
wings when they passed the present position of the tail than that being 
generated by them at the instant under consideration. We estimate the 
magnitude of this term as follows: 

Let a be the change of incidence from the value A 1 of steady flight, 
due exclusively to a change (w) of the W component from the value W 1 
of steady flight. Then — see (4.3), 

a cm A x 

Iv ~ \\ 


a is therefore directly proportional to w , 

doc cos A x 

d w ~~V] 


hence 
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Now we have decided to regard the effect of w on the pitching moment 
(M) as being entirely due to the influence of tb on a and we may there- 
of. __ dM dM dec dM cx>s A 1 

JU lr — - - = — = — 

dw 


fore write 


dw dec dw d& V 1 

But we found (II 40) that dMjdoL = M' q de/doc, where e is the downwash 
from the wings at the position of the tail, and M q is that part of M q 
which is contributed by the tail only. Therefore, 

_ . M w de Mq . dt: , . a _ . 

= ^ cos A i = da m 'i cosA i < 8 - ] ) 

9. Choice of Numerical Examples. The numerical values used in the 
computations will be based upon the B.F.2b or Bristol Fighter, a tractor 
biplane of conventional design in the British Royal Air Force of the 
war period ; this aeroplane has been much used for research and therefore, 
its aerodynamic characteristics are exceptionally well known. 

To take concrete examples it will be assumed that 

Air-density — 0.0020 slugs per cu. ft. 

Wing area 8 405 sq. ft. 

Mean wing chord c — 5.17 ft. 

Aeroplane mass — 96 slugs 

Aeroplane moment of inertia B- 1925 slugs ft 2 . 

The air-density is here appropriate to a height of about 6,000 feet 
above sea level and the mass of the aeroplane corresponds to a weight 
of about 3090 lb., giving a wing loading of 7.6 lb. per sq. ft. 

With these values we have 



m 

q Sc 


23.0 


,i . — 0.75 

m 


10. The Derivatives. The numerical values of those coefficients and 
derivatives which vary with the wing incidence are plotted in Fig. 55 
over an incidence range from 0° to 30°. Figure 55a shows the lift and 
drag coefficients and the resultant force coefficient k which is indistin- 
guishable from the lift coefficient below about 18° incidence. Figure 55b 
shows the inclination of the X axis to the horizontal, obtained by sub- 
tracting the gliding angle y (= tan" 1 k D /k r ) from the incidence. The 
remaining four figures show the nine derivatives in the form which does 
not contain the moment of inertia of the aeroplane. To convert these 
to the x„ form required for the calculation it is necessary to change the 
sign and divide the moment derivatives by the inertia coefficient (k n ) 
which, in this case, has the value 0.75. 

It will be noted that rapid changes in the values of the derivatives 
begin shortly after 10° incidence, which may be considered as about 
the highest incidence of normal flight. The range of incidences above 
10° is very little used in flight, except in the last moments just before 
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contact with the ground, or during severe stunts. The changes charac- 
teristic of the “stall” are fully developed by about 20° incidence. The 
majority of aeroplanes have elevators sufficiently powerful to retain 
longitudinal equilibrium up to some 20° — 25° incidence only. Steady 
flight above these incidences is therefore very unusual. 



Fig. 55. Symmetric Derivatives and Coefficients of a Typical Aeroplane BF2b. 

11. The Examples Specified. The conditions chosen to furnish illus- 
trative examples are as follows: 

1. Gliding with incidence 3°. This gives k L = 0.20 and V = 138 ft. 
per sec., or 94 miles per hour and therefore r — m/gVS ~ 0.85. The 
gliding angle y is 10° and the wing chord makes an angle © x — — 7° 
with the horizontal. A pilot would describe this as a moderately steep 
and fast glide. 

2. Gliding with incidence 10°. This gives k L — 0.40 and V = 98 ft. 
per sec. or 66-1/2 m.p.h. and therefore r = 1.25. y is now 8.5° and there- 
fore is 1.5°. This corresponds to about the slowest speed at which the 
average pilot would attempt to approach a landing ground. 

3. Gliding with incidence 20°. This gives k r = 0.55 and 1^ — 83 ft. 
per sec. or 56 miles per hour and therefore r = 1.44. y is now 17.5° 
and 0j is + 2.5°. This represents a fully stalled glide with the aeroplane 
descending very steeply. 
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In conditions (1) and (2) the equations will be solved for three values 

of the metacentric ratio, such that H = ± .03, H = 0, H = .03. 

These correspond to the aeroplane with its c.g. adjusted so as to make 
it statically stable, neutral and unstable, respectively. Reference to 
II 26 shows that on the Bristol Fighter the corresponding positions of 
the c.g. are distant, respectively, about 0.33 c, 0.36 c, and 0.39 c behind 
the leading edge of the mean chord. This range of c.g. positions is 
roughly what might be expected to occur in service, the last figure 
corresponding to a case of severe overloading. 

Small changes of c.g. position, of this order of magnitude, do not 
appreciably influence any of the derivatives except m w arid m u . These, 
in normal flight, will be zero when the aeroplane is statically neutral, 
( H — 0), and will have values, when H is not zero, as follows: 

1 die j 1 

m w H k d A cox A x — ± 0.03 x - () 75 X 1 .7 cox A , = ± 0.068 cos A , 

1 {l.lcj 

m u — ■ — H ^ & A s * n A i ~ -F 0.068 sin A x 

The upper sign refers to the stable c.g. position. 

These values are not shown in Fig. 55 e which may be taken to refer 


to an aeroplane which has the c.g. 




adjusted so as to make it static Table L Constants in the Examples 

ally neutral in normal flight. 




In the stalled condition the ^ 

3° 

10° 

20° 

aeroplane is essentially very stable T 

0.85 

1.25 

1.44 

statically and the stability is but £ 

0.20 

0.40 

0.55 

slightly influenced by changes 


+ 1.5° 

~ 2.5° 

of c.g. position. One computation Xu 

0.04 

0.04 

—0.20 

only, will therefore be made in the " r ~~ 

^0715“ 

—0.31 

±0.50 

stalled state; for this we shall x 

— 

— 

— 

suppose the c.g. to be distant Zu 

0.30 

0.50 

1.1 

0.36 of the chord from the leading ^ 

1.75 

1.75 

0.35 

edge. ~z q ~ 

1.49 

1.39 

0? 

12. The Constants Tabulated. m u 

•f 0.003 

^ 0.012 

—0.45 

We have now sufficient data to m w 

i0.07 

±0.07 

1.00 

evaluate all the constants which m Q 

1.9 

1.6 

0.4? 

appear in the equations of motion 

0.9 

0.72 

0? 

for the seven conditions chosen 





for numerical solution. The numerical values of these constants are 
collected in Table 1, in which the alternative signs given to the 
values of m u and m w relate to the stable and unstable c.g. positions, 
the upper sign to the stable condition. In the neutral condition m u 
and m w are zero. 
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A. The Complementary Function 

13. The Equations of Motion. Writing the variables in the form 
u = Uie lt ; w = u\e xt \ q = q x e kt , where u ly w v q v X are constant. 
Replacing Q by A x and making m 0 zero leaves the equations of motion, 
see V (23.3) in the form 

(P. -f x u ) u x + x w u\ 4- (fi k cos 0 X X~ 1 + 

4- (i sin A x + x q ) q x = 0 

z u u 1 -\- (A t W 1 (/Ltksin0 1 X 1 — 

— jLtcosA l + z q ) q 1 ^= 0 

m u X + w x 4- (A + Wq) Qi -= 0 

For reference later these will be written in the shortened form 

a 1 v 1 + V"'i4 c i*/i —0 

a 2 ti 1 + b 2 tt\ 4- c 2 q 1 = 0 (13.2) 

« 3 Wi 4- M*T + <VVi = 0 

Values of X which satisfy these simultaneous equations are obtained by 
expanding the determinantal equation 

a i c i j 

a 2 b 2 c 2 \ — 0 ( 13 . 3 ) 

C 3 

to give a quartic equation for X which we will write in the form 

;. 4 + bx 3 f ax 2 4- £>;. 4- e - 0 (13.4) 

14. The Quartic for X . The full expressions for the coefficients of 
this equation, together with their numerical values for the three condi- 
tions of flight represented in Table 1 are given in Table 2. The majority 
of the terms in these expressions are so small that they can safely be 
neglected in routine calculation, in which great accuracy of computation 
would be meaningless on account of the uncertainties in the numerical 
estimation of the derivatives upon which the calculation depends. The 
whole of the terms have, however, been included here to enable the 
reader, who contemplates proceeding with similar calculations, to 
ascertain at the start which terms are likely to be important and which 
he can regard as negligible. 

The figures here tabulated cover the normal ranges of incidence 
and c.g. position used in flight, and since aeroplanes do not differ greatly 
from one another in their proportions, the figures in the tables, being 
in dimensionless form, are roughly representative of all aeroplanes 
of conventional design for which the value of [a is in the neighborhood 
of 23. 

15. Information from Inspection of the Quartic for When the 
numerical values of the coefficients of this quartic equation are known, 
as for example, in the totals of Table 2, it is possible immediately, to 
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obtain some information about the nature of the motion to which it 
refers, without actually finding the roots of the equation or examining 
the effects of given initial conditions. 


Table 2. Constitution of the Coefficients of the Quartic for X. 



B 



C 

Incidence 

3° 

10° 

20° 

Incidence 

3° 

10° 

20° 

x u 

.04 

.04 

—.20 

%u Zw 

.07 

.07 

—.07 

z w 

1.75 

1.75 

.35 

Zu 

.04 

.16 

—.55 

™q 

1.90 

1.60 

.4 

m q Z w 

3.32 

2.80 

.14 

Zqlt* 

—.06 

—.04 


M W Zq 

=F -10 

± .09 

.00 

-f- nhv cos A 1 

.90 

.70 


m q X u 

.08 

.06 

—.08 

Total 

4.53 

4.05 

.55 

H m w cos Ay 

±1.61 

±1.57 

21.35 


D 



— fi m u sin Ay 

± .00 

± .05 

3.51 

——--^44 


— 

— 

— -k My r sin Gy 

.02 

— .01 


Incidence 

3° 

10° 

20° 

M w x u COS Ay 

.04 

.03 






Mw z u sin Ay 

.01 

.06 


m q x u z w 

.132 

.110 

- -.03 


.00 

.00 


Mq %U) Zu 

.086 

.250 

—.22 

Stable 

5.10 

4.69 

24.3 

— fim u x w cos A l 

±.010 

±.084 

” ~4.82~ 

Neutral 

3.59 

3.17 


fi m w x u cos A l 

±.064 

±.063 

—4.28 

Unstable 

2.08 

" 1.65 


Zq M u Xtv 

±.001 

±.005 



E 



— Zq M w Xy 

±.004 

±.004 






— H k m u cos G y 

±.014 

±.110 

5.(58 

Incidence 

3° 

10° 

20° 

— jli k m w sin G x 

±.039 

±.017 

—.56 





H z u mw sin Ay 

±.024 

±.136 

8.59 

— likm, u z w cos Gy 

±.024 

±.193 

1.98 

— /i Zyj My sin Ay 

±.006 

±.082 

1.23 

fikM w z u cos Gy 

±.096 

±.321 

13.90 

k My 3 Z)i COS Gy 

.053 

.142 


fikm u x w sin Gy 

.000 

±.001 

—.13 

k Wyy x u sin Gy 

.001 

.000 


nkm w x u sin Gy 

±.002 

±.001 

.11 

Stable 

.406 

.793 

15^3 

Stable 

~±J22 

±.514 

15.87 

Neutral 

.272 

.502 


Neutral 




Unstable 

.138 

.218 


Unstable 

--.122 

—.514 



If, in the equation ;. 4 + B + C + D ). + E = 0, the coeffi- 
cients are all positive, the solution can contain no real positive root and 
the motion to which it relates therefore contains no mode which increases 
continuously as an exponential function of time. If, in addition, the 
quantity BCD — D t — EB i , known as Routh's discriminant (Ref. 1) 
is positive, no real part of any complex root is positive and the motion 
contains no oscillation which increases with time. Hence if all the 
coefficients and Routh’s discriminant are positive and not zero, any 
disturbance from steady flight will eventually subside and the motion 
be completely stable. If the coefficient E becomes zero, one of the 
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roots is zero and there is one mode of motion which can continue inde- 
finitely without change, so that the equilibrium is neutral. If Routh’a 
discriminant is zero the motion contains an oscillation which can continue 
without change and the equilibrium is neutral in this special sense. If 
one of the coefficients or Routh’s discriminant becomes negative, then 
there is present, respectively, either an increasing exponential term or 
an increasing oscillation and, in general, disturbances will increase until 
the condition of small displacement, implicit in the equation, ceases to 
apply. 

16. Values of X and of the Ratio We shall, however, 

proceed to solve the quartics indicated in Table 6 to find the values of 
the four roots 1 X v X 2 , X 3 , vt 4 and the corresponding ratios U\- IV i: (fo* 
U 2 ‘iv 2 :q 2 , ti s : w 3 : q 3i u^:w A q A , which are found by inserting the 
appropriate value of the root into any two of the three equations of 
motion and then eliminating u v tr x and q 1 in turn. We shall use the 
first and third equations for this purpose because, in this manner, we 
shall have to deal with the fewest terms. The values found can then be 
inserted into the second equation to provide a useful check on the 
arithmetical -accuracy of the solutions up to this stage; this has been 
done but the check figures are not here given. 

The required ratios may be written 


n i = w i = <lx 

^1 ^3 ^3 ^1 C 1 ^3 a i (l l ^3 ^1 

Expand the denominators of these ratios and arrange in descending 
powers* of / as in the following scheme: 


ti : B u X + C u D u X 1 

w :A W X 2 -f- B W X + ( w B w X~ 1 
<j:A q l* + B q X + C q 


(16.1) 


1 Quartic equations with numerical coefficients and at least one pair of real 
roots are easily solved by trial and error as follows. Guess a value for the root; 
substitute this value for X and work out the value of the expression X x + BX* + 
Cj l 2 + DX -f* E = A (say). If this value is not zero, make a second guess which 
by inspection is expected to give a value more nearly zero. Plot A against the 
guessed roots and draw a line through the two points to cut the axis of zero A. 
If the original guess has been made with discrimination the abscissa at this point 
will closely approximate to one of the roots. As a check insert this new value 
in the quartic expression and plot as before; if the new point does not lie on the 
axis, draw a curve through the three points now available and produce, if necessary, 
to cut the axis. With a little practice, and particularly when solving series of 
quartics, two real roots, if they exist, can be discovered in this way with very 
little labour. Combining these into a quadratic expression and dividing into the 
quartic expression gives the other quadratic roots. The accuracy with which the 
first roots have been determined is indicated by the smallness of the remainder 
after this division. If there are no real roots it is necessary first to reduce the 
quartic to cubic form by methods which can be found in any treatise on algebra. 
One root of this cubic must be real and can be found as above. 



Table 3. Quantities which Determine the Ratios Between the Variables. 
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Table 4. The Ratios of the Variables in Each Mode. 
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Incidence 3° Incidence 10° 



,073±4.87i 1 — .30 ± 
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where the coefficients B u , C w etc. contain the derivatives, etc. The 
forms of these coefficients, together with their numerical values in the 
various circumstances chosen for illustration are shown in Table 3. 
As before the rb sign before any term shows that its value must be 
taken as positive, zero or negative, according as the stable, neutral, 
or unstable condition is under consideration. The upper sign relates 
to the stable condition. 

From Table 3 it is possible to obtain some idea of the importance of 
particular term or derivative, in determining the ratios in which 
the variables occur in any particular mode, remembering, of course, 
that the A and B coefficients are the more important in relation to 
rapidly changing modes in which is large, whilst the C and D coeffi- 
cients are the more important in slowly changing modes of motion, in 
which ). is small. 

When the numerical values of the roots h v A 3 , ;. 4 etc. are inserted 
in (16.1), using the appropriate values of the coefficients, given in Table 3, 
the ratios appropriate to each root are found ; these are set out in Table 4. 
When the roots are real the numbers taken from (16.1) have been divided 
by a common factor in order to reduce one of them to unity. 

The meaning of the complex ratios, associated with the complex 
roots, has been explained in V 30. It will be recalled that, writing the 
complex quantities tabulated in the form + iv, the relative amplitudes 
of the oscillations of the three independent variables are in the ratio 
indicated by the values of j/y 2 +r 2 and the relative phases differ by 
the angles tan~^v\(i. 

The equations of motion have now been completely solved in general 
terms. They consist of exponential and oscillatory terms, or modes 
of motion, with known exponents and frequencies and with known 
ratios between the variables of each mode. The separate modes are, 
however, entirely independent and can be combined in any proportions 
whatever without violating the equations of motion. There are, in fact, 
four arbitrary constants at our choice, so that the modes can be combined 
in a way to suit any four arbitrary initial conditions. 

B. Complete Solutions and Initial Conditions 

17. Choice of Initial Conditions. To complete the illustration the ar- 
bitrary constants have been computed to fit three different initial 
conditions as follows: 

a) An initial value of u equal to u 0 which may be visualized as 
occurring when the aeroplane, flying steadily, passes suddenly into 
a gust, blowing parallel to the X axis, which increases the velocity 
parallel to the X axis by an amount t# 0 . Alternatively the aeroplane may 
be conceived to have experienced a forward impulse which changes the 
speed parallel to the X axis by this amount. 



Table 5. Complete Solutions with Given Initial Conditions. 
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Cruising Speed (&x. = 0.2). Incidence = 3°. 















Ta.ble 5 (Continued). 
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Slow Speed (hi, — 0.4). Incidence = 10°. 
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b) An initial value of w equal to ir 0 corresponding to sudden passage 
into an up current of strength w 0 flowing parallel to the Z axis. A fairly 
close approximation to this disturbance is a common experience in 
flight. Such a disturbance is colloquially described as a “bump”, for 
reasons which will appear when the resulting motion is examined. 

c) A sudden change of elevator angle sufficient to generate an 
unbalanced pitching moment represented by m 0 . 

18. Complete Solutions in Dimensionless Form. The numerical com- 
putations involved in finding the arbitrary constants to fit these initial 
conditions are heavy, they involve amongst other things, tho solution 
of four simultaneous equations with four variables. The processes have 
been described in detail in V 28 et seq ., so that no useful purpose will 
be served by reproducing the elaborate arithmetic. Checks can easily 
be provided at various stages of the computation, by substituting back 
in the equations etc. and observing the precision with which they are 
satisfied. 

Table 5 gives the coefficients of the various terms in the solutions 
for the three chosen types of disturbance in each of the seven conditions 
for which tne equations have been solved. 

To find from this table the form of the disturbance following any 
given initial disturbance the appropriate numbers are multiplied by 
the expressions on the extreme left of the row in which they lie and the 
separate terms applying to any given component of the motion are 
added together. For example, the component of the motion following a 
sudden elevator movement which produces a pitching moment represented 
by m 0 on the neutral aeroplane flying at 3° incidence is given by 

— = 1.5 e — 3-54 * + 7.4 e" ai * — 30.6 e ' 08J ‘ -|- 21.7 + 9.7 t 
«. 0 1 

The effect of two or more disturbing causes acting simultaneously is, 
of course, obtained by adding appropriate expressions. 

19. Conditions to which the Solutions Apply. In tho dimensionless 
form here adopted these solutions apply equally to all aeroplanes of the 
same external shape as the one chosen for examination, provided that 
the inertia coefficient (k B ) and the similarity criterion (/u) are the same. 
The designer generally strives to keep k B as low as he can and, as a 
matter of fact, it does not, at the present time, differ very greatly from 
one aeroplane to another. 

The similarity criterion (ju = m/gSc) is proportional to the loading 
of the wings per unit area (mg/S) and inversely proportional to the wing 
chord (c). The value fx = 23, used in these computations was, as 
already mentioned, from the Bristol Fighter aeroplane, for which the 
wing loading was 7.6 lb. per sq. ft. and the mean chord 5.17 ft. Wing 
loading and chord might both be twice as large as these in a modem 
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civil transport aeroplane and half as large as these in a light glider. 
In either type, therefore p would remain in the neighborhood^ the 
value (23) used in the illustration. On the other hand a racing aero- 
plane or small military pursuit aeroplane might have wing chord less 
than above, with wing loading of the order 20 lb. per sq. ft., so that /x 
would be roughly four times as great as here assumed. A very heavily 
loaded small pilotless aeroplane might have /x even higher than this. 

It will also be observed on inspecting Table 2 that, with the exception 
of some entirely unimportant terms containing m ^ , fi only occurs as a 
multiplier of the derivatives rn w and rn u which are themselves pro- 
portional to the metaoentrie ratio (H). This confirms the conclusion 
reached by more approximate methods in IY T 22 that two similar aero- 
planes, flying with different values of (x , will behave, as regards small 
symmetric disturbances from steady flight, in a similar manner, provided 
that the product fiH is the same for both. In particular the behaviour of 
aeroplanes which are statically neutral (H = 0) will be sensibly inde- 
pendent of //. Table 4 shows however that if /u is altered keeping jxU 
constant, the ratios of the velocities ti and w to the angular velocity q 
will be altered, since m w and m u are proportional to H. 

The derivatives themselves depend on the shape of the aeroplane, 
but the four force-velocity derivatives x u , x w , z u , z w remain substantially 
the same for all wings working at the same lift coefficient, provided 
that the coefficient is not too near the stalling value. The moment 
derivatives depend primarily upon the quantity S'l'jSc which defines 
the size and leverage of the tail, and upon the inertia coefficient (k ]{ ). 
At the time of writing neither of these factors vary widely upon con- 
ventional aeroplanes so that, in so far as their broader features are con- 
cerned, the dimensionless solutions of Table 5 apply, in a general way, 
to the majority of modern aeroplanes. 

20. The Solutions Discussed. In the stable condition at 3° incidence 
the motion following an initial disturbance to the velocity components 
it or w contains two terms which decrease exponentially and very 
rapidly with time, and to these is added an oscillation which decreases 
relatively slowly. Bearing in mind the fact that t is generally of the 
order unity so that t does not differ very greatly from time in seconds, it 
is apparent that the two exponential terms sensibly disappear within about 
one second, leaving nothing but the damped oscillation. This is shown 
graphically in Fig. 56 m, to which we shall refer later. When, however, the 
disturbance takes the form of a suddenly applied constant pitching 
moment, represented by m 0 , a uniform motion, in which the aeroplane 
travels in a new direction and is displaced through a definite angle of 
pitch from the original orientation, is added to the terms which decrease 
progressively with time, so that, in the course of time, the aeroplane 
settles down to steady motion with this new direction and orientation. 

Aerodynamic Thoory V . H 
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In the neutral condition the motion following a disturbance in the 
form of an initial velocity involves three exponentially decreasing terms 
and one steady motion. The aeroplane is displaced from its original 
steady motion and, being neutral, takes up a new steady motion from 
which it never returns to the original motion. An application of the 
elevators to a neutral aeroplane is seen to cause a response which ulti- 
mately settles down to a uniform pitching rotation with steady rates 
of change both of velocity components and of orientation. 

In the case of the unstable aeroplane the important term is the 
exponential with positive exponent, for this term increases indefinitely 
with time and eventually dominates all the others. Any motion of this 
aeroplane which starts from a very small disturbance will, in time, 
contain nothing appreciable in comparison with this latter term. 

At 10 0 incidence the motion is of the same general character as at 3° 
incidence, with the exception that the expression for the stable aero- 
plane now contains two damped harmonic terms. One of these is, 
however, so heavily damped that it is almost indistinguishable from 
a pair of decreasing exponentials — the difference in the forms of the 
solutions is "thus more apparent than real. 

On the stalled aeroplane the solutions are of an entirely different 
form, containing one rapid and almost undamped oscillation and one 
rather heavily damped oscillation of moderate period. The most impor- 
tant differences between the symmetric motion of stalled and unstalled 
aeroplanes will, however, be considered later (29). It should be noted 
that these solutions for the stalled aeroplane cannot, like the solutions 
for the unstalled aeroplane, be regarded as representative of the majority 
of conventional aeroplanes, because the derivatives near the stalling 
incidence are delicately dependent on the shape of the wing section 
and differ widely from one aeroplane to another. 

21. Conversion to Ordinary Units. The dimensionless solutions require 
to be expressed in ordinary units before they can be conveniently inter- 
preted in terms of any specific aeroplane flight. To do this it is necessary 
to know the quantities ju, c, r. The conversion is easily affected by 
observing that 

c -u\ w = ~w; q^\q\ JcmQ-^kj^no 

where, u , w and q represent quantities expressed in the same units as c 
and r whilst k m0 represents the conventional coefficient (M q IqV\Sc) 
of the moment (M 0 ) exerted by the controls. 

From these we have 
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The corresponding expressions which include w have not been given 
because they are of the same form as those which include u. 

Times, in Table 5 are expressed in dimensionless form, as ratios to 
the time unit (r). Therefore t — // t, where t is expressed in the same 
units as t, e.y. in seconds. 

For example, the value of t for the flights at 3° incidence — cruising 
speed — is 0.85 seconds; the expression at the head of the first column 
of Table 5 changes, therefore, from e 2 7 * in the dimensionless system 
to e 2- 7 </- 8 ) — e V2 *, when t is expressed in seconds. 

22, The Solutions In Terms of Other Variables. The variables u, w , q 
completely define the motion, but they may not conveniently display 
the particular aspect of the motion which is under consideration. 

Formulae for some of the more interesting variables dependent on 
u, w, q , 0 are stated below. 

The variation (a) of the incidence from that of steady flight (^j) is 
a fr [iercwfAj — ufiinAi], see 4. 

The variations in the direction of the resultant velocity from the 
direction of steady flight are ( 0 — a). 

The variation (dV) in the magnitude of the resultant velocity ( V) 
is dV ^ u cos A x + w sin A v see 4. 

The variations in the horizontal and vertical component of the aero- 
plane’s velocity are of interest in relation to the problem of landing. 
If these components be (J and W and their variations u and w if, as 
before, dashed letters represent the values in steady flight, then, remem- 
bering that positive velocities are downward 

U — U cos 0 4 W sin 0: W = — U sin O + W cos O 

Differentiating, 

u = ( — U x sin 0 X + \\\ cos & x ) 0 + u cos 0 X + w sin 0 X 
or Ti = W\0 + u cos + w s i n 

Similarily, w — L\ 0 + w cos 0 X — u sin 0 X 

Another quantity of interest is the acceleration perpendicular to 
the X axis, for this determines the apparent weight of parts of the aero- 
plane and pilot. This acceleration is equal to w + U q . 

23. Graphs of the Solutions Plotted Against Time. The most con- 
venient way of showing the form of the motion which follows any given 
initial disturbance is to plot the expression for the motion deduced from 
Table 5 against time expressed in seconds. Table 5 enables any desired 
aspect of the motion for any initial disturbance involving change of 
velocity or angular displacement, or both, to be plotted in this way, 
without additional computation other than that necessary to express the 
various quantities in terms of the desired units and in relation to specific 

11 * 
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values of c and r. The reader who is sufficiently interested can plot for 
himself any desired component of the motion following any desired 
disturbance 1 . It will be found interesting to use various time scales; an 
open scale to show the rapid changes which occur in the first second 
and a closer scale to show the subsequent development of the motion. 

From what has been said it will be clear that from graphs plotted 
from Table 5 a good idea can be obtained of the motion of any aero- 
plane in a wide variety of circumstances following the application of 
any initial disturbing velocity or angular displacement, provided only 
that juH and k h > do not depart too widely from the assumed values 
and that the aeroplane is not of an excessively unconventional form. 

As an illustration we shall plot the variations with time of the two 
variables 0 and (accelerationjg), of which the former shows how the 
motion appears to the pilot whilst the latter shows how it feels to him. 
The variation of these quantities, expressed in foot second units, for the 
aeroplane specified in 9 are plotted in Fig. 56 (a to r). 

C. The Graphs Discussed 

24. Introductory. The curves relating to normal flight have been 
arranged in groups of three, each group relating to the effects on one 
variable, at one incidence, of some one disturbance. The three curves 
in each group relate respectively to the stable, neutral and unstable 
c.g. positions, and are distinguished bv the letters S, N, U . The effects 
of a redistribution of load, which moves the c.g. forward or backward 
without altering any of the other properties, are thus conveniently 
displayed. 

25. Cruising Speed — Elevator Movement. Figure's 56 a and b show the 
extreme sensitivity to elevator control of the aeroplane flying at its 
cruising speed. During the first one or two seconds the response to 
elevator movement is almost uninfluenced by change of c.g. position, 
but at four seconds the changes of 0 and of acceleration on the unstable 
aeroplane are about double the values in the stable case. After some four 
seconds from the start the response is radically different in the three 
cases. Figure 56 m represents the same condition as Fig. 56 a but with 
a closer time scale and it shows that the stable aeroplane oscillates with 

1 If great accuracy is not required, a convenient way of plotting an exponential 
term such as Ae^ 1 is to note that, if A is positive, it doubles itself every 0.7/A 
seconds, or if A is negative, halves itself in this same time. The damped harmonic 
modes are more complicated to plot; the quickest way for a rough plot, which 
is all that is generally required, is as follows. Suppose that the mode to be plotted 
is e?* A cos t] t. Draw the exponential curves Ae* f and — Ae$*; mark on them 
points corresponding to t ~ nnjr\t , where n has values 1, 2, 3 etc; then draw by 
eye harmonic curves which touch the exponential curves at the appropriate points. 
Finally, having drawn the curves representing the various modes, add their ordin- 
ates together at convenient points to get the complete motion. 
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decreasing amplitude about a mean position in which the nose is raised 
some 2° above the attitude when the controls were applied. The neutral 
aeroplane continues to pitch at a constant rate and the unstable aero- 
plane to pitch at an increasing rate. These two latter motions continue 
until the disturbances become so large that the assumptions upon which 
the calculations are founded cease to be even approximately correct. 

26. Cruising Speed— Vertical Oust. Figures 56 c and d show the effect 
of flying into a gust of 10 ft. per sec., perpendicular to the general direc- 
tion of motion. It may at first sight seem surprising that the effect of 
such a gust on 6 should be zero on a stable aeroplane and positive on a 
neutral aeroplane. This apparent anomoly is due to the derivative ra w ,, 
which allows a pitching moment to act on the neutral aeroplane 
before it begins to rotate and which, by an accidental combination of 
the values of the derivatives, neutralizes the effect of the static stability 
derivative rn w of the stable aeroplane. 

The stable aeroplane, struck by a gust of this type, behaves in the 
same manner as the neutral aeroplane would do if m w were absent. That 
is to say it is displaced upwards or downwards, without any change of 
attitude, whilst the w component dies away exponentially. It happens 
that during this exponential decay the term exactly balances the 
m w term. References to Fig. 56 i will show that at 10° incidence this 
exact balance does not occur, although the curves are of the same 
general type as those for the lower incidences. 

The acceleration due to the w gust is at first very large and provides 
what the pilot describes as the bump which he feels in bumpy weather. 
This acceleration falls off very rapidly to zero on the stable and neutral 
aeroplane and nearly to zero on the unstable aeroplane. In the last 
case, however, the acceleration eventually increases again as the instab- 
ility makes itself felt. 

27. Cruising Speed — Horizontal Oust. Figures 56 e and f show the 
effect of a gust (u 0 ) parallel to the X axis. The initial acceleration is 
much less than that due to the to gust. It is interesting to note, that, 
while a head on gust throws up the nose of a stable aeroplane, it causes 
an unstable aeroplane to dive downwards, although, of course, the first 
effect in every case must be to make the whole aeroplane rise slightly. 

28. Slow Speed— Unstalled. Figures 56g to 1 and n, relating to slow 
unstalled flight, are of similar type to the diagrams relating to flight 
at cruising speed. The response to elevator movement is of the same 
order of magnitude as at cruising speed, though somewhat less in amount, 
both in respect of acceleration and pitching motion. The response to 
gusts, on the other hand, is somewhat greater, with the exception that 
the acceleration immediately following the onset of the w gust at the 
low speed is less than at the high speed. This is in accordance with normal 
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Figs. 66 a — r. Graphs of the Disturbed 
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piloting experience; an aeroplane flying in rough weather, at low speeds, 
wallows about more than at high speed, but does not experience such 
hard bumps. 

29. Stalled Flight. Figures 56 p, q, and r relate to disturbances from 
steady stalled flight at 20° incidence. At this incidence the derivatives 
are rather uncertain quantities, since they depend upon the manner in 
which the flow-changes, characteristic of the stall, occur. The curves 
reproduced do not therefore, represent the motion of the real aeroplane 
with anything like the same precision as in normal flight, nor can the 
curves for one aeroplane be regarded as typical of all others. The study 
of the stability of stalled flight is still a matter of active research and the 
curves of Figs. 56, p, q and r are therefore advanced with considerable 
reserve; more as exercises in the solution of the equations, than as 
predictions of the movements of a particular aeroplane. For example, 
the undamped oscillation of short period does not, apparently, occur 
on the Bristol Fighter, but this need cause no surprise because a relat- 
ively slight increase in the derivative m q which is only known ap- 
proximately, would cause the oscillation to be rapidly damped out. 
Also the derivative z Q) which may be important, was omitted from the 
equation, because so little is known about it. 

Despite these uncertainties the curves show some features of interest 
concerning stalled flight, which are in agreement with experience. Thus 
a movement of the elevators through 10° produces an acceleration of 
the same order as a movement of 0.2° in normal flight. The aeroplane 
is thus some 50 times as sensitive to its elevators in normal flight as in 
stalled flight, the reason being, of course, that in stalled flight it is very 
stable statically and the wing lift is nearly independent of incidence. 
What response there is to the elevators is in the wrong direction — 
pulling the stick back causes the aeroplane to descend faster. 

Figure 56r shows how small and slow in developing is the change 
in vertical velocity following a large elevator movement. When it is 
necessary to reduce the downward velocity of a stalled aeroplane to 
zero — say with the object of landing without a bump — the stick must 
first be pushed forward, and held there till the aeroplane gathers speed 
and unstalls; it can then be pulled back to increase the wing lift. This 
process cannot be conveniently followed by the methods of the present 
chapter, since it requires finite velocity changes sufficient to alter the 
flow about the wings from the stalled to the unstalled state. 

D. Approximations Applicable to Normal Flight Only 

30. Statement of the Problem. When it is required to carry the 
solutions of the equations of motion through to the stage at which the 
response of the aeroplane to any given disturbance can be computed, 
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the process is, as the reader will have observed, very laborious. It will 
also have been observed that many of the terms included in the general 
solutions given earlier in this chapter, are numerically insignificant. 
It was considered expedient to give the solutions fully i order to allow 
the reader to see for himself which terms are negligible in any given 
circumstances and because, when the process of fitting solutions to 
initial conditions is contemplated, the labour involved is in any case 
so great that the extra labour of including some unnecessary terms in 
the coefficients of the quartic is relatively unimportant. 

Though the process which has been developed earlier in this chapter 
will, if worked correctly, give the final answer required, it is so involved 
that it is not easy to trace the connection between the final answer 
and the separate characteristics of the aeroplane which are represented 
by the various derivatives included in the equations of motion. When 
the design of an aeroplane has been completed and it is desired to know 
what that aeroplane will do in given circumstances, this defect in the 
process of calculation may not be of great importance and it may then 
be reasonable to face the labour of carrying through the complete calcu- 
lation with the highest accuracy practicable. When, however, it is 
desired merely to make a survey of the influence of given characteristics 
of an aeroplane upon its stability in flight, without proceeding to the 
study of the response to specific disturbance, it is of great importance 
to be able to trace the connection between individual characteristics 
and the resultant motion. 

With regard to the response to specific disturbances no convenient 
means of tracing this connection has yet been devised ; but when, as is 
more usual, the form of the solution of the quartic for l in normal flight 
is all that is required, the omission of certain terms, which are then 
relatively unimportant, allows such drastic simplifications to be made, 
that the relation between cause and effect can be displayed with com- 
parative ease. To this aspect of the problem we shall now direct attention. 

31. The Quartic of Reference to Table 2 will show that in normal 

flight below 10° incidence — on stable or neutral aeroplanes, B and C 

are of the order 4, whilst D and E are less than 0.5. In these circum- 
stances the solutions contain two large roots which are only slightly 
influenced by D and K and are therefore approximately the same as 
the roots of ). 2 4- B 1 4- V — 0. 

An approximation to the small roots can then be found as follows . 
Let the two quadratic factors be written 

(A*+ m + C) (k* + b'X + c') 

Expanding and comparing with the original quartic gives 

B' 4- 6' = B ; C + B' // + c! — C ; B* c' 4- C' b f — D ; C' c = E 
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As a first approximation write C' — C and B' — B and neglect terms 
containing small letters in comparison with those containing large letters 
only. This approximation gives 


E 

C 


and V = 


CD — EE 
U 2 


A second approximation can be obtained, if desired, by using these values 
of b' and c ' to obtain more accurate values of B' and C' and repeating 
the process. This second approximation is, however, rarely used. 

If, in Routh’s discriminant (BCD — D l — E B 2 ) the term D 2 is 
neglected, the discriminant can be written B (CD — EB). Comparing 
this with the approximation for b' we infer that when the sign of Routh’s 
discriminant for a conventional aeroplane in normal flight passes from 
positive to negative, the slow period oscillation represented by the 
small quadratic root begins to increase with lapse of time. 

A comparison between the correct solutions of the quartics, given 
in Table 3, with the solutions of the same quartics obtained by these 
approximate methods is of interest and is given in Table 6. 


Table 6. Comparison Between Approximate and Correct Roots of the Quartic for A. 





>-2 

;-3 

^4 

Incidence 

3° 

1 correct 

Stable 

approx. 

correct 

Neutral 

approx. 

—2.67 

—2.36 

3.54 

- 3.50 



m 

Incidence 

10° 

ri correct 

Stable - 

approx. 

correct 

Neutral 

approx. 

1.99 r 
— 2.02 ; 

- 3.07 
~ — 2.98 

b .55 i 

.77 i 

■ - .77 

— 1.06 

—.036 d 
.037 r 

.21 

- .16 

b .34 i 
b .33 i 

0 

0 


At cruising incidence the agreement is reasonably good, but it begins 
to fail at slow speeds — 10° incidence — particularly in the neutral case. 
At 10° the incidence is a little too high for approximate methods to be 
applied with confidence, but it is to be noted that even at this incidence 
the most important item from the practical point of view, the slow 
motion, is given correctly for the stable condition and, although there 
is some discrepancy in A 3 for the neutral conditions, the critical change 
from stability to instability, defined by E zero, is necessarily given 
correctly. 

32. Equations of Motion Referred to Wind Axes. For the purpose 
of approximate study at low incidences it is convenient to use axes in 
which OX is parallel to the direction of motion in steady flight, rather 
than chord axes which were used for the more detailed calculation. The 
former will be described as wind axes. 
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Referred to wind axes in which Q is zero, the equations of motion, 
after expressing the variables in terms of exponentials of the form u 1 e?' t 
etc. and neglecting x q and z q become: 

(X + *u) Wi H- x w w l ~\~ fi k cos B 1 1 q x — 0 

z uU i + (A -1 ( — i = 0 

m u U x ~\- [ X + m w j w l -f (X + m q ) q x = 0 

the angle made by the X axis with the horizontal is now the angle 
of climb or glide as the case may be. 

33. Gliding Flight — Engine Off. When gliding with engine off Q l 
is negative and numerically equal to the gliding angle, to which we give 
the symbol y. Hence 0 X — — y. Unless the speed is very high y will 
not be large and cos y may safely be taken as unity. 

With the elevator held fixed and the engine off, m u is necessarily 
zero; because M is zero in steady flight and change of forward velocity 
alone cannot alter M. 


Since the angle between the X axis and the direction of motion in 
steady flight is now zero and since k ]} in normal flight is negligible in 
comparison with dk r ]dcf. we have 


= 2 ki 


2kj/ 9 


*ir 


(l k ] > , 

— , 1C i , 

d a L “ 


d kf 
d a 


For the present purpose it will be sufficiently accurate to assume that 
k D can be expressed in the form (constant) + (constant) k\ so that 
we may write dk D jdk fj c k L , where c is constant. 


From (6.1), 


dk L If 
da. k 


where k /» is the inertia coefficient and H is the metacentric ratio. Also 
k . ... (If. 


',. q ~ " ,r/ and approximately m w - ^ m, 


■q, see (8.2). 

k m q — /. We shall treat 


and approximately : 

For brevity we shall write dkjjdcL — a, and 
a and / as constants, independent of incidence and we shall assign the 
value 1/2 to de/d a. 

Using these approximations and definitions we have 
x„ — 2k'/, ; .r„. =- — (1 — c) lc L ; x q — 0 

~q — 0 

/ . ... 1 / 

11. /VM • '///•„ - - - 

U 


° U 

s» = 2fc,,; 

m„ — 0 ; 


a : 
aH 

k„ ; '" q hi ’ _ 2 k B 


(33.1) 


Omitting certain unimportant terms, the coefficients of the quartic 


for ). are B ------ s w + m q + ni„. 

G wy, "1~ /(' 

T) — x u C + //■ kj, sin y — ni- q x. w z u + &/. m , v z u 

h. fl kf, Illy- ~u 


(33.2) 
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Replacing these derivatives by their values in (33.1) and noting that 
siny is sensibly equal to k D jk L , the relations (33.2) can be written, 

B = a + 1.5 J 

k n 

C=y- [/ + /«#] 

D* [2 c + a t l H | k„ + / [3 - 2 c] lcl 

k b h B 

L1 2 a n H 7 2 

^ = l k L 
k B 

Hence, within the accuracy of these approximations, B and C are 
independent of the incidence, and therefore of the speed of flight, whilst 
D and E are expressed in terms of constants and of lift and drag coeffi- 
cients for the whole aeroplane. 

34. Numerical Values. We shall proceed to examine these expressions 
with the aid of the following numerical values for the constants involved. 
These correspond roughly to the appropriate quantities used in the 
detailed computation given earlier in this chapter for a stable aeroplane. 

a U 1.7 c = 0.50 / 1.3 k J{ - 0.75 

H — 0.03 [i — 23 so that [iH -- 0.09 

35. The Large Quadratic Root. The first approximation to this root 
depends entirely on the coefficients B and C and is therefore to the 
present order of accuracy independent of incidence; with the numerical 
values of the paragraph above we have 

B = 1.7 + 2.6 = 4.3 
C - 2.3 (1.3 + .69) =** 4.0 

The more accurate computation — Table 2 — gave B varying from 4.53 
at 3° incidence to 4.05 at 10° and C varying from 5.10 at 3° incidence 
to 4.69 at 10°. The agreement is good enough for the purposes of a 
general survey of the character of the motion. 

The first approximation to the large quadratic root is therefore 
X 2 + 4.3 X + 4.6 — 0. This has two roots, very nearly equal, of the 
order of magnitude — 2. If the values of the constants do not vary 
widely from those here assumed for illustrative purposes, the rapid 
motion consists either of two nearly equal exponential subsidences, or 
of an oscillation which is so heavily damped that its oscillatory nature 
is not easily apparent. In either case the rate of decay is approximately 

_ i B t 

indicated by the exponential term c 2 T , where r is the unit of time of 
the dimensionless system and t represents time in seconds, r is equal 
to m/Q VS and is generally of the order unity. It may rise as high as 2 
on a heavily loaded aeroplane travelling slowly and fall to 0.5 on a 
lightly loaded aeroplane travelling fast. (1/2) Bj r will be of the order 2 
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with extreme limits, say 1 and 4. The motion represented by the 
large root will therefore practically disappear within about one second 
after the disturbance which produces it. It is this motion which is felt as 
a bump by the occupant of the aeroplane when it meets a . ertical current 
or when the elevator is suddenly moved. 

The motion represented by the large quadratic factor will still decay 
even when H is negative (aeroplane statically unstable) unless the 
numerical value of — H becomes greater than f/fi or, in our example, 
0.06. The neutral c.g. position in this example was distant 0.36 chord 
length behind the leading edge of the mean chord, so that the c.g. coeffi- 
cient ( h ) would have to be greater than 0.42 before the motion would 
become unstable through the change of sign of the coefficient C. Any 
negative value of // leads, of course, to instability through change of 
sign of the coefficient E, but the instability which arises in this way is 
slow in developing. The practical implications of this result have been 
discussed in Chapter IV. It should be noted that some time before H 
becomes negative and large enough to make C vanish, one of the roots 
becomes small and the approximation that X 2 \- AX A B is a quadratic 
root of the quartic ceases to be legitimate. This is illustrated in the 
detailed computation for the unstable case at cruising and slow speeds, 
Table 2. 


36. The Small Quadratic Root. The first approximation to this 


root is 





E 


= 0 


Writing this quadratic root in the form X 2 + b' X + c' — 0. The two 
roots are — (1/2)6' L i |/c # — (l/4)6' 2 . 

We shall sec that (1/4) 6' 2 is of the order 0.001, whereas when 
H ^ 0.03, c is of the order 0.02 at cruising incidence and 0.10 at 10° in- 
cidence. Unless, therefore, the mctacentric ratio (H) is much nearer zero 
than 0.03, that is to say unless the aeroplane is very nearly statically 
neutral, a reasonable approximation to the roots is (1/2)6 di i |/ c 
and the period of the slow motion is approximately "iTixf j jc seconds. 

The approximate value of the constant term is 

, E % h. 


Hence the period is ^ -- T - 1/ 1 + Jtf seconds or 
]/2 Icl) L lti 

Since r — kj\ * . 

This is equivalent to the approximate expression 

in IV 9. 


for the period derived 
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Table 7. A comparison between 

Periods in seconds the periods given by this 
approximate expression, 

Cruising Slow speed using the numerical values 

of 34 and the periods given 
-j/2 7i 9 19.0 13.5 by the detailed calculation 

(J - j is given in Table 7. 

j/2 ^ * *l / j / 33 u I 22 2 The agreement between 

y * pH I the second and third lines 

From detailed calculations 30.0 I 23.3 is reasonably good, con- 

sidering the drastic nature 
of the approximations. The damping factor of the slow oscillation is 

alt’ ' C? S' ‘^ n approximate value of this is 

f, , 1 /*// , T 1 /( 3 — 2e ) iiH(akn+ 1.5/) , 2 „ R] . 

I 1 + 2 J+uHl^+U «(/+/.») _ »(/ + /.«>* \ k '- (3bl) 

This rather elaborate expression cannot be reduced further with- 
out loss of generality. Inserting the numerical values of 34 gives 
[1 4- .17] k D + [.38 — .33] k\ or 1.17 k L) -f 0.05 k\. 

In the cruising condition k L is 0.20 and we may take k D to be 0.025 1 
and thus get for the damping factor of the slow oscillation, 

0.0293 + .002 = 0.031 

In the slow speed condition k L is 0.40 and we may take k f) to be 0.044, 
giving a damping factor, 

0.052 + .0080 - 0.060 


l l D + 

2 \ O ‘ 


1 !L H 

2 / -f fx f l 


kl (36.1) 


The agreement in respect of cruising conditions is good; the values 
given by the detailed calculation being 0.03. The agreement in slow 
flight is not so good, the detailed calculation giving 0.036. The comparison 
at 10° incidence has been deliberately chosen to illustrate the limit 
beyond which it is unsafe to employ the approximations customary for 
cruising incidence. On this aeroplane 10° incidence corresponds to 
flight about 9 m.p.h. above the stalling speed, which is a slower speed 
than is ever likely to be used except in stunt flying or when making 
an unusually slow approach to a landing ground. Even at this slow 
speed, however, the approximations give a moderately good estimate 
of the period of the slow oscillation and an estimate of the damping which 
is of the right order of magnitude. 


E. Level Flight 

37. Introductory. When the engine is working, the equations of 
motion and their solutions differ from those in gliding flight, both because 

1 As the design of aeroplanes improves the drag coefficient at cruising speed 
becomes smaller and with it the damping of the slow oscillation. 
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of the influence of the airscrew on the derivatives, and because the 
inclination of the flight path is different from the value (y) which it 
has in gliding flight. The complete statement of the equations in all 
possible flight conditions, including climbing and parU.d gliding with 
engine on, is too complicated to be usefully included in the present 
discussion. We shall therefore confine our attention to the more impor- 
tant effects of the screw only and to level flight, which to the stability 
investigator is the most important condition, because it represents the 
state in which the aeroplane will be flying for the greater part of any 
long journey. The reader who has studied the methods of examining 
the stability of level flight should have no difficulty in applying them 
to climbing flight, but for information on this subject and for more 
detailed information about the action of the screw in level flight Ref. 2 
should be consulted. When wind axes are used 0 is zero in level flight 
and the term iikj m, r sin y disappears from the coefficient I) in (33.2). 


1 u H 

This involves the disappearance of the term % f -\- fill ^ D ^ rom ^ 

damping factor [see (36.1)]. Apart from this the symbolic expression 
remains the same as for gliding flight except that some additional 
terms, involving the derivative m u which is not in general zero when the 
screw is revolving, must be added. The numerical values of some of the 
constants will, however, be altered from their values in gliding flight. 

38. Effect of Airscrew oil Wi fr . The effect of the airscrew on the locus 
of c.g. positions which give neutral static stability has been discussed 
at length in II 15, 16. It was there seen that this influence is not easy 
to estimate; but, when it has been estimated by methods such as were 
there outlined, or when the neutral position has been found by experi- 
ment, the derivative m Wi which defines the static stability, will still 
be related to the metacentric ratio ( H ) in the same way as when the 
screw is not running. Thus 


dk L H 
™ w d <x k B 

as before; except that dkjjdvL may be slightly altered by the action 
of the screw slipstream on the wings. We shall ignore this slight differ- 
ence and assume that II is known and that m w is obtained from H by 
the above equation. 


39. Effect of Airscrew oil m q and m; v . The influence of the screw 
on m q has been discussed in II 34 et seq. The relation m{„ — m q de\dv . , 
where e is the downwash at the tail still holds approximately— (see II 42) 
but the value of de/doL may be altered by the slipstream. As, however, 
the influence of slipstream on downwash is very uncertain, and as the 
effect will be relatively unimportant in the present connection, we shall, 
in the numerical example to follow, assume, as in gliding flight that 
m w (1/2) m q . 
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40. The Effect of the Airscrew on oc wy The influence of the 

screw on these derivatives will be regarded as negligible. 

41. The Value of dTId V for an Airscrew. The remaining important 
effects of the airscrew upon the derivatives depend upon the rate of 
change of thrust with change of forward speed, and this we now' proceed 
to evaluate. Let T be the airscrew thrust and write 

T=k' T Qr % S (41.1) 

k' T will vary in some as yet unknown way with change of J\ Hence 

differentiating (41.1) y 1 ^ y — 2 + (41.2) 

To evaluate the right hand side of this equation approximately, without 

entering too deeply into the detailed design of the screw, we use Bairstow’s 
generalised equations for the thrust and torque of an airscrew' (Ref. 7, 
Chapter V). 

These are 1 k T — A T (\- A 2 ) (41 -3) 

*Q =--Aq («-• A 3 ) (4L4) 

where k T — Tjon 2 I ) 4 and k Q - Q;on 2 L) :j 

Q being the torque acting on the screw, D its diameter and n the re- 
volutions per second. A 2 ' and Aq are constants depending on the parti- 
cular screw; a is a constant, given as 1.325 for all ordinary screws, and A 
is the ratio of the quantity J , or VjnD , to its value, J 0 when the air- 
screw thrust is zero. 

Thus /. !' (41.5) 

11 J)J 0 

It is now necessary to make some assumption about the variation 
of engine torque with n. We shall assume a constant engine torque, 
independent of n. 


By definition 

k 2 ' — - 

l) 1 k-T 
SJJ ">? 


using 

k’ T 

D' 1 A r I 

1- -A 2 v 

SJf ( 

A 2 ) 


1 d k t 

2 



b 

! 

Ls-i 

/■(l- 

?J) 


V dlcr 

— 2 

nr dX 

V dv 


k' T d r ~ 

;.(i-;.*) 


To find VdXjd V we observe that if torque (Q) is constant (41.4) can 
be written — E (a — A 3 ) (41.7) 

in which E is a constant. 


1 The reader will note the distinction between A as here used and A,, the root 
of an auxiliary equation as introduced in Chapter V. 
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Combining (41.7) and (41.5) gives 

r* 

In which F is a constant. 
Differentiating, we have 
dX 




v 


2 X - 


dr 2 o + A 3 

Combining (41.2) (41.6) and (41.8) gives finally 


(41.8) 


/.») 


(41.9) 


(41.10) 


Table 8. 



0.5 

0.0 

0.7 

0.8 

0.9 

K 

1.15 

1.20 

1.29 

1.43 

1.85 

V d T 
t dr 

.30 

—.40 

—.58 

- .86 

— 1.72 


v d T 9 [ 2 (a — P 

T dV Z " (I— >)(2« 

For brevity let us write this 

y at _ „ ... 

t dr ■ 2 1 1 A I 

We observe that, in so far as an airscrew can be represented by Bairstow’s 
generalization, and engine torque is constant, the quantity ( VfT)dTjd | r , 
which defines the change of screw 
thrust with change of speed is a 
function merely of X\ that is to 
sav, of the ratio of the speed to 
that speed at which the thrust 
would fall to zero if the angular 
velocity were kept constant. The 
relation between (VjT)dTjd\\ K and X is given in Table 8. 

We next consider the influence of this airscrew factor dTjdV upon 
the derivatives using, as before, wind axes. 

42. The Effect of Airscrew on The contribution to the derivative 
X u is simply dTjdy. Therefore 

1 o, 1 dr 

'» - or s A " ZKn QfX dr 

~ , r AT (42.1) 

JL n — A I) A 2' rji 

or x u —■ 2 [!•/> + k' T ( K — 1)1 

Strictly, there should be included here a term representing the effect 
of variations of body drag due to variation of airscrew thrust. This 
effect is of little importance in the present connection and can, if desired, 
be represented by an appropriate reduction of k f T . 

Neglecting this interference effect, we note that for level flight 
k' T -= kj) and we have . r lf — 2k J} K (level flight only). 

We note, however, that k D is here the coefficient for the whole aero- 
plane without its screw and is therefore less than the value, used in the 
gliding example, for the aeroplane with stopped screw. Since K is greater 
than unity the difference between x u level flight, and x tn gliding with 
engine stopped, will therefore be less than might at first sight be supposed. 

12 


Aerodynamic Theory V 
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43. Effect of Airscrew on m u . The contribution of the screw to the 
derivative m Ui which is zero in gliding flight with controls fixed, arises 
in two distinct ways. When the screw axis does not pass through the 
c.g., but is distant i above it, the pitching moment exerted by the screw 
is — i T and its rate of change with u is — id Tjd F. 

On this account we have 

k mu = - ^t Sc d d l = 2 \k' T ( K- 1) (43.1) i 

Again, the slipstream from the screw depends on thrust and when 
the slipstream falls on the tail, it will influence the reaction upon it 
and therefore the pitching moment will be influenced by the term dTjd V. 
When F is varied — incidence constant — the pitching moment contri- 
buted by the tail will then not vary strictly in proportion to F 2 , as is 
necessary if equilibrium is to be preserved, and a term m u will therefore 
be introduced. We will suppose that the changes in slipstream due to 
changes in forward speed alter the velocity over the tail but do not 
appreciably influence the effective incidence. With this assumption the 
sign of the effect we are seeking will depend on the sign of the contri- 
bution of the tail to the pitching moment; and since, in steady flight, 
the tail contribution is equal and opposite to that of the rest of the aero- 
plane, we deduce that the sign of m v , due to slipstream on the tail, will 
depend upon the sign of the pitching moment on the aeroplane without 
its tail. 

Write the pitching moment on the whole aeroplane in the form 
M = E V 2 + F V 2 • b (43.1) 

where EV 2 is the moment on the aeroplane without its tail andi' 1 V 2 • b 
is the moment contributed by the tail. E and F are constants and b 
is a factor representing the influence of slipstream on the tail. 

Differentiating (43.1) with respect to F gives 

d * r = 2 E V + 2F Vb + F V 2 ^ (43.2) 

But since M is zero in steady flight EY 2 +FV 2 b — 0 and ..F = — E/b . 
Hence (43.2) becomes ^dV ~ J 

The contribution of this term to the derivative Jc mn is therefore 
kmu ~ qVSc dV "" qSc b dV 

Let the pitching moment coefficient on the aeroplane without tail be 
[k m ] so that [k m ] q V 2 Sc = E V 2 

1 A similar argument derives the expression given in II 34 for k mq > namely 
-2(*)%' r ( iir_ i ). 
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Then, due to the cause under consideration 

k mu = — |* m ] b dr (43.3) 

An approximation for b which is good enough for our present purpose 
is given by 6 = 1 + ® .-= 1 + ^ 


& GT 

n qV 2 D 2 “ 1 + ~ /yr & r (43.4) 

where (■? is the proportion of the tail which is regarded as being in the 
slipstream. 


Therefore 


Vdb 
b dr 


SG8 _ dk’ T 

r or, using (41.1) and (41.9) 


r dP 
_ XG'S ,, 0 „ 

- A2I tCp 2 K 

JzD £ b 

Inserting the value of 6 from (43.4) and using (43.3) this reduces to 

7 ' 2 A [A?77j,J 

h m u - — 

1 


7T 7) 2 


(43.5) 


8 G 8 k' T 


44. Effect of Airscrew on the Coefficients C and JE in the Quartic 

for A . The approximate coefficients of the large root — B and C — retain 
the algebraic forms given in (33.3), but the numerical value of / or k mq 
will be increased as described in II 34. 


Reference to the equations of motion 32 will show that the constant 
term in the small root \E/C] will be altered by the addition to E of a 
term, — ja^L z w m u- 

Thus, when the screw is running, we have, writing, as in 33, a for z w 
and referring to (33.3) 


E = 


2 a fill Icl 


- ft k L a m u 


or, since 


^ yji n 


E 


— k] { m u 
2 a ft k /, 

k , . 


H + 


km u 

2 kr. 


(44.1) 


In level flight the presence of a term m v in the equations of motion has 
therefore approximately the same effect on the stability of the slow 
motion — small quadratic root — as an increase k mu l2k L in the meta- 
centric ratio H. That is to say, it is equivalent, from the present point 
of view , to a movement of the c.g. forward through a distance equal to 


x (mean wing chord). 
tCL 

When the engine is working, therefore, static stability is no longer a 
direct criterion of stability in free flight; the equilibrium in free flight 
will be neutral when the c.g. is behind the locus of statically neutral 
c.g. positions by the above distance. 

Having regard to the signs of these equations, we note that it is 
possible for a statically unstable aeroplane with a high airscrew or a 

12 * 
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lifting tail to be stable in free flight. We shall see shortly that these 
same factors decrease the damping of the slow motion and therefore 
may, in extreme circumstances, cause the slow oscillation to increase 
automatically and so introduce instability of a different type from that 
which occurs when the constant E changes sign. 

45. Effect of Airscrew on the Damping of the Slow Motion. To deter- 
mine the effect of the airscrew in level flight on the damping of the 
slow oscillation the expression (D/C — BEjC 2 ) must be evaluated. 
Referring back to expression (36.1) for the damping in gliding flight, 
the first of the two main terms is replaced by Kk D) where K depends 
on the rate of change of thrust coefficient with speed and is evaluated 
in 41. The second main term remains algebraically unaltered, but the 
numerical value of /, which stands for k, nq is increased by the action 
of the slipstream. There is, in addition, a third term introduced by the 
presence of m u in the equation of motion. Reference to the equations 
of motion (.see 32) shows that the presence of m u adds to the coefficient 
D a term — /im u ( x w ^l) an< I 1° as we have seen, a term — fiak I m u . 
The corresponding term to be added to the damping factor can be deduced 
by use of the approximations of 33 either to the form 

[aB—Vr.\^-m u (45.1) 


or to the more expanded form 

\aks-{- 1.5 / c 

"( TV /!//) 8 — / + /<// 


(i k[ 4 


k 7t 


(45.2) 


46. Numerical Values. An estimated value of / or k mq with airscrew 
working in level flight was given in II 36 as 1.7. If we suppose that // 
is kept at the value 0.03 by a suitable adjustment of c.g. positions 


we have B - 1 + 1.5 / == 1.7 + 3.4 - 5.1 


C = " [/ + ft H\ •=- 2.3 [1 .7 + .69) - 5.5 

fc J} 

The values when gliding, engine off, were 

B ^ 4.3 G = 4.6 


Hence the effect of the airscrew on the large quadratic root is to make 
the corresponding mode of motion disappear even more rapidly than 
when the screw is stopped. 

The effect on the constant term of the small quadratic root was seen 
to be the same as that of increasing H by k mu j2k Ij . If the airscrew axis 
passes through or near to the c.g., as in the normal single engined tractor, 


we have seen that 


2 K[km\ 


1 + 


71 

8 GSF t 


(46.1) 


For a biplane such as the Bristol Fighter with the c.g. in the usual 
position we have approximately [k m J - — 0.025 + 0.1 k L . 
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In level flight k' T is equal to the drag coefficient for the aeroplane 
without its screw; this we shall take to be 0.020 in cruising conditions 
or higher speeds and 0.040 at 10° incidence. These figures are lower 
than for the actual Bristol Fighter. 

Using these values of k' T and a normal tractor screw, K becomes 
1.35 at cruising or higher speed, and 1.24 at 10° incidence. 


Inserting these values in (46.1) gives the values below* 
The danger that this 


aeroplane may become 
unstable in free level flight, 
through the presence of a 
divergence in the solution, 


k L 

k?n u 

Equivalent 
to a change 
in II of 

Very high speeds . 

0.10 

-.0056 

—.028 

despite the possession of 

Cruising 

~0.20 

.0018 

— .004 

positive static stability 

Slow speed . . . . 

0.44 

.011 

“ 76i2 


becomes, therefore, serious 

at high speeds only. Using the same numerical values the damping term 
reduces to Kk J} + 0.15 k\ — 6 k T k m u 

and gives the following values: 

Very high speeds ( ki, 0.10) .027 -|- .001 + *003 .031 

Cruising {hr, ~ 0.20) .027 4*' .006 j -002 — .035 

Slow speed ( k[ \ 0.44) .050 4- .029 • - .029 - .050 

47. The Effect of Freeing the Elevators. If the (‘levators are left 

free the stabilizing influence of the tail is reduced as shown in IF 20. 
This will result in a reduction of the metacentric ratio (H) and a corre- 
sponding reduction in Jl/ r/ , but otherwise will not alter the form of the 
equations under consideration unless there happens to be some constant 
moment acting about the hinge, say for example, due to the weight of 
the elevators, or to the action of some spring attachment. If there is 
such a moment acting, the angular setting of the hinge will alter with 
change of speed and a contribution will be made to the derivative m„. 

Let in' be this constant moment about the hinge and M' the corre- 
sponding pitching moment produced by the change of elevator angle 
under the moment m'. Ft will generally be sufficiently accurate to assume 
that both hinge moment and pitching moment are linear functions of 
elevator angle (//) and are proportional to 1 2 - 

In symbols m' - a I' 2 /; and M' -- bY i r j, where a and b are constants. 
Therefore M' ~ (bja)m! and will also be constant whatever the value 
of V. Write the total pitching moment M in the form 

M =EV*+ M' 

where £ is a constant and E f' 2 refers to the whole aeroplane with zero 
moment acting on the elevator hinge. 

Then since M' is constant dM/d V = 2 E V . 

But since M = zero in steady flight, E M / V 
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Hence 


and 


h'm u — 1 


dM _ 

dV 

1 

qVSc 


M' 


2 M' 


— — 2 Ic’m 


M 


Thus the derivative k mu due to a constant moment acting about the 
elevator hinge is equal to minus twice the coefficient of the pitching 
moment due to this elevator hinge moment. 


CHAPTER Y1I 

NUMERICAL SOLUTIONS OF THE ASYMMETRIC 
EQUATIONS 

1. Introduction. In this chapter the group of equations which were 
developed in Chapter V to represent the results of infinitesimal asymme- 
tric disturbances from steady straight symmetric flight will be studied 
with regard to the numerical values of the quantities in a typical aero- 
plane. The plan of the chapter will be closely parallel with that of 
Chapter VI and the numerical values chosen for study will relate approxi- 
mately to the same aeroplane — the Bristol Fighter. In the first part 
of the chapter the equations will be worked through to the point where 
they show the movements following certain initial disturbances occurring 
in flight at cruising speed, at slow speed and in stalled flight respectively. 
In the second part certain approximations will be discussed, which are 
legitimate when the incidence is not too large and estimates of periods 
and damping factor only are required. 

2. Notation and Axes. The notation will be the same as in Chapters V 
and VI, with the exception that the representative length used in defining 
dimensionless coefficients will be the semi-span (s) of the wings, instead 
of the mean wing chord which was used for this purpose in Chapter VI. 
In Chapter V, it will be remembered, this length was given the symbol l 
and its nature was left unspecified. The use, for the same purpose, of 
different lengths in the symmetric and asymmetric groups of equations 
would be indefensible, were it intended to study motions in which 
symmetric and asymmetric disturbances interact with each other, but 
since, in this and the previous chapter the two groups of equations are 
handled entirely separately, no inconvenience results from this proce- 
dure, which has certain practical advantages and is in agreement with 
modem usage. 

The axes will be the same as those of the first part of Chapter VI, 
namely chord axes with origin at the c.g. and OX parallel to the mean 
wing chord. These are sufficiently near to principal axes for the product 
of inertia to be neglected, and it will accordingly be entirely omitted 
from the equations. As in Chapter VI we shall replace UJ V x by cos A x 
and W x j V x by sin A x ; where A x is the incidence of steady flight, U x and 
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W x are, as usual, the component velocities and V x the resultant velocity 
of the c.g. in steady flight. 

3. Choice of Illustrative Examples. In forming examp’es for detailed 
study the following numerical values will be assumed: 

Air Density 0 .002 slugs per cu. ft. 

Aeroplane wing area s 405 square feet. 

Aeroplane semi-wing span . . . s 20 feet. 

Aeroplane mass w 96 slugs. 

Aeroplane moment of inertia . A 2600 slugs ft 2 . 

Aeroplane moment of inertia . C 4100 slugs ft 2 . 

Using these values we have 


/* 

h A 


m 

oS# 

A 

m s l 


5.9 

0.071 


The quantities q , S and m have the same values as in Chapter VI. 
The change in [i from the value 23 used in Chapter VI does not corre- 
spond to any change in the aeroplane, but is consequent upon the 
change in the representative length used in forming dimensionless coeffi- 
cients, from the mean chord (5.17 ft.) in Chapter VI, to the semi-span 
(20 ft.) in the present chapter. 

The quantities k , r, and (9 have values which depend on the incidence 
of steady flight in exactly the same way as in Chapter VI. 

The force-velocity derivatives y p and y r have a negligible influence 
on the motions to be studied and will be entirely omitted from the 
computations, but the derivative y v cannot be neglected. 

The six moment derivatives l r , l v , l r , n n n p , n r will be taken from the 
curves, Fig. 42 (III 38) after dividing by the appropriate inertia coeffi- 
cient k A or k c and changing the sign. As in Chapter VI we shall study 
disturbances from steady flight at three incidences, representative 
respectively of, cruising speed, slow speed, and stalled flight. These 
incidences will be 3°, 10°, and 22° respectively; the last being 2° higher 
than the corresponding incidence of Chapter VI in order to display the 
effects of changes in the derivatives which are not fully developed until 
this incidence is reached. 

At all these three incidences the engine will be supposed to be off 
and the aeroplane gliding at the appropriate angle for steady flight 
at the moment when the disturbances occur. 

4. Cruising Speed. At 3° incidence the values of the derivatives 
given in Fig. 42 III 38 make the constant term (E) in the quartic for 
A nearly, but not quite, zero. The solution in these circumstances is 
troublesome and a procedure analogous to that with the symmetric 
equations will be adopted. We shall suppose first that the dihedral 
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angle is slightly reduced, making k lv — — .04 instead of about — .05 
which would correspond to the value in Fig. 42 e, while the fin and rudder 
are slightly increased making k nv m + . 02 , instead of about .013. With 
these changes the constant term (E) of the quartic becomes zero, and 
the solutions for given initial conditions can be obtained by the special 
method of V 35. We shall then study two other conditions, in the first 
of which k, r is reduced to zero, leaving all other derivatives unchanged, 
whilst in the second k ni . is similarly treated. These changes correspond 
respectively to the elimination of the dihedral angle and of the static 
yawing stability respectively, and both are operations which could be 
performed without serious alterations in the design. The former change 
gives a small but manageable negative value of E, corresponding to a 
slowly developing spiral instability, the latter gives a positive value of 
E leading to complete stability, for, surprising though it may at first 
sight appear, the aeroplane can be completely stable in free flight even 
when it has slight static instability. This curious phenomenon is discussed 
more fully in 34 and 35. A study of the response of the aeroplane to its 
controls when in these three states will be of considerably greater interest 
than were one state only to be examined, even though that state happened 
to represent exactly the particular aeroplane under consideration. 

Though the analogy between this procedure and that of Chapter VI 

is close, it is not exact, for in Chapter VI one quantity only, namely 

the metacentric ratio ( H ), was altered, in order to bring the aeroplane into 

r „ . . . . the stable, neutral and unstable states. In 

Table 1 . Dimensionless . . 

Constants Used in Examples. the present examples two independent den- 
^ _ 5 9 jt 1== .071 107 vatives l r and n r are successively reduced 

to zero in order to change the equilibrium 

30 2 Q 0 22 ° from the neutral to unstable and stable 

— 7 ° 10 Qo states respectively. This difference must be 

T .85 1.25 1.44 borne in mind when interpreting the solution. 

£ .20 ~40 .55 The stable condition has the added 

y e ~ i 5 .15 .19 interest that it represents an aeroplane for 

lr .56 1.05 2.4 which the static directional stability is neutral, 

Ip 6.10 6.10 .00 a condition not unlikely to occur in practice 

l r - 1.75 2.95 — 3.4 if the fin and rudder are on the small side 

~ IT - # i 9 .00 .094 and the body on the large side. 

up .37 .65 — .56 5. Slow Speed. At 10° incidence the 

n T .29 .19 .00 derivatives taken from Fig. 42 give a rela- 

tively large positive value of the constant 
term (E) in the quartic equation for > 1 . One solution only will, therefore, 
be sufficient to illustrate the changes which occur at slow speeds. 

6 . Stalled Flight. In the stalled state, at 22 ° incidence, one solution 
only will be given, representing rotary derivative values taken from 
continuous rotation exjjeriments. 
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7. Table of Dimensionless Constants. The values of the constants 
and derivatives in the conditions chosen for computation are collected 
in Table 1. In this table the figures given for 3° incidence represent the 
neutral state ; the stable state is derived by making n v zero and the 
unstable state by making l r zero. 


A. Complementary Function 

8. The Equations of Motion. After writing the variables v , p , and r 

in the forms where p v are constant and after 

writing A Y for Q and omitting all terms containing y p , y r or the pro- 
duct of inertia ( E ) and making l 0 and ?i 0 zero, the equations of motion 
[ V (21.2)] reduce to the three simultaneous algebraic equations below. 

(X y r )i T — fi(dnA 1 | kX l cos6 1 )p l + 

4- /i (cos A x — k X~ 1 sin O x ) r y - 0 8 ^ 

"f" + Ip) P\ + — - 0 

n v r x + v p p x + (/ + n r ) r ± =r 0 

or, in the shortened notation, 

(h v i + b l p 1 + c 1 r 1 0 I 

<h v i I b 2 Pi f c 2 r 1 =0 (8.2) 

^3 t/'i ^3 P\ + C > 3 T 1 ~ ^ I 

where the meanings of a L, etc. are found by comparison between 
(8.1) and (8.2). 

9. The Quartic for X. To find / we eliminate the ratios v:p:r from 
(8.1) and arrange the result in descending powers of 

X* 4- BP -f CP 4 DX + E = 0 

The coefficients of this quartic are set out in full in Table 2 with their 
numerical values in each of the conditions chosen for illustration. As 
with the symmetric solutions the values of many of the terms, though 
negligible, have been stated in order to show their orders of magnitude. 
In the cruising, or 3° incidence column, the neutral total is obtained by 
adding the numbers as they stand, the stable total by omitting all terms 
containing n ( . and the unstable total by omitting terms containing l v . 

10. Values of X and of the Ratios v'p-r. The quartics for with 
numerical coefficients, as indicated in the totals of Table 2 are next 
solved 1 and the ratios between the variables which correspond to each 
of the four roots are found by substituting the appropriate value of the 
root into the second and third of (8.1) and eliminating each variable in 
turn. The second and third equations are chosen for this purpose because 
they lead to the simplest expressions for the ratios. The ratios so found 
can then, if desired, be inserted in the first of (8.1) to provide a check 

1 See Footnote (VI IB) on approximate methods of solving quartic equations. 
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on the arithmetic. This was actually done but the check figures are 
not here shown. 

The expressions for the ratios V \p : V in terms of X and of the deri- 
vatives are simpler than the corresponding expressions derived from 


Table 2. Constitution of the Coefficients of the Quartic for X. 




B 



C 

Incidence 

3° 

10° 

22° 

Incidence 

3° 

10® 

22° 


Vv 

.15 

.15 

.19 


yv ip 

.92 

.91 

.00 


i P 

6.10 

6.10 

.00 


Vv n r 

.04 

.03 

.00 


n r 

.29 

19 

.00 


Ip nr 

1.77 

1.16 

.00 

Total | 

6.54 

6.44 

.19 


— l r np 

.65 

1.92 

— 1.90 






1 — fx n v cos A x 

1.12 

.00 

.52 



I) 




Id s%n A x 

.17 

1.05 

5.24 

Incidence 1 

3° 

10° 

22° 


Stable 

3.55 

5.07 

3.86 







$ 


4 67 



T 

.26 

.17 

.00 

o 

H 

Unstable 

4.50 



— ■ 

■y v l r Up 

.10' 

.29 

'—“736 



E 



filv n v cos A x 

1.22 

3.95 

— 7.36 

1 Incidence 

3° 

10° 

22° 

— [X Ip Tiu cos A x 

6.83 

.00 

.00 






fx Id n r sin A x 

.05 

.20 

.66 

H k l v n r cos G x 

.19 

.47 

.00 


r n v sin A x 

— .10 

.00 

— .70 

* — /i k l r n v cos (9j 

—.39 

.00 

— 1.04 

fx kl v cos Q x 

.66 

2.48 

7.79 

— // k l v n t) sin G x 

.03 

—.03 

.00 

fx k 

’ rif, sin G x 

.03 

.00 

.00 

u k In TW) sin <9, 

.17 

.00 

.00 

CO 

Stable 

2.29 

7.09 

— .63 

<0 

Stable 

.22 

.44 

— 1.04 

3 

o 

Neutral 

9.05 



3 

| Neutral 

“ .00 



H 

Unstable 

7.12 



o 

H 

Unstable 

—.22 




the symmetric equations and it is unnecessary to arrange them in tabular 
form as in Chapter V. They are: 

'V : X ^ -}- ( Ip Tl r ) X ~f~ Ip 7l r l r Tip 

P . Ifj X l v 7l r ~f~ l r ?l v 

r • W/p X ^1! Wp jijytlf 

The numerical values of these ratios are found by substituting the 
appropriate values of the derivatives taken from Table 1 and the appro- 
priate root of the quartic for X. These roots with their appropriate 
V\p\V ratios are given in Table 3. The meanings of the complex ratios 
are discussed in V 30, 31. 

Table 3 defines the complementary functions of the equations in 
their most general form. From it we observe that there are in all cases 
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Table 3. Roots of the Quartics for k and the v.p.r Ratios. Incidence 3 deg . 



SI 

sable (n v -0) 


Neutral 

Unstable = 0) 

Root 

— 6.0 

— .21 ± .53, 

— .11 

—6.0 

- - .20 ; 1.20» 

. 000 

—6.0 

! ! 

— .29+ 1.06i 

+.031 

VI 

7 .046 

• 84±3.20t 

1.00 

.044 

—.63 d- 7.03* 

].00~ 

.045 

— 1.45+18.6 i 

~r;oo 

Pi 

7 1.000 

— ,05T.3(H 

— .06 

1.000 

.32 • .67 i 

.07” 

l.OOOj 

l.OOd .oo» 

j .13 

r: 

.065 

.21± ,00i 

;i2 

CO 

50 

O 

1.32 ± .23 i 

.57 

.063 

3.33 dr. .61i 

.44 



Incidence 10° 

Incidence 22° 

Root 

—5.8 

— .30±1.04t 

— .065 

— .44 

1 — 

-- . 16+2.03 -i , +.57 

V 2 

.015 

.19 ±5.92 i 

; 1.00 

— 1.24 

— 6.00± .65* j 1.50 

Pi 

1.000 

.12±1.09i 

— .05 

1.00 

•70±4.87» 1.00 

r: 

.116 

~".68± ~.00i~ 

.26 

— 1.00 

; — 1.36± .19* | 1.23 


two exponential modes corresponding to real roots and one oscillation 
corresponding to a pair of complex roots. 

11. The Large Real Root. In normal flight one of the exponential 
modes decays very rapidly, the exponential term being of the order 
e~ Gt which, since r is of the order unity, decays to about 1/e of its value 
every sixth of a second, and, sensibly, vanishes within a small fraction 
of a second. The physical reason for this large root will be discussed 
later; for the present it is sufficient to note that it is concerned mainly 
with the variable p, the other two variables in this mode being of the 
order p/ 20. 

12. The Small Real Root. The other exponential mode corresponds 
to a very small root and therefore decays or increases very slowly. A time 
of the order ten to twenty seconds is necessary for motions in this mode 
to decay to 1/e or increase to e times their original value. An aeroplane 
which is unstable with respect to this mode is said to be spirally unstable , 
for reasons which we shall appreciate later. We note that this mode 
involves mainly V and V and contains relatively small values of p. 
Except when the angle of pitch {6 Y ) is large, this is clearly inevitable in 
any slowly developing motion ; for, if p were large the inclination of the 
plane of symmetry to the vertical would rapidly change and rapid 
changes in the action of gravity upon the aeroplane would occur. 

13. The Complex Root. In all the examples of normal flight chosen 
for illustration the oscillation is heavily damped and of medium period of 
the order five seconds. All three component motions are involved. 

The question of the variations of the different modes with changes 
of the derivatives will be taken up later in this chapter, using approximate 
methods similar to those of Chapter VI. We proceed now to the problem 
of fitting these general solutions to chosen initial conditions. 
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B. Complete Solutions and Initial Conditions 

14. Choice of Initial Conditions. The following three sets of initial 
conditions have been chosen for further study. 

(1) An initial angular velocity of roll (p 0 ) so that at zero time 

p = p 0 ; and V , r, / 0 , n 0 are all zero. 

(2) A steady applied rolling moment (coefficient k l0 ) so that at zero 

time /° — and p , /•, v, n 0 are all zero. 

This is not necessarily the effect of a simple aileron movement, for 
in general, the ailerons apply yawing moments as well as rolling moments. 
The effect could, however, be produced by an appropriate combination 
of movements of ailerons and rudder. 

(3) A steady applied yawing moment (coefficient k no ) so that at 

zero time n 0 -- \ n ° ; and p, r, V , Z 0 are all zero. 

15. Complete Solutions in Dimensionless Form. The processes involved 
in fitting the solutions to initial conditions of the above types have been 
described m general terms in Chapter V and the detailed arithmetic 
will not be reproduced. As with the symmetric computation it is essen- 
tial to arrange the arithmetic in a systematic manner with checks at 
each important stage, but no difficulty need be experienced if the 
directions of Chapter V are followed. 

The solutions appropriate to these chosen initial conditions are 
given in Table 4, in which the variables are the angular displacements 
(p and ip and the side-slip velocity v- These variables y? and y> are chosen 
for tabulation because the motion is more easily visualized in terms of 
them than in terms of the variables p and v which were used throughout 
the calculations. These latter variables are related to (p and xp by the 
equation y ~ p -\- r tun d l ; xp ~ r sec 0 X 

They can therefore, if desired, be obtained by differentiating the expres- 
sions for <p and xp in Table 4. 

The solutions in Table 4 are arranged in the same way as in the 
corresponding table in Chapter VI. 

16. Conditions to which the Solutions are Applicable. The solutions 
in Table 4, being in dimensionless form, apply equally to all aeroplanes 
of the same external form as the B.F. 2 b for which they were calculated, 
provided that the inertia coefficients 1c A , 1c r and the parameter pi have 
the same values as those here assumed. The values of Jc A and Jc B do not 
vary widely from one aeroplane to another and the value of pi — 5.9 is, 
as we saw in VI 19 representative not only of the aeroplane chosen but 
of more heavily loaded larger aeroplanes and more lightly loaded smaller 
aeroplanes. 
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In the dimensionless form the derivatives do not vary greatly from 
one aeroplane to another, with the exception of l v and which mav 
vary wiely and are easily altered by changing dihedral angle or fin 
and rudder area. More examples than have been given in T ab le 4 would 
be required to display thoroughly the effects of all possible combinations 
of values of l r and n,., but limitations of time and space do not allow 
more to be included. Those given are, however, sufficient to give an 
idea of the principal variations and to illustrate the methods. 

In Table 2 it will be observed that p is always multiplied either 
by I p or n tr The form of the solution will therefore not be altered by a 
change of /i provided that l r and n r are both altered in inverse pro- 
portion to //. From the relations in 10 however, it is dear that this change 
will alter the ratios of the velocity r to the angular velocities p and r. 

17. Conversion to Ordinary Units. In order to apply the solutions 
of Table 4 to any particular aeroplane in terms of any desired system 
of units, it is necessary to know the values of /<, c and t for the flight in 
question. We recall that " 

i 

k, n 


c 1 I 

v *’> v~ T 0\ r=- T r; 


klo — f^A 


k c n (l 


In the next paragraph we shall discuss graphs of the angles (p and 
which define the orientation of the disturbed aeroplane and the 
side-slip angle ft ( — vj l\) following initial disturbances of the type 
included in Table 4. These are deduced from the dimensionless ratios in 
Table 4 in accordance with the following scheme. 
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An example will show how Table 4 is converted so as to relate to 
any desired system of units. Suppose that we require an expression for 
the side-slip angle (ft) in radians, at time t seconds after a small disturb- 
ance in the form of an angular velocity of roll p 0 , expressed in radians 
per second. We will suppose that n r ----- 0 and that the incidence is 3° 
so that the information comes from the first column of the first block 
of figures in Table 4. These figures give the dimensionless ratio rjp 0 
as a function of the dimensionless quantity t. 

We have ftlp Q -= (rfti) (r/p 0 ) also we have (Table 1 ) /i = 5.9 andr == 0.85. 

Therefore ^ —0.144 - and t - 1.18 f. 

Po Po 

And ft = po X 0.144 [.046 e 118 x 6 0 * . . etc.] 

or ft = p 0 x [0.0067 e 71 etc.] 



Table 4. Complete' Solutions with Given Initial Conditions. 

Initial p 0 Initial l 0 Initial n 
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Incidence 3 deg. 



















Tabel 4 (Continued). 
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Incidence 10 deg. Incidence 22 deg. 



18. Graphs of the Solu- 
tions Plotted Against Time. 
Graphs illustrating the 
solutions in Table 4 have 
been plotted in Figs. 57 a 
to m. These graphs corre- 
spond to the values of r 
and l given in Table 1 and 
therefore relate to the 
actual aeroplane, B.F.2b, 
flying in air of density 
0.0020 slugs per cu. ft. 
The abscissae represent 
time in seconds and in 
order to give an air of 
verisimilitude to the pro- 
ceedings, the scales of the 
ordinates have been ad- 
justed to represent angular 
disturbances in degrees, 
due, respectively to the 
following causes : an initial 
angular velocity of roll 
p Q .... 10° per sec.; an un- 
balanced rolling moment 
represented by 0 — 0.001 , 
and an unbalanced yawing 
moment represented by 
k n o — 0.0001. The above 
rolling moment would be 
generated in normal flight 
by an aileron movement 
of roughly ±1/4 degree and 
to generate the yawing 
moment a rudder angle of 
about 1/3 of a degree would 
be required. These figures 
relate to normal flight, the 
graphs for stalled flight 
will be discussed later. 
The manner in which the 
various modes combine to 
give the final curves plott- 
ed in these figures are often 



192 N VII. NUMERICAL SOLUTIONS OF THE ASYMMETRIC EQUATIONS 


most interesting and the reader who takes more than a passing interest 
in the subject is advised to try for himself the operation of plotting 
from the information in Table 4 1 . 

C. The Graphs Discussed 

19. Initial Rate of Roll. Figures 57 a, b and c show the motion of the 
aeroplane for the first 20 sec. following an initial disturbance in the 
form of a rate of roll (p 0 ) of 10° per sec. The three continuous curves in 
each figure represent the aeroplane at 3° incidence, in the stable, neutral 
and unstable conditions defined in 4, whilst the dotted curve represents 
the single stable condition examined at 10° incidence. 

During the first half second it is seen that the mode corresponding 
to the large root (X — — 6) predominates over the others and during this 
period the initial rate of roll is very rapidly reduced to zero in all cases. 
This is due, of course, to the large positive 2 value of l p possessed by all 
wings in normal flight, which implies a large rolling moment opposing 
any rapid rolling motion. We note that the motion during the first half 
second is much the same for all the conditions examined, because it is 
dominated by l p and is but little influenced by changes of dihedral 
angle or of the size of the fin and rudder. During this early stage the 
yaw is of opposite sign from the roll, that is to say the falling wing tip 
moves forward relative to the c.g. This yawing motion is due to the 
positive value of n p possessed by the wings in normal flight and is the 
principal motion which causes the positive side-slip recorded in Fig. 57 c, 
during the first two or three seconds. 

After the first rapid elimination of the rolling motion the subsequent 
disturbance may be considered as originating from an angular displace- 
ment (99) of a little over one degree combined with a side-slip angle (ft) 
varying from one half to one and a half degrees in the various circum- 
stances. 

In the next stage the harmonic mode plays the leading part in the 
motion, but is itself damped out and almost eliminated after about two 
complete swings, which occupy some ten to fifteen seconds. By this 
time the effect of the small root has become noticeable and the subsequent 
motion of the aeroplane depends on the sign of this root; the stable 
aeroplane — negative root — returns to straight flight on an even keel, 
the direction of motion being, by a coincidence, almost the same as 
that before the disturbance; the neutral aeroplane — root zero — settles 
down to a steady- banked turn, with slight side-slip, and the unstable 
aeroplane — root positive — continues to turn at a slowly increasing rate 
with, of course, an appropriate slow increase in the angle of bank. It 

1 For quick methods of plotting see footnote to VI 23. 

2 It will be remembered that a positive l p corresponds to a negative value of 
the derivative dL/dp . 
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is on account of this motion that the instability resulting from a positive 
small root of the quartic for A is often called spiral instability. 

The dotted curves show that the motion in slow flight at 10° incidence 
is of the same character as that of the stable aeroplane ul 3° incidence, 
although the quantities involved are slightly different. 

20. Applied Control Moments. Figure 57 d to i relate to the effects of 
applying, by means of the controls, small rolling or yawing moments 
when the aeroplane is initially flying straight and steadily. Before 
considering these in detail we note that the disturbances caused by a 
rolling moment of coefficient 0.001 are of the same order of magnitude 
as those due to a yawing moment of 0.0001. The aeroplane is thus, 
speaking roughly, ten times as sensitive to yawing moments as to rolling 
moments. The reason for this is sufficiently obvious; after the first 
second or so the moments of inertia of the aeroplane have but little 
influence on the motion and the subsequent movements are mainly 
determined by the balance of applied moments against aerodynamic 
moments; the wings, however, are thin, flat objects with small dimen- 
sions parallel to the Z axis and they, therefore, experience smaller aero- 
dynamic reactions when rotated about the Z axis than when rotated 
about the X axis. A comparison between a plan drawing and either 
of the elevations of an aeroplane will illustrate this point. It is on account 
of this property of the aeroplane that the designer, as the result of 
experience, provides ailerons which are roughly ten times as powerful 
as the rudder. 

21. Applied Rolling Moment. Figure 57 d, e and f show the effect of 
applying a small rolling moment, corresponding to about 1/4 degree 
up and down movement of the aileron, but without the yawing moment 
which the ailerons would normally generate. The effect on the stable 
aeroplane at 3° incidence is to cause it, after a preliminary oscillation 
damped out in from 10 to 15 secs, to fly straight and steadily with an 
angle of bank (cp) of about 1°, a side-slip angle (fi) of 1.5° and a direction 
of motion about 1° to port of the original direction. 

For the first two seconds after its application the rolling moment 
produces substantially the same effect on the aeroplane in all the three 
conditions examined, but after two seconds the rolling effect is much 
greater when the aeroplane is neutral or unstable than when it is stable. 
This striking difference is due to the absence of the static directional 
stability coefficient ( n v ) in the stable aeroplane and its presence in the 
other two. When this derivative is zero there is nothing to prevent the 
generation of large side-slips when the aeroplane is banked, and these 
side-slips, in turn generate rolling moments which oppose the applied 
moment. When, on the other hand, n v has an appreciable negative 
value — aeroplane statically stable — side-slip causes the aeroplane to 
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yaw in such a way that further rapid increase of side-slip is prevented ; 
the opposing rolling moment due to side-slip is thus greatly reduced 
and the applied rolling moment has more effect. These differences 
between the stable and the other conditions in respect of side-slips and 
rates of yaw are clearly shown in Fig. 57 e and f. 

In the neutral case the final state is such that bank, side-slip, and 
rate of change of azimuth increase steadily. In the unstable case the 
final banked turn increases exponentially. 

22. Applied Yawing Moments. Figure 57 g, h and i show the effect of 
applying a small yawing moment corresponding to about 1/3 degree 
movement of a normal rudder. In the stable condition the aeroplane 
is seen to be much more sensitive to this applied moment than in either 
the neutral or the unstable condition. This again is due to the absence 
of the static stability term (n t .) in the stable aeroplane; with this term 
zero the aeroplane yaws violently under the action of the rudder; this 
yaw causes side-slip which generates rolling moments which rapidly 
bank the aeroplane. 

In the unstable condition the aeroplane is seen to be even less sensi- 
tive than in the neutral condition; this is due to the absence of the 
l v term — zero dihedral angle — in the former condition. When l v is zero, 
side-slip generates no rolling moments, the rate of roll is less and negative 
side-slip is therefore greater than when l r has the usual positive value ; 
this again causes larger yawing moments to oppose the applied moment 
and hence results in a slower turn. 

It is interesting to note that although the ultimate effect of a given 
applied yawing moment is greatest in the unstable condition and least 
in the stable condition, yet the magnitudes of the effects during the 
first twenty seconds and even longer are in the reverse order; the stable 
aeroplane, with its dihedral angle and small fin, being very sensitive 
to the rudder, whilst the unstable aeroplane with its zero dihedral and 
larger fin is relatively insensitive. 

It is again noticeable that the aeroplane at 10° incidence behaves 
in a manner not very different from the stable aeroplane at 3° incidence. 

23. Rolling and Yawing Moments Applied Simultaneously. When 
rolling and yawing moments are applied simultaneously, as when an 
ordinary aileron is used, the effect can be obtained by adding together 
the solutions of Fig. 57 d, e, f and Fig. 57 g, h, i in appropriate pro- 
portions. Confining attention to the first ten to twenty seconds after 
the application, we note that whereas the stable aeroplane with n v zero 
is much less sensitive to rolling moments than the neutral or unstable 
aeroplanes, it is much more sensitive than the other two to yawing 
moments. An ordinary aileron generates, in normal flight, a yawing 
moment of the opposite sign to the rolling moment, and about one 
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tenth its magnitude (see III 42). It follows from Fig. 57 d and g, that 
in the stable state — positive dihedral and small fin — the yawing effect 
of the ailerons will indirectly neutralize their direct rolling effect and 
the aeroplane, under the action of its ailerons unsupported by rudder 
movement, will ultimately roll in the wrong direction. The unstable 
aeroplane — small dihedral and large fin — will not be so liable to this 
defect, but will be much less sensitive to its rudder. 

It may at first sight be thought that ailerons which, when used 
alone, ultimately roll the aeroplane the wrong way, must be useless 
to the pilot, but this is not so, provided that the pilot is easily able, by 
using his rudder to neutralize the yawing moment which they generate. 
In normal flight this is always possible; hence, although it is better to 
use ailerons which do not produce appreciable yawing moments, the 
effect of using ailerons which, in the absence of rudder moments would 
roll the aeroplane the wrong way is not so serious as might be supposed. 
The reflexes of the trained pilot cause him always to use the rudder 
in sympathy with the ailerons to such an extent that he is probably 
unaware of what either does when the other is held fixed. These remarks 
are true only of normal flight. In stalled flight the adverse effects of 
the yawing moments produced by the ailerons are greatly increased and 
may lead to serious danger. 

24. Stalled Flight. Figure 57 j , k and 1 show the solutions for the stalled 
aeroplane, with all three variables <p , ft, plotted on the same diagram. 
The changes of the scales upon which the angular disturbances and the 
times are plotted should be noted. The motion is in all cases violently 
unstable owing to the presence of a large positive root in the quartic 
for ). ; the mode corresponding to these roots doubles itself every 
1-3/4 secs, and very soon dominates the situation, so that the aero- 
plane ultimately descends into the spin, whatever the nature of the 
initial disturbance. The spin itself cannot, of course, be even approxim- 
ately regarded as a small disturbance from straight flight, so that long 
before the steady spin is reached the equations cease to represent the 
true motion; nevertheless the initial stages of the motion leading to the 
spin, involving rapid yawing and rolling rotations of about equal rates, 
are clearly shown. 

Comparison of the effects of applied rolling moment with that of 
applied yawing moment shows that, although the latter is slower in deve- 
loping than the former, the ultimate development under an equal applied 
moment is, after some four seconds, about ten times as great. It was 
shown in Fig. 44 (III 41) that in stalled flight ailerons of normal type 
generate yawing moments — chord axes — between 0.2 and 0.5 times the 
rolling moments and of the opposite sign. From Fig. 57 j and k it 
is clear that any such aileron, applied without sympathetic rudder 
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movement, will, shortly after its application, cause the aeroplane to 
roll violently in the opposite direction from that intended. 

Figure 57 m, obtained by adding Fig. 57 k to 57 1 in correct proportions, 
shows the effect in stalled flight of an aileron which generated a yawing 
moment — 0.30 times the rolling moment. The disasterous consequences 
of this action of an aileron in stalled flight are discussed in Chapter IV, 
so that they will not be followed further in the present chapter. 

Elaborate experiments have been made (Ref. 1) using recording 
gyroscopic apparatus, to determine the actual motion of a stalled aero- 
plane under the action of its controls. It will be sufficient to note that 
those carried out on the Bristol Fighter are in reasonably close agreement 
with the solutions here given, so that in spite of the approximations 
and limitations imposed on the calculations and in spite of the probable 
existance of scale effects between the results of experiments on small 
models and full scale aeroplanes, the solutions do represent in general 
character the actual motions of the full scale aeroplane in free flight, 
under the influence even of large control movements. 

25. Uncertainty of the Values of the Derivatives in Stalled Flight. 
The solutions here given for the stalled aeroplane are based on data 
obtained from continuous rotation experiments. Had they been based 
on data from oscillation experiments (see Fig. 42, III 38) they would 
have taken a very different form, involving two exponential conver- 
gencies and a practically undamped oscillation. This type of oscillation 
has also been recorded instrumentally on the Bristol Fighter, after it 
had been very carefully stalled whilst flying on an even keel with no 
appreciable rotation. The recorded oscillation had a very slight tendency 
to increase and, after developing a small but appreciable amplitude, 
was suddenly converted into a divergence of the type of Fig. 57 j, k, 1. 
It, therefore, seems probable that the stalled aeroplane cannot be 
regarded as possessing a single set of derivatives at any given incidence, 
or, in other words, that the aerodynamic forces are not unique functions 
of the instantaneous velocities but depend also on the history of the 
motion. It would seem that if the disturbances start in the form of 
oscillations of small amplitude, in which rotations are not rapid and do 
not continue for any length of time in any one direction, the forces may 
approximate to those indicated by oscillation experiments. If, however, 
the amplitudes become large or, for any reason, such as a control appli- 
cation, the rotations continue for some time in one direction, there may 
be a sudden change over to a regime represented by the derivatives 
measured in continuous rotation experiments. 

These ideas are at present conjectural, but the comparison between 
the theoretical solutions and the results of free flight experiments 
certainly suggest that they represent the truth, though possibly very 
roughly. More research is, however, required before any certainty can 
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be achieved in the analytical examination of stalled flight. The calcu- 
lations discussed above have been given as examples of the application 
of the method to stalled conditions rather than as representing the 
exact behaviour of a specific aeroplane. 

26. Scale Effect on a Thick Wing in Stalled Flight. The agreement 
noted above between free flight experiment and the solutions of the 
equations of motion based on measurements of derivatives on small 
models, applies to thin-wing aeroplanes for which the scale effects on 
the lift and drag coefficients are small. For certain thick- wing aero- 
planes these scale effects are large and consequently the derivatives 
themselves, which depend greatly on the shapes of the curves for lift 
and drag against incidence, will probably be subject to large scale effects. 
In these circumstances agreement between solutions based on deri- 
vatives obtained at a small value of the Reynolds’ number and free 
flight experiments in which the Reynolds’ number is necessarily large, 
cannot be expected. 

When calculations are to be made on thick -wing aeroplanes in stalled 
flight it will therefore, in all probability, be necessary to carry out the 
preliminary experiments to find the derivatives upon models in wind 
tunnels which allow of the full Reynold’s number being obtained. 

I). Information by Inspection of the Quartic for X 

27. Condition for Complete Stability. As with the symmetric equations 
of Chapter VI so with the asymmetric equations under consideration, 
some idea of the nature of the solutions can be obtained merely by 
inspecting the quartic for X. Thus the motion is completely stable if 
all the coefficients B , C , D , and E are positive and Routh’s discriminant 
(BCD — B 2 E — D 2 ) is also positive. 

28. The Large Root. Consideration of the values of the coefficients 
B , C, D, E in Table 2 shows that in normal flight there is in all cases one 
large root of the same order of magnitude as B, for, writing the quartic 
in the form X + B + C X~ 1 + D X~ 2 + E X~ 3 — 0 

and observing that B is of the order 6, that C and E are smaller than 
B and that D is never much larger than B , it follows that when the 
root is large the three last terms will be small compared with B and that 
there will therefore be a large root of the same order of magnitude as B. 

A second approximation to this large root is obtained by putting 
X = — B in the third term and neglecting the last two terms. This gives 

X - — B + C/B 

Replacing B and C by their values in terms of the derivatives in Table 2 gives 

X — — Ip — n r — y v + y p l^ r 4~ y v) 1 "p Vv n r lr ftp 

+ ft (l v sin A 1 — n v cos AJ] 
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in which the small terms n r and y v have been omitted from the term 
which multiplies the square bracket. This reduces to 

X = — lp+Y p [yv 7lr — ^r^p + (k sin A x — n v cos A x )] 

which, when numerical values are inserted is seen to be very nearly the 
same as X = — l p . Comparison between Table 1 (7) and Table 3 (10) 
will show that, whereas at both 3° and 10° incidences l p = 6.10 the 
large root is — 6.0 in all three cases at 3° incidence and — 5.8 at 10° 
incidence. 

We have seen that the mode corresponding to the large root sensibly 
disappears from the motion within a small fraction of a second after 
the disturbance which generates it, consequently the precise value of 
this root is not, as a rule, of any great interest, and it is generally suffi- 
ciently accurate to assume that its value is — l p . This assumption, 
however, cannot be made when the aeroplane has stalled, for then l p 
is small, whereas the basis of the assumption is that l p is large. 

29. The Small Root. The coefficients B, C , D are considerably greater 
than unity, whereas the constant term ( E ) is small, of the order + 0.2 at 
3° incidence. There is, therefore, a small root of approximate value 
— E/D, for when X is small the first three terms of the quartic are small 
compared with the last two terms. A second approximation to this 
root is obtained by replacing X by — E/D in the third term and neglect- 
ing the first two terms. This leads to a value of the small root 
( — E/D) [l + CE/D 2 ]. These approximations are compared with the 
accurately computed small roots in Table 5. 


Table 5. Approximate and Correct Value of the Small Root. 



First 

Approximation 

Second 

Approximation 

Correct 

Value 

3° Incidence, stable 

—.096 

—.11 

—.11 

3° Incidence, neutral 

0 

0 

0 

3° Incidence, unstable 

+ .031 

-f .031 

+.031 

10° Incidence 

—.062 

—.064 

—.065 


The first approximation is good enough for most practical purposes 
but slightly underestimates the value at the high incidence of 10°. 

30. Approximate Values of the Complex Roots. A very rough approxim- 
ation to this pair of roots is obtained by neglecting the first and last 
terms of the quartic and hence leaving for solution the quadratic. 

A 2 + " A + -£ =0 

The roots of this quadratic are compared with the corresponding roots 
of the quartic in Table 6. 
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Table 6 . Approximate and Correct Values of the Complex Root. 



Approximate roots 

True roots 

3° incidence, stable .... 

—.27 ± 53 i 

—.21 ± .53 i 

3° incidence, neutral . . . 

—.36 ± 1.12 1 

—.26 ± 1.20 % 

3° incidence, unstable . . . 


—.29 ± IMi 

10° incidence 

-.39-1- .97 1 

—.30 4- 1.04 i 


It therefore appears that, although in the examples examined the 
approximate solution gives a fair idea of the period of the oscillation, 
it definitely overestimates the damping. The value of the damping 
term is an important feature of this mode and hence the approximation 
under consideration has little practical value. The sign of this damping 
term, which determines whether the oscillation will increase or decrease, 
can be obtained from Routh’s discriminant ( BCD — B 2 E — D 2 )\ the 
oscillation will increase if this discriminant is negative. If the magnitude 
of the damping term is required it must be obtained by solving the 
numerical quartic. 

31. Level and Climbing Flight. When the engine is not working the 
attitude of the aeroplane, defined by the angle 0 V is a unique function 
of the incidence of the wings, but when the engine is working 0 X depends 
also upon the power output. The solutions of the equations of motion 
involve the angle 0 X and therefore will depend upon the power output, 
or in other words upon the inclination of the steady flight path, as well 
as upon the incidence of the wings. The power output will also influence 
the derivatives through the direct and indirect action of the airscrew, 
but the methods of allowing for these effects of the airscrew are similar 
to those discussed in Chapter VI in connection with the symmetric deri- 
vatives m q and m ?r , except that the complication due to the effect of the 
screw on the downwash from the wings is absent. We shall not, therefore, 
enter into a discussion of the influence of the airscrew upon asymmetric 
derivatives, but shall confine our attention to the effects of changes in 0 X 
which occur when the engine is working with various powers. We may 
suppose that the derivatives with airscrew working happen to have the 
values assumed in the examples previously studied in gliding flight. 

The only coefficient of the quartic which is seriously influenced by 
changes of 0 X is the constant term (E) which at the cruising incidence 
of 3° depends (see Table 2, 9) upon 0 1 in the following manner, cos0 Y 
being taken as unity. 

Stable case n v — 0 E — .19 — .24 sin G x 

Neutral case E — — .20 — 1.6 sin G x 

Unstable case l v = 0 . . . . E = — .39 — 1.4 sin G t 

In all three cases positive values of 0 1 — steeper climbing angles — reduce 
E and therefore reduce the stability of the mode corresponding to the 
small root. 
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In gliding flight at 3° incidence, 0 X — — 7° and E has, of course, 
the values of Table 2, being zero in the neutral case. In horizontal 
flight at this incidence 0 X = 3° giving, 

Stable case E = .18 

Neutral case E — — .28 

Unstable case . ... E ~ — .46 

Reference to Table 2 shows that the influence of 0 X on E is mainly 
through the term n v and therefore in the stable case in which n v is zero 
its effect is small; in the other two cases, its effect is considerable. 

In climbing flight, where 0 X may have a large positive value — say 
up to 20° in a high powered aeroplane — the destabilizing influence on 
an aeroplane which has large directional static stability — n v large and 
negative — may be very marked, but since it will be unusual for a pilot 
to want to abandon his controls altogether when climbing rapidly, this 
form of instability, which requires many seconds to make itself felt, may 
not be troublesome. 

E. Changes of Dihedral Angle and Fin Area 

32. Introduction. Two only of the derivatives can be varied by minor 
alterations in design. These, as we have seen, are l r which depends upon 
the dihedral angle between the wings and n ,. which is governed by the 
size of the fin and rudder. In order to avoid handling small unimportant 
terms, which would not add to the value of an illustrative discussion, 
we shall assume, in studying the effect of variations of these derivatives, 
that 0 X is zero, and that the aeroplane is therefore descending at an 
angle of 3° to the horizontal. 

33. Spiral Instability. In these circumstances 

E =nk [l c n r — l r w„] 

and therefore the slowly developing mode will be unstable unless 
[l v n r — Z r w r ] is positive. Inserting the value of n r and l r from Table 1 (7) 
at the cruising incidence of 3°, we find that spiral instability will occur 
unless .29 l v — ( — 1.75)w r is positive. Assuming that, as is usual, l v 
is positive, the aeroplane will become unstable in respect of the small 
root when n v is negative and numerically greater than .16 l v . When n v 
is negative the aeroplane is statically stable, hence, too high a degree 
of static stability causes spiral instability in free flight. 

34. Increasing Oscillations. The dependence of the coefficient of the 
quartic on l v and n v at the cruising incidence of 3° with 0 X = 0 can be 
shown from Tables 2 p. 186 and 1 p. 184 to be as follows: 

B = 6.54 

C — 3.38 — 5.9 n v + . 305 l v 
D = 0.36 — 35.4 n v + 3.40 l v 
E = 2.05 n v + .340 l v 
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The oscillation corresponding to the pair of complex roots becomes 
unstable, in the sense that its amplitude increases with time, when 
Routh’s discriminant becomes negative. Dividing the discriminant 
by the constant positive term B leaves the condition fo ’ instability that 
CD — BE — D 2 JB should be negative. Inserting the above expressions 
for B , C , D and E into this expression we find that the oscillation will 
increase if 1.2 — 130 n v + 9.2 l v + 17 n* — 0.6 ll + 0 Z t , n t , is negative. 

The critical condition in which the oscillation will continue indefini- 
tely without change of amplitude occurs when this expression is zero 
and this condition yields the following relations between and n v . 
The value l t , = 0.56 is that used in the detailed compu- 
tations of earlier paragraphs whilst 1.00 is about the 
highest value of l„ which is likely to occur in practice at 
cruising speed. 

35. Spinning Instability. If the positive value of n t , 
increases sufficiently beyond that value which causes an 
increasing oscillation, the imaginary terms in the complex 
pair of roots will disappear; a rapidly increasing exponential mode will 
then occur and the aeroplane may be said to develop spinning instability. 
With l v — .56, as in our illustration, the critical value of n v at which this 
occurs is in the neighborhood of 0.14. But a somewhat smaller value than 
this will be sufficient to cause the oscillation to develop so rapidly that the 
motion will be almost indistinguishable from an exponential divergence. 

The values of the coefficients of the quartic when l r = .56 and 
n v — .048 and .14 respectively are as follows: 

Hence the increasing oscillation occurs whilst 
all the coefficients are positive, whereas the 
rapidly increasing exponential term does not 
occur until D has a considerable negative value. 

In the latter case the value of the positive 
root is about 0.3 so that this form of instability 
develops very rapidly, the mode doubling itself about every two seconds. 

36. Summary. For the asymmetric motions of the aeroplane to be 
completely stable the derivative n ( . must lie between small negative and 
small positive values. If the negative value of is too large — directional 
static stability too great — slow spiral instability will occur. If the positive 
value of n v is too large, a rapidly developing type of instability will 
appear. When the excess of n r over the critical value at which Routh’s 
discriminant becomes zero is small this instability appears as an increasing 
amplitude of an oscillation involving rolling and yawing, but when the 
excess of n v becomes relatively large, the oscillation is transformed into 
a rapidly increasing exponential mode. The range of stable values of 
n v is nearly proportional to Z,„ that is to say to dihedral angle; the range 
is reduced, on the spiral instability side, by increasing the angle of climb. 
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CHAPTER VIII 

THE SPIN 

1. Introduction. When an aeroplane is stalled and left to itself it may 
develop a rapid rolling and yawing motion, the beginnings of which have 
been followed in a typical instance by the detailed methods of Chapter VII 
and are illustrated in Fig. 57 m of VII 24. If allowed to proceed unchecked 
this may develop into a characteristic type of motion known as the spin, 
in which the aeroplane descends rapidly, executing a more or less steady 
helical movement about a vertical axis which passes relatively close 
to the c.g., say between 2 and 20 feet from it, according to the type of 
spin which is developed. The spin is familiar to all pilots and, though it 
has no practical value either for military or civil purposes, it is receiving 
considerable attention, because it is liable to occur accidentally, either 
as the result of inattention on the part of the pilot or through failure 
to execute some manoeuvre correctly. 

In the early days of flying— before 1916 — the spin generally ended 
fatally, because what later proved the most effective means of checking 
it was in some respects contrary to the natural reaction of the pilot to 
the realization that he was diving towards the earth. About 1916 it 
was discovered that an effective way of checking the type of spin which 
was common in those days was to thrust the control stick forward and 
apply rudder in the sense opposed to the rotation. For sometime after 
this knowledge had become general, relatively few fatalities due to 
spinning occurred, provided that there was enough air-room for the spin 
to be checked and the resulting steep dive to be converted into hori- 
zontal flight; the spin then became an ordinary manoeuvre. 

Some years later, about 1919, aeroplanes began to appear which 
developed a kind of spin which could not be checked by the control 
movements which had hitherto been effective, and many fatalities have 
since occurred through spins of this type continuing to the ground. 
In this new type of spin the rotation was much faster and the aero- 
plane’s body more horizontal than in those which had been commonly 
observed in earlier years. For while the spins which had previously been 
studied occurred at a rate of about one turn in three seconds, with the 
body inclined at say 35 to 45 degrees to the vertical, the new and danger- 
ous variety might have a rotation rate as high as one turn per second, 
with the body within 10 to 20 degrees of horizontal. Spins of every kind 
intermediate between these extremes have been observed, but it is 
reasonably representative of experience to divide them into two groups 
which might be described as slow- steep and fast-flat, respectively, and 
to say that it is from the latter group chiefly that recovery is difficult. 
It is not uncommon for an aeroplane to be able to spin steadily in either 
of two ways, one of the slow-steep and the other of the fast-flat variety, 
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the transition from one form to the other, when it occurs, being rela- 
tively rapid. 

The reasons why the flat spin apparently became much more common 
after about the year 1920 have been much debated; they are probably 
to be found, partly in changes in the trend of design of military aero- 
planes, and partly in the advent of the parachute, which greatly increased 
the number of survivors who could give an account of spins which had 
become uncontrollable. Whatever the reason, there is no doubt that, 
in the years following the war, the flat spin introduced a serious danger 
to flying, particularly in war aeroplanes, and for this reason extensive 
researches were set on foot in various countries the main object of which 
was to eliminate it from the possible modes of motion of the aeroplane. 
These researches have not yet reached finality, so that, in the present 
chapter, it would be inappropriate to do more than give a general idea 
of the factors which control the spin, with special reference to those 
which permit or prevent the occurrence of the dangerous flat spin. 

2. Experimental Methods. Our knowledge of the forms taken by the 
free spin comes partly from experiments made upon full scale aeroplanes 
in flight, with the help of recording instruments carried within them or 
of cinematograph records taken from the ground, and partly from obser- 
vations of small models which can now be made to spin freely and for 
long periods of time in an ascending air current. The full scale experi- 
ment suffers from the limitation that instrumental records cannot 
readily be obtained for spins of a type from which recovery is difficult, 
though a few isolated records of such spins have been made. The method 
of the free spinning model is of recent development and has added 
greatly to our knowledge of the form taken by the more dangerous types 
of spin. By this method it is now possible to study the effects on the spin 
of control movements, which can be started by delay action mechanisms 
carried on the model. The subsequent changes in the motion can then be 
studied in detail upon records made with high speed cinematograph cameras. 

Our knowledge of the forces and moments which act in the spin 
upon the aeroplane or any of its parts comes from experiments in which 
models are constrained to rotate in wind tunnels about fixed axes, 
parallel to the wind in the tunnel. In the great majority of the earlier 
experiments the models were made to rotate about axes passing through 
the position of the c.g. of the aeroplane and lying in its plane of symmetry. 
Recently, however, the method has been extended to include observ- 
ations on models rotating with their c.g. offset from the axis of rotation 
and in attitudes unsym metrically disposed to the axis of rotation. It 
is to the extension of the rotation experiments to include these unsym- 
metrical attitudes and to the development of the technique of the free 
spinning model experiment that we owe the great strides which have 
been made in the study of the spin during the past few’ years. 
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3. Theoretical Calculations. On the theoretical side, one or two 
attempts have been made to trace, by step-by-step methods of calcu- 
lation, the progress of an aeroplane from steady straight horizontal 
flight into the steady spin (Chapter V. Refs. 1 and 2). These are interesting 
and worth examination by those especially concerned with the study 
of the spin, but their usefulness is limited by the uncertainty of the 
data upon which they are founded. 

There are also to be considered the stability of the steady spin and 
the power of the controls to disturb its equilibrium. Often the spin is 
observed not to be steady, but to involve periodic changes about an 
apparently steady state, or again it is found that some spins alter slowly 
and progressively for many turns and then begin to change at a much 
more rapid rate. Indeed experience in England is that the dangerous 
type of spin generally develops in this way. It has also been found that 
spins which cannot be checked by steady control movements can some- 
times be stopped by moving the controls roughly and, as it were, flinging 
the aeroplane out of the stable equilibrium condition into which it has 
sunk. A few o^f these unsteady types of motion have been investigated, 
but the matter is too complicated and the results so far obtained, too 
slight to be included in this chapter. The following discussion relates 
therefore entirely to steady states. 

The detailed analysis, even of the steady spin, in a form suitable 
for the precise prediction of the way in which an aeroplane of given 
design would spin with any given setting of the controls, is a matter 
of considerable complication, and the calculations must be based either 
upon wind tunnel experiments on a model of the actual aeroplane, or upon 
a mass of experimental data obtained from models of aeroplanes and their 
parts. No basis of general experimental data completely adequate for 
this purpose is yet available, and it seems doubtful whether it ever will 
become available, for the main object of studying the spin is to prevent 
it from occurring in any form from which recovery is difficult ; and when 
this object has been achieved the exact prediction of the forms which 
spins might take, if they occurred, will become of little more than academic 
interest. With this consideration in mind the present chapter has been 
written, not with a view to displaying convenient methods for calculating 
the precise form which the spin will take in any given circumstances, 
but along lines similar to those of Chapter IV. We shall begin by studying 
a very simple type of motion, which may be regarded as the prototype 
of the real spin, and add the effects of the more important complications 
in successive steps, keeping the argument simple by ignoring minor factors 
which would have to be included in any precise statement but which do not 
greatly affect the final result. By this method of approach it is hoped that 
the reader will obtain a clear grasp of the physical ideas involved and of 
the relative importance of the various factors which affect the problem. 
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4. Notation and the Equations of Motion. It will however be con- 
venient first to consider how the general equations of motion of Chapter V 
can be simplified to apply to the steady spin. With some modifications, 
which will appear as we proceed, the system of notation of previous 
chapters will be employed. Chord Axes fixed in the body will be used 
and treated as principal axes, so that the products of inertia, D, E, F 
of Chapter V become zero. The steady angular velocity about a vertical 
axis receives the symbol Q and the distance of the c.g. from the axis 
of rotation, the symbol R. 

The general equations of motion of V 5 are now simplified by the 
omission of all dotted symbols and the first three equations, representing 
the balance of forces, reduce to the condition that the resultant air- 
force must intersect the axis of the spin and that its horizontal component 
must equal the centrifugal force mRQ 2 , whilst its vertical component 
equals the weight (mg). 

The three equations defining the balance of moments will be found 
to reduce to L = (C — B)qr j 

M — (A — C)rp | (4.1) 

N — (B — A)pq\ 

Now since p, q , r are the components of the vector Q along the three 
axes, they can be expressed in terms of Q and any two angular coordin- 
ates which define the orientation of the aeroplane to the vertical. 
These coordinates will be specified as follows. First imagine that the 
aeroplane is diving with the X axis vertical and the Y and Z axes there- 
fore horizontal. Now rotate it about the Y axis, through an angle a, 
until the Z axis takes up its final attitude with respect to the vertical. 
Next rotate it about the Z axis, through an angle ft, into its final orient- 
ation with respect to the vertical. The angle a will be called the angle 
of pitch and be positive when the aeroplane is right way up. The angle ft 
will bo called the angle of yaw and be positive when the rotation from 
the attitude of zero yaw carries the nose of the aeroplane to the pilot’s 
right. These angular coordinates are different in some respects from 
those used in earlier chapters, but they are convenient in the study of 
the spin. With these coordinates the component angular velocities can 
be expressed as follows p — Q cos a cos ft | 

q = — Q cos a sin ft | (4.2) 

r — D sin a I 

Inserting these values of p, q , r in (4.1) gives 

L — (C — B) sin 2a sin ft 

M = Y I2 2 (^4 — C) sin 2a cos ft 
N = — 2 & (B — A) cos 2 * sin 2 /J 


(4.3) 
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These equations can be thrown into a convenient dimensionless form 
by dividing throughout by g Y 2 Ss to give 


k t — — g fji k% (k c — k B ) sin 2 a sin ft 

k m — g [x k% (k A — k c ) sin 2 a cos ft 

k n = — 2 : 11 k% (k ii — k A ) cos 2 a sin 2/3 


(4.4) 


in which, as in previous chapters 

j Qs m 

J r ^ qSs 

k A , k B , k r stand, respectively for A, B, C divided by ms 2 . k 4 , k m and k n 
stand for L, M and N divided by g Y 2 Ss while g } S and s represent, 
as in previous chapters, the air-density, wing area and semi- wing span; 
V is defined as the velocity of the c.g. along the axis of the spin instead 
of, as before, the resultant c.g. velocity. The pitch of the helical path 
of the c.g. is, however, always so large compared with its radius that 
this difference of definition is unimportant. 

The change in the definition of k m from that of previous chapters 
is clearly necessary when all three components of the air-couple are 
included in one discussion. 


A. Autorotation. 

5. Rotation about a Fixed Axis. In the steady free spin the moment 
about the axis of rotation is necessarily zero, but it is convenient to begin 
by considering an experiment in which an aeroplane, 
or its model, is constrained to rotate steadily about 
a fixed axis in a wind tunnel, whilst the moment 
necessary to maintain the rotation is measured. 
We shall call this moment the spinning moment , 
despite the fact that it is zero in the free spin. At 
first we will confine attention to the effects of 
rotation about an axis which passes through the c.g. 
and lies in the plane of symmetry of the aeroplane 
or its model, and is parallel to the direction of the 
wind in the tunnel (see Fig. 58 1 ). Thus we begin by 
imagining that the motion of the aeroplane is entirely 
constrained, and we shall then suppose that it is 
given, successively, more and more degrees of 
freedom, until it is completely free, as in the real 
spin. At each stage of this imaginary process we shall consider the conse- 
quences of releasing each new degree of freedom. 

1 The motioDS described in this chapter are more easily visualized with the aid of a 
small model aeroplane and a straight rod with which to represent the axis of rotation. 
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In this wind tunnel experiment the axis of rotation may be vertical 
or horizontal, but since the motion is entirely constrained, the orien- 
tation of the axis is immaterial. In the free spin the axis of rotation 
is necessarily vertical and, for simplicity of statement, we shall imagine 
that it is so in the wind tunnel experiment under discussion. In this 
experiment, then, the angle a, which is defined in 4 as the inclination 
of the Z axis to the horizontal, is identical with the incidence of the 
wings at the centre section. This identity does not generally hold in 
the free spin, though the difference between oc and incidence is never 
very great. 

6. Autorotation Defined. Figure 59 contains a typical group of curves 
showing the spinning moment coefficient plotted against angular velo- 
city coefficient for a model of 
a particular aeroplane rotating 
in a wind tunnel in the manner 
described above and set at 
various angles of incidence. In 
normal flight, below 12° in- 
cidence, the slope of the curve 
is large and negative, showing 
that powerful moments oppose 
the rotation; but above 12° in- 
cidence the slopes of all the 
curves near the origin, with one 
exception, are positive, showing 
that the air-moment is in the 
same direction as the rotation. 

In these latter circumstances, 
the model, if free to rotate about the fixed axis but not actually rota- 
ting, would be in unstable equilibrium, for the angular velocity of any small 
initial rotation in either direction would increase until k u reaches the value 
at which the moment is again zero, when a second and stable state of 
equilibrium would be reached with the model rotating steadily. This 
phenomenon is known as autorotation and the angular velocity of the 
condition of steady free rotation will be called the autorotation rate of 
the model at the incidence in question. 

7. Latent Autorotation. In Fig. 59 the curve corresponding to 40° 
incidence is more complicated than the others, for the slope at the origin 
is negative and the axis of zero moment is cut twice more, once with 
positive slope and once with negative slope. At this incidence the 
equilibrium of the non-rotating state is stable; the equilibrium when 
k Q is approximately 0.2 is unstable, while that corresponding to k Q = 0.75 
is again stable. If the model is given an initial angular velocity for 
which k Q is less than 0.2 and then left free, the rotation will stop, but 

Aerodynamic Thoory V 14 



Fig. 59. The h pinning’ moments of a model 
biplane. The incidence of the centre section 
appears on each curve. 
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if the initial angular velocity is greater than this it will continually 
increase to that of the stable equilibrium state. In these circumstances 
the autorotation is said to be latent and the angular velocity at the stable 
equilibrium condition is the one which is called the autorotation rate. 


8. Autorotation Rates. Figure 60 shows the autorotation rates of 
the biplane of Fig. 59. These diagrams show how complicated are 
the factors which determine the autorotation rate, and give some idea 
of the very high rates which may arise, even when the aeroplane is made 
to rotate in an attitude which is symmetrical with respect to the axis 
of rotation. In the free spin the aeroplane, of course, is not necessarily 



Incidence ,cc 

Fig. 60. The autorotation rates of a model 


aeroplane at various incidences. 


symmetrical with respect to the 
axis of spin and, as we shall see, 
departure from the symmetrical 
attitude profoundly influences 
autorotation rate, but it will be 
convenient to postpone consider- 
ation of these effects until we 
have considered the consequences 
of releasing several other degrees 


of freedom. 


Not every aeroplane can rotate so rapidly and at such high angles 
of incidence, whilst held in symmetrical attitudes with respect to the 
axis of rotation. Biplanes with small stagger can do so, but monoplanes 
and some biplanes with exceptionally large forward stagger of the upper 
planes cannot reach high rates or autorotate at high incidences, unless 
they are allowed certain unsymmetrical displacements which will be 
discussed in due course. 


B. Pitching Moments 

9. The Centrifugal Pitching Moment. Tn order that an aeroplane or 
its model should rotate steadily about a fixed axis in the plane of sym- 
metry, as in the motion discussed in the previous paragraphs, a certain 
pitching moment about an axis perpendicular to the plane of symmetry 
— the Y axis — must be applied to it to balance the moment exerted 
by the centrifugal forces (see Fig. 61) which act upon the various parts 
that do not lie upon the axis of rotation. 

Since the word centrifugal force is in familiar use to represent a hypo- 
thetical force equal and opposite to that required to maintain a mass 
in steady circling motion, we may use the term centrifugal moment to 
represent a hypothetical moment equal and opposite to that required 
to maintain the aeroplane in steady rotation; and we may say that 
this centrifugal moment is equal to the sum of the moments of the 
centrifugal forces acting on all parts of the body. The air-forces acting 
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on the aeroplane in general exert a pitching moment and, in the experi- 
ments of the previous paragraphs, it was clearly necessary to apply 
some constraint to the model sufficient to exert a pitching moment 
which, together with the air-moment, equalled the centrifugal pitching 
moment. 

Suppose now that this restraint is removed, and the model thus given 
freedom to pitch about the Y axis. It now becomes a necessary condition 
of steady motion that the air pitching moment 
shall be equal and opposite to the centrifugal 
moment. Equations (4.4) relate to the steady 
spin of entirely free aeroplanes, but we can apply 
the second of these equations to the specially 
simple motion now under consideration in which 
ft is zero and we have the condition of equi- 
librium about the Y axis 

k m ^ //. I), (k a — k A ) sin 2a (9.1) 

in which the symbol k m represents the coeffi- 
cient of the air pitching moment. Or we may 
express the same idea by the statement that the 
coefficient of the centrifugal moment is 

, Fig. 61 . 

l L kn (&cr — k A ) sin 2 a (9.2) 

and that, when the model is free to pitch, steady conditions require the 
coefficient of the air- moment to be equal and opposite to this. 

This form of the expression for the centrifugal pitching moment, 
which involves the difference between the moments of inertia about 
the axes of Z and X , is the one in common use and is the most convenient 
for computation; but since it has been derived as a special case of the 
much more complicated general equations of motion (see V 5) and since 
it contains moments of inertia about axes with which we are not at 
present concerned, it may appear puzzling to readers who are not familiar 
with rigid dynamics. The following alternative method of deriving the 
expression directly for the specially simple motion under consideration 
may assist the reader to obtain a clearer understanding of the origin 
of the centrifugal pitching moment and of the parts of the aeroplane 
which principally contribute to it. 

10. The Origin of the Centrifugal Pitching Moment. Consider a very 
simple mechanism, Fig. 62, consisting of a rod CD , pivoted at its centre 
of gravity G to another rod A B, which can rotate in bearings at A and B. 
The hinge at G is such that CD must rotate with AB while the angle 
(a) between the rods can be held at any desired value by a couple 
applied at G. 
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If the angular velocity of the whole about ABhs Q, then the centri- 
fugal force on an element of the rod CD of mass dm , distant x from G 

Q 2 x sin a (dm) 

The moment of this force about 0 will be 
Q 2 x 2 sin a cos a (dm) 

or * s ^ n 2a (x 2 dm) 

The moment exerted by the whole rod about G will therefore 

be Q 2 sin 2 cl I 

where I is the moment of inertia of the rod about G. 

The rod, if free to rotate about G , will therefore set 
itself at right angles to the axis of rotation and, if constrained 
to remain at an angle a to this axis, will experience a centri- 
fugal couple which tends to set it at right angles to the 
axis and which has a maximum value (1/2 Q 2 I) when a is 45°. 

Suppose now that the aeroplane is replaced by a dynamically equi- 
valent system consisting of three rods lying along the axes X, Y, Z, 
whose moments of inertia about the c.g. are I v / 2 , / 3 , respectively. Then 
the moments of inertia of the real aeroplane are related 
to the moments of inertia of the rods by the equations 

A — / 2 + ^3 
B = / 3 + /i 

C = h + h 

When this aeroplane rotates about an axis lying in the 
plane of symmetry the moment (see Fig. 63) tending 
to set the X axis perpendicular to the axis of rotation 
is clearly 

2 Q 2 [I 1 sin 2 a + I 3 sin 2 (90 + a)] 

or g Q i 8in2a[I 1 -~ /„] (10.1) 

but since I x — / 3 = C — A , this expression , after 
dividing by qV 2 Ss to obtain the coefficient form, becomes identical 
with expression (9.2). A little consideration will show that the centri- 
fugal pitching moment is unaltered when G moves away from the axis A B, 
provided that Q and a are unaltered. 

The form of the expression involving — / 3 shows clearly which 
parts of the aeroplane contribute most to the centrifugal pitching moment. 
Thus parts such as the tail and the front of the engine, which are far 
from the c.g. along the X axis, tend to cause the incidence to increase 
and the body to set itself perpendicular to the axis of rotation, whilst 
parts, such as the upper wing of a biplane and the wheels of the 
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undercarriage, which are some distance from the c.g. along the Z axis, 
oppose this tendency. Parts, such as the wing tips, which lie near the 
Y axis, do not influence the centrifugal pitching moment, no matter how 
far they may be from the c.g. Since tho length of an ordinary aeroplane 
from nose to tail is always much greater than its height, the centrifugal 
pitching moment in all normal designs acts in the sense to increase the 
incidence of the spin. 


11. Balance of Pitching Moments. If the model is free to rotate about 
the axis defined in 5 it will do so at the autorotation rate, which is a 
function of incidence. With given 
values of /z and (k c — Jc A ), the 
centrifugal pitching moment co- 
efficient, given by the expression 
(9.2) then depends upon quantities 
which are functions of incidence 
only and will itself therefore be 
a function of incidence. The same 
is true of the air pitching moment 
coefficient which depends only 
upon the geometry of the motion. 

Figure 64 shows the form taken 
by these functions for the model 
concerned in Figs. 59 and 60. To 
obtain the curves for centrifugal 
moment the value assumed for 

(k c - — k A ) was 0.056, which is the value for the real aeroplane represented 
by this model, while four different values, marked on the curves, were 
assumed for fx. The values of /z for tho real aeroplane ranged from 
6 near the ground in air of standard density, to 8 in air of the density 
appropriate to a height of 10,000 feet. 



700 ° 
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Incidence ; a 
Fig. 64. Comparison between centrifugal and 
aerodynamic pitching moments during 
autorotation. 

Heavy linos = Air pitching moment (signs 
reversed — three elevator settings). 

Light lines Centrifugal pitching moments 
(four values of //). 


The air pitching moment coefficient is given for three different ele- 
vator settings, corresponding to the neutral position and the two extreme 
settings. With aeroplanes of conventional design, in the spin, this moment 
is always negative; in Fig. 64 it has been plotted with sign reversed, to 
facilitate comparison with the centrifugal moment which opposes it. 


If now we imagine that the model is free to pitch about the Y axis, 
then steady autorotation can only occur at those incidences at which 
the centrifugal and airmoments exactly balance one another; that is 
to say, where the appropriate curves of Fig. 64 cut one another. Thus, 
with ju equal to 2, steady autorotation would be impossible with any 
of the three elevator settings. With {i equal to 4, steady autorotation 
could occur with elevators hard up, when the incidence is either 36° or 51 °, 
but the equilibrium at the lower incidence would be unstable; if, by 


214 


N VIII. THE SPIN 


some external agency, the rotation rate were raised above that corre- 
sponding to the 36° equilibrium condition, then the incidence would 
eventually rise to the stable equilibrium condition at 51°. With jli equal 
to 6, steady autorotation could occur at 56° incidence with the elevators 
fully up and at either 46° or 53° with elevators fully down. With // equal 
to 8, steady stable autorotation could occur at incidences between 58 
and 60 degrees with any elevator position between the given limits. 


C. The Remaining Degrees of Freedom 


12. Freedom to Slide along the Axis of Rotation. So far the model 
has been given two degrees of freedom only and four have yet to be 
released before it is entirely free, as in the true spin. Suppose first 
that the model is allowed freedom to slide along the axis of rotation 
and that that axis is vertical, as in the true spin. Then, for steady con- 
ditions, it is necessary that the component of the air-reaction parallel to 
the axis of rotation shall equal the weight of the model. The speed V 
will therefore adjust itself until this balance is obtained, but the dimen- 
sionless form of (9.1) shows that the incidence and the coefficient (k Q ) 
of the autorotation rate are unaffected by change of V. The sole conse- 
quence of releasing this degree of freedom is, therefore, that V becomes 
determinate. 

To obtain an approximate estimate of V we observe that, since the 
majority of the wing area is stalled, the direction of the resultant force 



cannot depart far from the perpendicular 
to the wing chord, so that if this force 
be F we have (see Fig. 65) 

mg = F sin a (12.1) 

— k F q V 2 S sin a 
wr9 mg l 

or V 2 — o * j * cosec a 

Q 8 fCJi ' 

Now the stalling speed V 8 , at the height 
in question, is given by the equation 

F 2 _ 1 

r 8 ~ qS' Kl 

where K L is the maximum lift coefficient 
in straight flight. 


Hence V = V 8 y ^ cosec a 

For biplanes k F does not greatly differ from K L , even when the auto- 
rotation speed is very high, hence, as a rough estimate only, we may write 

V = Va^cosec a (12.2) 

13. Freedom to Leave the Axis of Rotation. Now imagine that the 
model is given a fourth degree of freedom, for the c.g. to leave the axis 
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of rotation, subject to the constraint that the plane of symmetry of the 
model must still contain this axis. For steady rotation it now becomes 
necessary to satisfy (sec Fig. 66) the condition that the horizontal 
component of the air-reaction F shall equal the centrifugal force; this 
condition yields the equation 

m Q 2 R = F cos a (13.1) 

where R is the distance of the c.g. from the 
axis. Combining (12.1), (13.1) 

Q 2 R^jcot a (13.2) 

from which it appears that, with a fixed 
value for Q, the flatter the spin the nearer 
does the c.g. approach to the axis of rotation. 

14. Two Final Degrees of Freedom. Two 

degrees of freedom have still to be released 
before the model is completely free. We 
shall regard these respectively as freedom 
to yaw , or rotate about the Z axis, and 
release of the only remaining constraint, 
which is that the Z axis must pass through 
far as is known at present the Z axis always 
rotation, and therefore release of the condition that it must intersect this 
axis does not greatly affect the problem. In con- 
formity therefore with the scheme of the present 
chapter we shall ignore the effects of this last 
degree of freedom and assume that the Z axis and 
the axis of spin intersect. On the other hand, 
freedom to yaw about the Z axis, into positions 
which are unsymmetrical with respect to the 
axis of spin, has been shown by recent research 
to have profound effects upon the spin, and it is 
to the consideration of these effects that we must 
now direct attention. 



Figr. (56. 

the axis of rotation. So 
passes close to the axis of 


P. Effects of Yaw on the Spin 

15. The Meaning of Yaw. It is first necessary 
to visualize clearly what is meant by yaw about 
the Z axis. It may assist this visualization to 
imagine a model supported as in Fig. 67 by a 
bent rod which can rotate freely about a vertical 
axis A B. 

This rod must be supposed to pass through the body of the model, 
along its Z axis, and again intersect the axis A B. Suppose now that the model 
can be rotated on the rod, about the Z axis, but can be prevented from 
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doing so by the clamping nut N. If this nut is tightened when the model 
is symmetrically disposed to the axis A B , so that tho Y axis is horizontal, 
the model is then in the attitude of zero yaw, and if it rotates freely 
about A B in a vertical current of air, we have a picture of the motion 
which was discussed before the release of the last two degrees of freedom. 

Now suppose that the nut N is slackened back, so that the model 
can be rotated through some definito angle around the rod, and is then 
clamped up firmly as before. This rotation about the Z axis, measured 
from the symmetrical attitude, is described as the yaw and, if tho model 
and rod now rotate freely about the axis A B in an ascending air current, 
we have a picture of a spin in which yaw is not zero. 

16. The Relation between Yaw and Side-Slip. Side-slip is defined as 
in previous chapters, as the component of the velocity of the c.g. per- 
pendicular to the aeroplane’s plane of symmetry. If tho c.g. is on the 
axis of rotation, A B of Fig. 67, and the yaw is zero, there will clearly be 
no side-slip, but if the aeroplane is yawed to the right 1 there will be side- 
slip to the left and if yawed to the left there will be side-slip to the right. 
If the c.g. leaves the axis of rotation there will, however, be some side- 
slip, even when the yaw is zero, because of the horizontal velocity 
component (QR)\ and since, in a free spin, the axis of spin is always 
in front of the c.g. this side-slip will be to the left in a right-hand spin 
and to the right in a left-hand spin. In general the side-slip will be the 
algebraic sum of the side-slip due to both these causes, the effects of 
which will be arithmetically additive when yaw is to the right in a right- 
hand spin or to the left in a left-hand spin, or in other words when the 
yaw is of the same sign as the rotation of the spin. 

17. The Effects of Yaw on Rate of Spin. The importance of yaw in 
the spin arises from the fact that the side-slip which it causes has a pro- 
found effect upon the autorotation rate. Side-slip to the left in a right- 
hand spin or to the right in a left-hand spin increases tho rate and will 
therefore be called pro-spin side-slip. Conversely side-slip in the opposite 
sense decreases the rate and will be called anti-spin side-slip. Similarly, 
yaw which causes pro-spin side-slip, namely yaw to the right in a right- 
hand spin or to the left in a left-hand spin, will be called pro-spin yaw, 
while yaw in the opposite sense will be called anti-spin yaw. Recent 
research has shown that practically all wing arrangements can auto- 
rotate rapidly at high incidences, if allowed to take up an attitude 
involving sufficient pro-spin side-slip, whilst, conversely, none can do 
so in attitudes involving sufficient anti-spin side-slip. 

The question whether a given aeroplane can or cannot spin steadily 
at high incidences is therefore decided, not so much by the shape and 

1 When the yaw is to the right the nose of the aeroplane has swung from 
the symmetrical position toward the pilot’s right hand. 
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arrangement of the wings, as by the factors which determine the angle 
of yaw. Aeroplanes with monoplane wings or biplane wings of exception- 
ally large stagger, which cannot autorotate at a high rate or at high 
incidences when in the symmetrical attitude of zero yaw, can only spin 
flat in attitudes which involve relatively large amounts of pro-spin yaw. 
On the other hand, biplane wings of small stagger, can autorotate at 
very high rates and incidences without pro-spin side-slip, and aeroplanes 
having this wing arrangement can, and often do, spin with appreciable 
anti-spin side-slip. The bearing of this distinction upon the problem 
of the balance of yawing moments will appear shortly. 

With the very high rotation rates which are possible with any wing 
arrangement, given sufficient pro-spin yaw, it is impracticable to check 
the flat spin by providing sufficient air pitching moment to overcome 
the centrifugal pitching moment. There remains therefore only one 
practicable way in which the flat spin can with certainty be eliminated 
from the possible motions of conventional aeroplanes, and that is by 
adjusting the balance of air and centrifugal yawing moments in such 
a way that the aeroplane cannot spin except, in an attitude involving so 
large an anti- spin yaw that the rate of spin will be low. 

In recent years therefore the centre of interest in the campaign to 
eliminate the flat spin has shifted from the autorotative properties of 
the wings and the balance of pitching moments, to the factors which 
determine the balance of yawing moments, and it is these factors which 
we must now briefly consider. 

18. The Air Yawing Moment. Every part of the aeroplane, of course, 
contributes something to the air yawing moment, but the parts on which 
small modifications produce the greatest changes of yawing moment 
are clearly the fins, rudders and sides of the body near the tail, which 
are far from the Z axis and which possess large lateral velocity com- 
ponents due to the rotation of the spin 1 . In fast flat spins the direction 
of motion of the tail end of the body is such that the air-reactions upon 
effective fins in this region always exerts a moment about the axis of 
spin which opposes the rotation, and at the same time a yawing moment 
about the Z axis which tends to yaw the aeroplane in the anti-spin sense. 
For both these reasons fins, or their equivalent in body depth near the 
tail, have powerful effects in reducing the rate of rotation, provided of 
course that they are not so shielded by the tail and elevators as to 
become practically inoperative. 

1 The wing tips also are far from the Z axis and have large rotational velocities, 
but the plane of the wings is necessarily nearly perpendicular to the Z axis, and 
it is not practicable to make modifications in this region, which would seriously 
modify yawing moments in the spin, without sacrificing performance in normal 
flight. For experimental purposes, however, surfaces are sometimes added near 
the wing tips for the purpose of modifying the yawing moment. 
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According to the prevailing ideas at the present time, therefore, the 
most effective way of preventing the flat spin from developing is to 
provide sufficient effective fin area near the tail end of the body, and it 
seems that the area necessary for this purpose need not be unduly large, 
provided that it can be placed in a position where it will not be shielded 
by the tail and elevators from the direct action of the air. The principal 
efforts of modern research on the spin are now, therefore, directed towards 
finding designs for the tail end of the body which will give the desired 
fin effect, without departing too far from the conventional arrangements 
which experience has shown to be satisfactory in normal flight. 

19. The Centrifugal Yawing Moment. A simple way of visualizing 
the action of the centrifugal yawing moment is to imagine, as we did 
with the centrifugal pitching moment, that the aeroplane is replaced by a 
dynamically equivalent model, consisting of three mutually perpendicu- 
lar rods of moments of inertia I v / 2 , / 3 , of which l x and / 2 represent 
approximately the body and wings, respectively. Suppose now that 
this simplified model replaces the complete model in Fig. 67. Then 
it is not difficult to see that, as the whole arrangement spins steadily 
about A B, each of the rods I x and h, representing the body and wings 
respectively, will try to rotate about the Z axis so as to set itself perpen- 
dicular to the axis of spin, that is to say, into the horizontal position 
occupied by the Y axis w hen the model is in the attitude of zero yaw. 
It can be shown without much difficulty that the centrifugal couple 
tending to move each rod into this position is given by the expression, 

2 Q 2 I cos 2 a sin 2(3 

where £2 is the angular velocity about A B ; I is the moment of inertia 
about the Z axis ; a is the inclination of the Z axis to the horizontal and 
1 3 the angle through which the rod must be rotated about the Z axis 
to bring it from the horizontal position into the position specified. 

It follows that, when the whole model spins with angle of yaw /?, 
the net centrifugal couple about the Z axis tending to restore the yaw 

to zero is, 2 £2 2 cos 2 a [I 2 sin 2 (3 + I x sin 2 (fi + 90)] 

or, 2 & 2 (A — A) 0082 a & n 2 (3 

This expression for the centrifugal yawing moment is of course equi- 
valent to the third equation of (4.3), and could have been derived directly 
from it; but it is thought that the foregoing method of derivation from 
first principles may give a clearer idea of the way in which the moment 
arises. 

We are now in a position to understand the rather complicated action 
of the centrifugal yawing couple in the spin. If the aeroplane spins 
with pro-spin yaw, then the centrifugal couple will tend to increase the 
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yaw, and with it the rate of spin, when the inertia of the body pre- 
dominates over that of the wings, but to decrease the yaw and rate of 
spin when the inertia of the wings predominates. On the other hand, 
if the aeroplane spins with anti-spin yaw, the effects of the centrifugal 
yawing couple on rate of spin are exactly reversed. 

Now, in aeroplanes which have their engines distributed on the 
wings, the inertia of the wings generally predominates over that of the 
body, whilst in those which have long bodies and only one engine, the 
inertia of the body may predominate. But we have seen that mono- 
planes and biplanes of large stagger can, as a rule, spin flat only when 
there is pro-spin yaw, whilst biplanes with small stagger may, and often 
do, spin flat with anti-spin yaw. As a rough rule, therefore, heavy masses 
distributed along the wings may be expected to have an adverse effect 
on recovery from the spin of a biplane unless the stagger is unusually 
great, but a favourable effect on the spin of a monoplane. It must not, 
however, be assumed that this is an infallible rule, particularly in border- 
line cases ; the exact estimate of the effects on the spin of a redistribution 
of mass in an aeroplane is a matter of great difficulty and complication, 
since both yawing and pitching centrifugal forces are in general affected. 
It seems, however, at the time of writing, that it should not be difficult 
so to design the fins and body as to provide an air yawing moment which 
can over-ride all the complicated effects of centrifugal moments, and 
thus make it unnecessary to calculate their action precisely. 

The Free Spin of Real Aeroplanes. 

20. ltotation Hate and Incidence. We shall conclude with a brief 
account of phenomena which have been observed in the spin of real 
aeroplanes, with some comments on the bearing of the foregoing dis- 
cussion upon them. 

Spins have been observed with every variety of rotation rate, from 

n s 

that for which the coefficient y is as low as 0.3, to that corresponding 
Qs 

to a value of ~y - of the order 1.2 and with inclinations of the X axis to 

the vertical ranging from about 30° to 80°. As a rule the flatter spins 
are associated with the higher rotation rates, which is in conformity 
with our knowledge of the autorotation rates of wings in wind tunnels. 
Generally speaking, difficulty of recovery has not been experienced 
except in the flatter variety of spin. 

21. Radius and Rat© of Descent. As is to be expected from equations 
(12.2) and (13.2), it is found that the flatter the spin the lower is the rate 
of descent and the smaller the radius of the spiral path followed by the 
c.g. Very flat spins occur with the axis of rotation within a few feet 
only of the c.g. and with the rate of descent so low that impact with the 
ground is not always fatal to the occupants. 
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22. Load Factor and Incidence. From equation (12.1) which may be 

jF 

written in the form, = cosec a 

mg 

where F is the resultant air-force on the aeroplane, it appears that the 
apparent weight of any mass situated near the c.g. will be approximately 
cosec a times the true weight, or, in other words, that the load factor 
near the c.g. will be approximately cosec a. This load factor is probably the 
easiest quantity to measure in a real spin, and repeated tests have shown 
that it can be relied upon to give a reasonably accurate measure of inci- 
dence in accordance with equation (12.1) despite the fact that the attitude 
of the aeroplane is in general not exactly that assumed in this equation. 

23. Critical Nature of Transition to Flat Spin. Equation (10.1) with 
the illustration in Fig. 64 of the typical values of the centrifugal and 
air pitching moments in an ideally simple spin, without yaw or side-slip, 
explains in a general way the reasons for several observed features of 
the spin which at first seemed very puzzling. 

It appears from this illustration that, if the rotation rate remains 
roughly constant and high, the centrifugal pitching moment passes 
through a maximum value in the neighborhood of 45 degrees incidence, 
and round about this maximum may exceed the greatest possible air 
pitching moment which can be brought to bear to oppose it. It follows 
that after the rotation rate and incidence have worked up to sufficiently 
high values, the pilot may loose control of the latter which may in- 
crease suddenly to a very high value, from which recovery would be 
impossible without some reduction in the rotation rate. This explains 
in a general way the reason for the relatively sudden development of 
the flat spin and the failure of the elevators to effect a recovery from it ; 
though it must be remembered that the necessary high rotation rate 
cannot arise unless the aeroplane can spin in an attitudo involving 
sufficient yaw and side-slip, and that, when yaw is not zero, the exact 
expression for the pitching moment is more complicated than (10.1). 

The tendency of the spin to pass suddenly into the dangerous flat 
type when the rotation rate exceeds a certain critical value is responsible 
for much of the difficulty which has been experienced in understanding 
and controlling the behaviour of aeroplanes in the past. For if the rotation 
rate reaches nearly, but not quite, to the critical value, no difficulty 
may be experienced in recovery, and the danger so narrowly avoided may 
not be suspected. This is probably the reason why small modifications 
to the controls, which were intended to give more power of recovery from 
the spin, sometimes made recovery more difficult, because, presumably, 
they enabled the critical condition to be passed. It also explains why 
designs which have previously given no trouble may suddenly develop 
a tendency to spin dangerously, after some slight modification, or when 
in the hands of a pilot who uses his controls in an unconventional manner. 
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24. Reasons for Failure of Ailerons and Rudder. The failure of ailerons 
to check a spin, whether steep or flat, is explained by the fact that any 
anti-spin rolling moment which they can exert is completely offset 
by the effects of the pro-spin yawing moment which always accom- 
panies anti-spin rolling moment, unless the ailerons arc of entirely 
unconventional design. Failure of the rudder, which is the most effective 
control for checking the flat spin, is explained, when it occurs, by the 
fact that it may be so shielded by the elevators from the action of the 
air that it cannot exert an effective yawing moment. 
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AIRPLANE PERFORMANCE 

By 

L. Y. Kerbcr, 

Washington, D. C. 


EDITOR’S PREFACE 

The actual performance of ail airplane furnishes the final measure 
of the closeness of its approach to its design characteristics. An actual 
airplane, however, cannot be tested in advance of construction and in 
the progress of a design it usually becomes necessary to make a number 
of estimates of performance based merely on drawings or sketches and 
certain general dimensions; or again to estimate the consequences of 
changes of specified character in a design for which the performance 
may be known or for which a previous estimate has been made. 

In the present Division, various methods for carrying out these 
purposes are briefly discussed. Chapter I deals with certain general 
relations, followed in Chapter II by a discussion of the two basic items 
of power required and power available. Chapter III then gives in some 
detail a method by the use of computation and graphical representation, 
for the estimation and representation of the most important features 
of airplane performance. 

Many variations in the development of the basic equations for 
performance have been developed at different times by different writers, 
and the next five chapters are each devoted to some one of these various 
methods. Additional descriptive and theoretical matter relating to these 
various methods may be found in the references to the general literature 
of the subject. Then follow chapters on Range and Endurance, on the 
influence of the principal Factors on performance and on what appear 
to be the limits of performance, assuming the present known body of 
aerodynamic theory, present sources of power and present available 
materials of construction. Illustrative examples are given freely through- 
out the Division, and, assuming given the basic data requisite, the 
interested reader should have no difficulty in applying to specific 
problems, the various methods herein described. 


W. F. Durand. 
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CHAPTER I 

FUNDAMENTAL RELATIONS 

1. Introduction. The calculation of the performance characteristics 
of a proposed airplane is necessary not only to obtain reasonable assurance 
of the ability of the new design to meet the specified requirements, but 
also to discover means by which the probable performance can be 
improved. The investigation in the present state of the art can be made 
to a reasonable degree of accuracy before the construction or even the 
detail design is started, and thus unnecessary loss of time and expense 
in development of the design may be avoided. 

The performance is grouped in two major parts. First, that of the 
airplane relative to the ground or to the air is called, simply, performance , 
and includes speeds, climbs, times to altitude, ceiling, range and endurance, 
take-off distance and time, roll at landing, etc. The second is the 
behaviour of the airplane in the air relative to its own position and the 
direction of its flight path. This performance comprises the stability, 
manoeuverability and controllability and is called air-worthiness. For 
water machines it may include sea-worthiness. In the first group are 
involved the aerodynamics of non -accelerated flight, the characteristics 
of the propeller, the thermodynamics of the engine, and the effects of 
atmospheric changes due to a change in altitude. In the second group 
are involved the particular aerodynamics of the airplane when one or 
several conditions of flight are changing, and when the airplane is not 
symmetrical to the flight path. There is also included the effect of 
inertia due to changes in attitude. 

The present Division of the work deals only with the conditions 
mentioned for the first group. The various methods which have been 
devised for dealing with this problem are all based upon some form of 
equation between the forces or the power required to maintain an 
airplane in steady flight under the particular conditions specified, and 
the forces or power which the engine-propeller unit is capable of delivering 
under corresponding conditions. The differences among and between 
these various methods turn upon the particular characteristics or para- 
meters employed as independent variables and upon the various ways 
in which the resulting data may be represented graphically. The under- 
lying aerodynamic assumptions are the same throughout. 

No matter what method is used in computing performance, a correct 
estimation of the basic data, which includes the characteristics of the 
airfoil section, the aspect ratio selected and the manner in which the 
wings are combined in the case of biplanes 1 , must be made. The airfoil 

1 The cases of triplanes and multiplanes are not treated here as they are con- 
sidered less efficient combinations, and are not in general use. 
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characteristics are fairly well standardized at present and are available 
from wind tunnel tests on models. The scale effect is being continually 
investigated by testing larger models in larger wind tunnels. 

The most important item of the basic data affecting the accuracy 
of the performance estimate is the parasite drag made up of the drag 
of all parts other than the wings: viz., fuselage, landing gear, tail surfaces, 
etc., and of their interference with the wings and between themselves. 
This interference is very often underestimated by the designer. The 
analysis of flight test performances shows that the interference drag 
may be, and actually is in many cases, as high as the sum of the drags 
of the component parts tested separately. The possibility of improvement 
of airplane performance lies principally in a decrease of the interference 
drag rather than in a decrease of the cross-section of the component parts. 
With good stream -line forms, there is little further to be gained in the 
resistance of the individual item. The interference effects, however, 
cannot be eliminated and it results that with the best stream -line forms, 
the interference effects are of chief residual importance. A minimum 
number of separate projecting parts together with compactness of form 
is the solution for the decrease of parasite drag. 

In estimating the parasite drag, the system of summarizing individual 
component drags is often used, but the preferred system consists of an 
estimate of the equivalent flat plate area made by comparison with 
a number of existing airplanes for which the flat plate area has been 
computed from flight test performance. This system is now being used 
with considerable success, due undoubtedly to the elimination of in- 
numerable possible errors in estimating the drag and mutual interference 
of component parts. 

Determination of propeller efficiency is based on experimental 
results obtained partly from wind tunnel tests and partly from flight 
test performance. The effects of different factors are expressed by simple 
graphs for ready use in computing available power. From these graphs 
the propeller characteristics can easily be obtained for special cases such 
as for supercharged or throttled engines, or, when these characteristics 
are expressed as power or thrust coefficients, the graphs may be used 
directly for determination of power available. 

The effect of altitude on aerodynamic forces is based on a standard 
variation of density with altitude. This standard is internationally 
recognized and is in official use in this country. The effect of altitude 
on the power of the engine and on the propeller engine unit is expressed 
by means of convenient graphs for ready use in the determination of 
available power. 

2. Aerodynamics. Aerodynamic forces on the airplane are expressed 
in non-dimensional coefficients. Thus, the coefficient of resultant force 


Aerodynamic Theory V 
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on an airplane wing is C R = — * g- (2.1) 

where : 

R is the resultant force on the surface (wing, tail surface, etc.) in 
pounds. 

S is the area of the surface in square feet. 

v is the relative velocity of the air at some distant point in feet per 
second. 


q is the density of the air in slugs (g = 0.00238 at sea level where 
the density ratio is unity). 

The lift force L } which is the component of the aerodynamic force 
perpendicular to the general direction of the on-coming air, called the 
flight path, has for its coefficient, 


C L 


2 L 
QV*S 


( 2 . 2 ) 


Similarly the drag force D which is the component parallel to the 
flight path has for its coefficient, 


C D = 


2D 
a v 2 S 


(2.3) 


An important portion of the airplane drag is defined by the induced 
drag coefficient as expressed by the equation, 


C Di - 


Cl 


ti(PLM.A.R) 


(2.4) 


where E.M.A.R. is the Equivalent Monoplane Aspect Ratio , the meaning 
and method of calculation of which are explained at a later point. 

3. Engine Power. The power of the engine is generally defined by 
the curve of brake horse power plotted against revolutions per minute. 
The effect of atmospheric changes (especially decrease in pressure and 
temperature) on the power output may be defined by empirical graphs 
or by mathematical formulas. The supercharging of the engine is 
expressed by the graph of maximum power developed at various altitudes. 
For throttled engines the change in power at the same revolutions per 
minute is considered proportional to the throttle opening, i. e., for half 
throttle the engine power is half that at full throttle at the same r.p.m. 

4. Standard Atmosphere. All performance is referred to the United 
States standard atmosphere 1 . 

The ratio of the air-density at altitude to the density at standard 
sea level is called density ratio and is used extensively in performance 
computations. The standard condition of the air at sea level corresponds 
to a temperature of 15° Centigrade and a pressure of 29.921 inches of 
mercury. A cubic foot of standard air at sea level weighs 0.07651 pounds, 
and its mass is 0.00238 slugs per cubic foot, denoted by g 0 and called mass 


1 See Ref. 7, also Division B p. 223. 
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density. The mass density at any other altitude is defined by the product 
of @ 0 and the density ratio, a. Thus, mass density at altitude H 

Qh — a Qo 

Characteristics of standard air up to 50,000 feet are given in Table 4. 

CHAPTER II 

BASIC COMPUTATIONS 
A. Power Required 

1. Data Necessary. The data necessary for the computation of power 
required include an accurate three-view drawing of the airplane with 
all major dimensions, and in addition the following: 

Gross Weight , which is the total weight of the complete airplane with 
its occupants and cargo and with the full capacity of fuel and oil. 

Wing Area , which is to be measured from the projection of the actual 
outline on the plane of the chords, without deduction for areas blanketed 
by fuselage or nacelles. That part of the area so determined which lies 
within the fuselage or nacelles is bounded by two lateral lines that 
connect the intersection of the leading and trailing edges with the fuselage 
or nacelle, ignoring fairings and fillets. In other words, for the purpose 
of calculating area, a wing shall be considered to extend without inter- 
ruption through fuselage and nacelles. Unless otherwise stated, wing 
area shall always refer to total area including ailerons. 

Characteristics of the Airfoil 1 , which are represented by the polar 
or by the curves of lift and drag coefficients. The most convenient form 
of polar is that giving the lift coefficient plotted against profile drag 
coefficient as shown in Figs. 1 and 2. 

Equivalent Monoplane Aspect Ratio (E.M.A.R.). This term is applied 
particularly to combinations of wings different from monoplanes. Its 
meaning is expressed as follows: 

A given biplane, triplane, multiplane or sesquiplane has, for a given 
lift coefficient, the same induced drag coefficient as a monoplane, if 
its E.M.A.R. has the same value as the aspect ratio of the monoplane. 
For the determination of E.M.A.R. see (3.4). 

2. Lift, Lift Coefficient and Speed. The lift of the airplane in per- 
formance calculations is considered constant and equal to the gross 
weight except for cases where the load is purposely altered and in calculat- 
ions of the range and endurance of the airplane. In accelerated flight 
and in turns, the wing lift obviously differs from the weight. Furthermore, 
the assumption that the lift is equal to the gross weight is exact only 
for horizontal flight with propeller axis horizontal. In cases where the 
path of the airplane and the propeller axis are inclined to the horizontal, 
as in climb, for a given speed the wing lift (which is perpendicular to 

1 See Ref. 17. 
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the flight path) is equal to the gross weight multiplied by the cosine of 
the angle of climb. The rest of the weight is carried by the vertical 
component of the thrust. This condition is known as the helicopter 
effect of the propeller. The effect of the path angle and the helicopter 
effect compensate each other to some extent and are neglected at least 
in the first approximation, but they should be included in accurate 
computations. The effect of this neglect on an airplane weighing 
4500 pounds and powered with a 400 HP engine is an underestimation 
of the rate of climb at sea level by about six percent. 

The lift coefficient can be expressed as a function of the wing loading, 
the speed of the airplane in horizontal flight and the air-density, 

p W 2 

Cl= ~~ S qv* 

Forms la and lb. Horsepower Required. 


(la) To be used with method (III 6 A) 


V 

Includes minimum and 

1 

Same as 1 form la 

m.p.h. 

high speeds 

<h. 

c w 

L S F 2 x 0.00256 

2 

Same as 2 form la 

Ci)i 

1 (} 2 fj 
( 1H x E.M.A.R. 

3 

Same as 3 form la 


or from Fig. 3 



Cd 0 

From Fig. 1 or 2 

4 

Hame as 4 form la 

V 

V 


Ratio. II (5.6) 

V m n 

V m n 

5 

Calculated from 

k 

From Fig. 6 


column 2 

C I ) p i 

p ^ — h X Cj) p j ( F W { ^) 

6 

/ 2 from Fig. 8 

t'J) p 

t 'D p ~ (- d p i h t'l) p 2 

7 

Values of Cjj p (H.S.) X / 2 

C]) 

| Sum of values from 

8 

Sum of values from 

columns 3, 4, and 7 a 

columns 3, 4, and 7 

HP 

required 
sea level 

xrn CdSV*\ 

HP required- |4( . (KM) 

9 

Same as 9 form la 

V 

m.p.h. 

1.105 X values from 
column 1 

10 

Same as 10 form la 

HP 

required 

1.165 x values from 
column 9 

11 

Same as 11 form la 

V 

m.p.h. 

1.261 X values from 
column 1 

12 

Same as 12 form la 

HP 

required 

1.261 X values from 
column 9 

13 

Same as 13 form la 


(lb) To be used with method 
(III 6 B) 


6 

7 

7a 


10 

11 

12 

13 


10,000 ft. 


15,000 ft. 
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If WjS is expressed in pounds per square foot, speed in miles per hour 
and density in terms of the density ratio a 

r _ W 1 

L S 0.00256 or F 2 

The lift coefficient, tabulated against speed, is shown in Form 1. The 
speeds are generally assumed in steps of 10 or 20 miles per hour, 
depending on the speed range and the accuracy desired, starting, 
however, with the minimum speed determined from the equation 

V „ -]/ H ' 1 

mn y S 0.00256 Cim, 

The value of C Lmx should be reduced when objects such as nacelles, 
etc. are so placed as to interfere with the lift of the wings. The fuselage 
is not considered to contribute to the decrease of the maximum lift 
coefficient. This ruling is made because results so obtained check 
reasonably well free glide tests. 

The column of speeds should also contain the first approximation 
to high speed [see (6.3)] in order to determine an approximate speed 
range necessary for the estimation of parasite drag variation. Tabulation 
of a speed 10 to 20 m.p.h. in excess of the high speed is generally suf- 
ficient. (See Form 1, column 1.) 

3. Induced Drag and Equivalent Monoplane Aspect Ratio. In column 3 
of Form 1 the induced drag coefficients are entered. This coefficient is 

expressed in the form: C Di = - mI.R.) t see 1 (2 ' 4)J 

A graph giving values of C Di in terms of C L and the E.M.A.R. is 
given in Fig. 3. 

The value of the factor E.M.A.R. is developed as follows: 

For a monoplane let: 

b = span from tip to tip of wing. 
c — mean chord = wing area -f- 6. Then: 

Mean aspect ratio of wing — b 2 /S = S/c 2 . 

For a biplane, let L v b v c v L 2 , b 2 , c 2 denote the lift, span and mean 
chord of the upper and lower wings respectively. 

G — gap between wings. 
a — Prandtl’s factor 1 

For numerical values of this factor, see Fig. 4. 

With this notation the fundamental Prandtl equation for induced 

d»8i. + *«-££ + #) (W 

where q is put for gv 2 / 2. We assume further that the loading of both 

1 Division E IV (22.6). U.S. N.A.C.A. Report No. 116, p. 200, 1921. 

2 Correct for best lift distribution between the two wings. See Ref. 6. 



SECTION 3 


wings is the same. Then remembering that L x — C L qb 1 c 1 and L 2 — 
G L qb 2 c 2) (3.1) becomes 

A = ~~ ( e ! + 2 o c, c 2 + cl) (3.2) 

^ and again putting D i = C Di qS 
I where 8 is the entire biplane 
7 ~ ?[0m are a, ^ 32 ) becomes: 

r Cl cf + 2ff« 1 c 2 + c| ,<y 

ClH ' n S (3 ‘ 3) 

Then putting 

C = c k 
Dl ^E.M.A.R.) 

r~Ti m 1 1 1 — 
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10 
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Fig. 3. Relation between coefficient of induced 
drag, equivalent moan aspect ratio and lift 
coefficient. 


Fig. 4. Prandtl’s coefficient a. 


whence 


E.M.A.R. 


c\ -f 2 a + 4 


If the chords are equal, c x = c 2 and 

E.M.A.R. = 2e2( f +(r) (3.5, 

For the determination of the E.M.A.R. for any biplane, reference 
may be made to Appendix I and to the factors K and a as follows : 

K = ratio of span of equivalent monoplane to the span b x of the 
longer wing. 
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a = Lj — L — Lift of longer wing -f- total lift. 

(To be assumed, or estimated from reliable data 
relating to similar eases.) 

For any biplane in general, we shall then have 

E.M.A.R. = {KI ‘ ir (3.6) 

where b x is the longer span, whether upper or lower. For the equivalent 
monoplane span, we have 

Kb x — j/N (ETM.A.R.) (3.7) 

4. Profile Drag of Airfoils and Its Variation. In column 4 of Form 1, 
the profile drag coefficient is entered. The profile drag of airfoils and its 
coefficient in the present state of the art cannot be successfully calculated, 
especially at higher lift coefficients. Recourse must therefore be had 
to the information given by tests in wind tunnels on airfoil models. The 
question of scale effect is still not solved. The ideal wind tunnel test 
will of course be on the actual size airfoil at speeds approximately those 
of the actual airplane. But the initial and operating costs of a wind 
tunnel accommodating such a full size model are very large, and, hitherto 
such tunnels have not been generally available. However with two 
tunnels in the United States 1 of size adequate for full scale tests either 
of planes as a whole or of constituent parts, and with other large tunnels 
projected elsewhere, information at Reynold’s Numbers approaching those 
for full size planes in free flight is becoming available and should add 
definitely to our information on the subject matter of the present section. 

A substitute for a full size tunnel is the compressed air tunnel where 
the deficiency of size is counteracted by increasing the density of the air. 
The criterion for the scale effect is, in any case, the Reynold’s Number 
VLjv where, V is the velocity in feet per second, L the length of chord in 
feet and v the kinematic viscosity which for air at sea level has a value 
of 0.000159. For practical use the Reynold’s Number, denoted by R , is 

R — 9,230 L V (ft. and m.p.h.) 

Information on values of the profile drag for high Reynold’s Numbers 
corresponding to full size airplanes is continually accumulating from 
tests made in the compressed air tunnel of the N.A.C.A 2 . While some 
designers do not accept the Reynold’s Number as a criterion for scale 
effect, it is at least generally agreed that results obtained from tests at 
large values of Reynold’s Numbers are more reliable than those at small 
values obtained in tunnels at atmospheric pressure. 

Fig. 1 gives the profile drag polar of three well known airfoils tested 
at high Reynold’s Number in the compressed air tunnel. Recently the 
N.A.C.A. has undertaken comparative testing of large airfoil models 

1 U.S. N.A.C.A. Technical Reports 300, 459; 1928, 1933. 

2 8ee Ref. 22. 
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of 12 foot span and 2 foot chord in the new 20 foot diameter wind tunnel 
at an air speed of lOOm.p.h. The Reynold’s Number in that case is 
about half that of a full scale airplane. The results are most promising, 
but the number of airfoils as yet tested and the data obtainable are 
too limited to form any final conclusion as to whether characteristics 
of airfoils obtained on airfoil models of that size are the same as on full 
size structures. Polars for Clark Y and M-6 from the compressed air 
tunnel made on 5 by 30 inch models at a Reynold’s Number of about 
3,500,000 and those from tests on 2 by 12 foot models in the atmospheric 
20 foot diameter tunnel at a Reynold’s Number of about 2,000,000 are 
shown in Fig. 2. 

The symbol for profile drag, which is considered the frictional drag 

2 d 

of the airfoil, is D 0 , and its coefficient is C 1){) = — - a ^ . The profile drag 

coefficient is obtained from the airfoil drag coefficient by subtracting 
the induced drag coefficient, thus 


C no Cj) — Cpi 

5. Structural Drag ami Its Variation. The coefficient of parasite drag, 
Cp p is entered in column 7 or 7a of Form 1. Its estimation is one of the 
most difficult problems in the calculation of performance. 

a) Estimation by Summation 1 . The method widely used in the past 
is that of summation of the resistance of the various component parts 
of the airplane. Tables 1, 2 and 3 give convenient forms for the tabulat- 
ion of the parasite drag which includes that of struts, wires, fittings, 
etc. Certain other items usually omitted from wind tunnel models, 
such as control horns, tail skids, various exposed equipment such as 
radio generators, search -lights and ^ 

similar items may be included in 

this table. In Table 2, the length — ~) “3^" 

L of a strut or wire may be taken I ITT^Z- 

. Standard strut Navy Ho. 1 strut 

as the projected length in the 
front elevation. 

Fig. 5a and b shows two approved forms of strut section. For the 
strut of Fig. 5a, the resistance per foot of length at a speed of 100 m.p.h. 
is given approximately by the equation 

y = 0.182 t 

where y is the resistance in pounds and t is the maximum thickness of 
the strut in inches. For the strut of Fig. 5 b, the corresponding equation is 


y = 0.164 t 

For stream-line wire the drag per foot at a speed of 100 m.p.h. is 
given approximately by the equation 

y = 0.262 x — 0.161 z 2 

where y is the drag and x is the normal diameter in inches. 


1 See Ref. 14. 
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Table 1 . Drag of Various Items. 


Drag in 

Item Pounds 

at lOOm.p.h. 


Flat plate (1 sq.ft.) ! 32.8 

Control horn well stream-lined ' 1.0 

Tail skid 2 to 5 

Compass I 4 

Search-Light ! 13 

Radio generator | 20 to 30 

Machine-gun j 20 to 30 

Torpedo and gear i 20 

Bomb (500 lb.) and gear 20 to 40 

Mud-guard 5 to 10 

Standard wheel with usual fairing from hub to rim (Bendix): 

26 X 3 7.5 

28 X 4 10.0 

30 x 5 12.5 

32 x 6 16.0 

36 x 8 24.0 

44 x 10 36.6 

54 x 12 54.0 

Low pressure tire wheel 22 X 10 9.25 

Tail surfaces (per sq. ft. — thin) 0.35 

Tail surfaces (per sq. ft. — average thickness) 0.40 

Tail surfaces (per sq.ft.) — flat plate) 0.30 

Fuselage, square (sq. ft. of projected area) 6 to 8 1 

Fuselage,. round or elliptical (sq.ft, of projected area) 4 to 5 

Fuselage, well stream-lined (no irregularities) (sq. ft. of projected 

area) I 3 to 4 

Nacelles (sq. ft. of projected area) 4 to 8 

Radiator, free air (sq. ft. of projected area) 15 to 20 

Hull (sq. ft. of projected area) 5.0 

Hull, exceptionally clean (sq. ft. of projected area) 4.0 

Seaplane float, average shape (sq. ft. of projected area) .... 5.50 

Wing, tip float square (sq.ft, of projected area) 8.0 

Wing, tip float average shape (sq. ft. of projected area) .... 6.0 

Wing, tip float well shaped (sq. ft. of projected area) 5.0 

Air-cooled engines per cylinder 8 to 10 

Landing Gears 2 


Where the effect of tumbuckles and end fastenings is to be included, 
special information from handbook or other source should be sought. 

The data on drag of struts were obtained at low Reynold’s Numbers, 
but the models were smooth. The effect of roughness of struts at high 

1 The area upon which the drag of fuselages, hulls, floats, etc., should be based 
is the maximum cross-section area in the front view and should include all pro- 
jecting sections, windshields, etc., except the wing stubs which are included in 
the wing drag. 

2 See U.S. N.A.C.A. Technical Reports Nos. 485, 1934; 518, 522, 1935. 
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Table 2. Summation of Component Parasite Drag at 100 m.p.h. (Structure). 


Designation or description 

Number 

N 

Length 

L 

ft. 

Size 

t 

in. 

Total 
Length 
N x L 
ft. 

Drag/ft. 
at 100 
m.p.h. 
ib. 

Drag 
at 100 

”X h 

1 . Interplane struts .... 

6 

5.35 

1.000 

32.0 

0.195 

6.2 

2. Aileron connecting struts 

2 

5.35 

0.714 

10.7 

0.160 

1.7 

3. Cabane struts 

4 

3.83 

1.000 

15.3 

0.195 

3.0 

4. Flying wires 

6 equiv. 

12.83 

0.375 

77.0 

0.150 

11.5 

5. Landing wires 

4 

9.17 

0.313 

36.7 

0.140 

5.1 

6. Cabane wires (Lateral) . 

7. Cabane wires (Fore and 

4 

3.83 

0.313 

15.3 

0.250 

3.8 

aft) 

4 

| 3.83 

0.313 

15.3 

0.250 

3.8 

8. Front outer chassis struts 

2 

! 3.92 

1.500 

t 7 ‘ 8 

i 0.280 

2.2 

9. Rear chassis struts. . . 

2 

> 3.92 

1.500 

7.8 

0.280 

2.2 

10. Front inner chassis struts 

1 1 . Horizontal tail surface 

2 

! 5.59 

1 

2.000 

! 11.2 

0.370 

4.1 

struts 

12. Fin brace wires (stream- 

2 

! 5.00 

1 

i 

0.857 

; 10.0 

0.180 

1.8 

line) 

4 

: 5.20 

0.250 

1 20.8 

! 0.160 

3.3 

13. Tail skid 

1 



| 

i 5.000 

5.0 

14. Control horns 

8 


i 

i — 

1 

! i.ooo 

8.0 


Total Structural Drag at 100 

m.p.h. 

61.7 


Table 3. Summation of Component Parasite Drag at 100 m.p.h. 


Designation or description 
of item 


Number 


Area Drag per sq. ft. | Drag at 100 
sq.ft. 1 lb. at 100 m.p.h. | m.p.h. lb. 


Parasite drag varying with angle of attack, P v 


1 . Fuselage 

. . 1 

9.6 

5.0 

48.0 

2. Tail surfaces .... 

. . 

65.6 

0.4 

26.3 



Total P l at 

100 m.p.h. 

74.3 


Parasite drag constant with angle of attack, P 2 . 


1. Structure (Table 2) . . . 

1 

— i 

! 

61.7 

2. Radiator (Underslung) 

1 

2.5 

18 

45.0 

3. Wheels 

2 

32" x 6" I 

16 ea. 

32.0 

4. Observer’s gun and mount 

1 

- 

— 

25.0 

5. Forward fixed gun, exhaust 
pipes, expansion tank . . 


.42x2=. 84 

32.8 

27.6 



Total P 2 at 

100 m.p.h. 

191.3 


Reynold’s Numbers is indicated by the relatively high drag for struts 
wound with tape and then varnished, and by the much lower drag on 
struts with smooth polished metal surfaces. It is reasonable to assume 
that similar effects must take place on other parts of the airplane, and 
the condition of the finish of the exposed parts should be taken into 
account in determining the resistance. 
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The effect of protuberances on a stream -line fuselage is very great, 
especially if they are located near the front. As an example, it can be 
cited that the drag of a good stream -line body of fuselage form may be 
increased five-fold by mounting an uncowled radial engine. These effects 
must all be considered in estimating the drag of component parts 1 . 

The drag of a fitting including its interference drag is given ap- 
proximately by considering the fitting a flat plate of double its projected 
area. Miscellaneous projecting parts not stream -lined should be treated 
as fittings. 

The total parasite drag must be divided into two parts, the first 
variable with the lift coefficient and designated P x , the second in- 
dependent of the lift and designated P 2 . If there is any doubt as to the 

classification of the fuse- 
lage or nacelle drag, it 
should be put in the P x 
class. The items of vari- 
able and constant drag 
can then be tabulated in 
the form shown in Table 3. 
The parasite drag coeffi- 
cient has the form 

C»r = 1% ( 5 . 1 ) 

The variation of the P x 
part of the parasite drag 
coefficient, designated by Cp pX , is assumed to be dependent on the 
factor f v plotted against speed ratio in Fig. 6, as shown by the cq nation 



y Dp i 


at 


('Dpi Vms X fi 


(5.2) 


These values do not take care of interference of the fuselage with wings, 
landing gear, etc. In order to take care of such interference, both P x 
and P 2 should be increased from ten to fifteen per cent. 

It is noted that the drags in the tables are given at 100 m.p.h. In 
order to reduce these drags to their coefficients, the following formula 

0.039 D v at 100 m.p.h. 

8 


may be used. 


C/) P — 


(5.3) 


When this method of summation of drags is used, the values of the 
ratio of speeds V/V mn (where V is the speed of the airplane at sea level 
from column 1 and V mn is the minimum speed at sea level) arc entered 
in column 5. In column 6 are values of the factor f x from Fig. 6. In 
column 7 are values of corrected variable parasite drag coefficient 0 DpX , 
where C DpX at velocity V (column 1) equals C DpX at high speed X f x . 
In column 7a is the constant value of C Dp2 plus C Dpl corrected for 
velocity ratio. 


1 See Ref. 18. 
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b ) Estimation by Comparison with Similar Airplanes. For the estim- 
ation of parasite drag a shorter and more accurate method, if used by 
experienced computors, is by a comparison of equivalent flat plate 
areas, designated by A. The whole airplane as contemplated by the 
design is compared with some similar airplane for which the equivalent 
flat plate area has been determined from actual high speed tests. 

The estimate of the variation of the parasite drag coefficient, depending 
on the particular shape of the fuselage and the trussing, is similarly made 
by comparison. By referring to drawings of known airplanes, as in Fig. 7 
for example, a comparison can be made with the airplane for which the 
performance is to be calculated, and the A estimated. For airplanes 



of weight less than 5,000 lbs., a formula relating weight and A represent- 
ing the mean of a considerable number of examples is the following 

A (sq. ft.) — 0.0027 W (pounds) (5.4) 

For heavier planes a mean value of the coefficient may be taken 
at 0.0031. 

Where practicable, more definite information should be sought, 
connecting A with weight for the particular type of plane under con- 
sideration. The coefficient of parasite drag for high speed based on the 

n 1.28.4 

wing area is — (o.o) 

when' 1.28 is the value of the coefficient for a flat plate moving normal 
to itself. Useful formulae in this connection are 


A = — 0.01) j- 28 


where 


C 


/) m n 


I 52.7 \3? 7 - 
\Vmx) S 


Variations of the parasite drag coefficient are illustrated in Fig. 8. 
The graphs in this diagram are based on the variation of parasite drag 
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coefficient obtained from flight tests. The basic 100 per cent value 
of C Dv is that at high speed and the variation is in per cent of that value. 
The variation of C Dp is then plotted against a function of the lift coeffi- 
cient corresponding to limits of the speed range. The conclusion that 
the variation of the parasite drag is a function of the lift coefficient rather 
than of the angle of attack of the fuselage was reached from analysis 
of glides on the Sperry Messenger with different wings as tested by the 
N.A.C.A. and described in Ref. 11. This dependence on lift coeffi- 
cient can easily be explained by considering that a large portion of the 
fuselage is always in the down-wash of the wings and the down-wash 



A — Vought-VE-7-Hisp. 

Suiza 180 II. P. 

B— Waco-J-5 
C— Lockheed Vega 
D — Ford-SX J-6 
E — Curtiss Itobin-OX-5 
F — Army Observ. C05- 
Liberty with Turbo - 
Supercharger 


angle relative to the fuselage depends on the lift coefficient. The differ- 
ence between C L at stalling speed and C L at high speed is considered 
to be 100 per cent. The method uses the assumption (supported bv 
considerations and tests described above) that for airplanes with a speed 
ratio of from two to three the variation of the parasite drag depends 
on the ratio of differences of the respective lift coefficients as expressed 
in the form (see Fig. 8), 

, _ Cl at speed V — Cl at speed Vmx , r v 

2 ~ CLmx — Cl at speed Vmx °* * 

In the tabulation and subsequent computations, as shown on Form 1 b, 
it is seen that the only differences are in columns 5, 6, 7 and the procedure, 
as indicated in 1 b, will be clear without special explanation. 

In selecting the probable curve of parasite drag coefficient variation, 
the shape of the fuselage, particularly the front portion, the landing gear 
design in relation to the fuselage and to the propeller slipstream, and 
the relation of the wing to the rest of the airplane, must all be carefully 
considered. A very well stream-lined round or elliptical fuselage with 
well stream-lined water-cooled engine and small nose radiator will have 
small or negative increase of parasite drag at higher lift coefficients as 
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shown by the graph for the Vought VE-7 airplane. On the contrary, 
a fuselage with large underslung radiator with irregular projections, 
square corners with side turbo-supercharger and cooler near the nose 
of the fuselage will have a large variation in parasite drag as shown 
by the curve for the supercharged Liberty engined Army observation 
airplane. Fuselages of good stream -line shape with uncowled radial air- 
cooled engines have relatively higher drag at high speed, but the increase 
at higher lift coefficients is small and is of an appreciable magnitude 
only at stalling angles. This type of fuselage is represented by the curve 
for the Waco with J-5 engine. 

The increase of the parasite drag at higher angles of attack has its 
detrimental effect at climbing speeds, and is partly due to the increased 
drag of the tail surfaces trimmed for balance at higher speeds, and 
partly due to greater inclination of the fuselage to the airstream. The 
increased angle and increased difference of speed between the slipstream 
of the propeller and the relative air at climbing speeds produces increased 
turbulence around the airplane, thus producing energy losses which finally 
are charged to the increase of parasite drag coefficient at lower speeds. 

One of the greatest errors in estimating performance of twin or 
multiple engined airplanes with one or more engines stopped, is in 
neglecting the fact that the airplane, due to dissymmetry of the thrust, 
is inclined directionally to the line of flight. The drag of the fuselage, 
struts, and landing gear is then considerably increased, the increase 
depending on the angle of yaw. For round or elliptical fuselages this 
increase has been measured to be 15 per cent for five degrees of yaw 
and 45 per cent for ten degrees. For a square body of rather poor aero- 
dynamic characteristics the increase of drag for ten degrees of yaw was 
over 200 per cent. 

The propeller slipstream operates to increase the drag. This increase 
is to some extent compensated for by an increased apparent efficiency 
of the propeller, but the net result in general is a loss. The effect of this 
increase of drag is not dealt with separately, but is included in the deter- 
mination of power available from the engine and is thus charged against 
the efficiency of the propeller. 

6. Total Drag and Power Required at Sea Level and at Altitude. The 
power required at different speeds in horizontal flight at sea level is 
derived from the total drag, the components of which have been discussed 
in previous paragraphs. The procedure and sequence in tabulating the 
determined values is shown by Form 1. 

Minimum speed is first calculated from the maximum lift coefficient, 
and higher speeds are assumed as explained in 2. 

The first approximation of high speed is based on the fact that the 
high or maximum speed is the speed at which the power required for 
horizontal flight is exactly the same as the power delivered by the 



Maximum efficiency in percent 
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propeller while absorbing the maximum rated brake power of the engine. 
This condition presupposes a propeller suitable for absorbing the rated 
engine power at the rated r.p.m. and at the high speed which is sought. 
The correct high speed is found only after the entire power available and 
power required curves have been determined. The first approximation 
to the high speed serves primarily to establish an approximate speed 
range for determination of the variation of the parasite drag and is 
sufficiently accurate for that purpose. This general program is carried 
forward as follows: 

a) From a consideration of the airplane design and by comparison 
with other similar airplanes the probable maximum speed in miles per 

hour is estimated. This 
speed is then divided by 
the rated r.p.m. of the en- 
gine. From the value thus 
obtained, the first approxi- 
mation to the maximum 
propeller efficiency may be 
made from Fig. 9. This 
graph gives efficiency for 
metal, micarta and wood 
propellers with two blades. 
For three-bladed propellers 
98 per cent, and for four- 
bladcd propellers 9b per 
cent, of the efficiency for the two-bladed propeller should be taken. 

b) The first approximation of the power available at high speed is 
then: Rated h p X first approximation of propeller efficiency from (a). 

c) Using again the probable high speed, the induced drag coefficient 
is determined from the formula, 

r _ w * - 0%L 

Dl (0.00256 Ff S) 2 n (E.M.A.K.) " n (E.M.A.R.)' ' ' 

where W is gross weight in pounds, 

S is wing area in square feet, 

\\ is probable high speed in m.p.h. 

Moderate error in the approximation of the probable high speed does 
not seriously affect the induced drag since its value is necessarily low 
in comparison with values of other drag coefficients. 

d) The profile drag coefficient C D() corresponding to the lift coeffi- 
cient for probable high speed determined in the preceding paragraph 
is found from polars similar to those of Figs. 1, 2. 

e) The parasite drag coefficient at probable high speed, C Dp is deter- 
mined from the estimate of the equivalent flat plate area or from a 
summation of the component drags (see 5). 
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f) The sum of C Di + C no + 0 Bp = C B , the total drag coefficient 
at probable high speed where C Di is that from 3, C D0 from 4 and C Dp 
from 5. This drag coefficient C D although derived from probable high 
speed will be in only negligible error as compared with the drag coeffi- 
cient corresponding to the first or even the second approximation of 
the high speed. This, of course, is not true for the actual required power 
expressed by the equation 


p __ CdSV* 
r 146 000 


(6.2) 


where V, the first approximation of high speed is an unknown quantity. 

V is calculated by the aid of the equation for power available as 
determined in (b) : Thus, 

hp available (P a ) = Rated bhp x first appx. to rj. 

By equating power required to power available, 

CdSV* p 
146 000 1 (1 


the first approximation of high speed is obtained: 

17 -|/146 000P<2 /a *>\ 

F ~=y *?c D a (6 - 3) 

The range of speeds at sea level so established, the speeds are entered 
in column I, Form 1. From speeds and wing loading, the lift coefficients 

W 

are calculated. C L — yo0256 SV~ 2 ( 6 - 4 ) 

and entered in column 2. At this time the E.M.A.R. is calculated from 3 
and the induced drag coefficient is found from Fig. 3 or calculated from 
(6.1) and entered in column 3. 

The profile drag coefficient for the lift coefficient in column 2 is 
taken from airfoil polars obtained preferably from variable density 
wind tunnel test results similar to those given in Figs. 1 and 2, and is 
entered in column 4. 

In column 5 are entered ratios as in (5.6), Form lb. 

In column 6 is entered the parasite drag variation ratio /, taken 
from selected curve on Fig. 8. 

In column 7 is the corrected parasite drag coefficient, / C Dv where 
the basic parasite drag coefficient C Dp is derived from estimated equi- 
valent flat plate area A , in accordance with (5.5). 

Column 8 contains the sum of the drag coefficients; i. e., the sum of 
the values in columns 3, 4 and 7 equals the total drag coefficient C D . 

In column 9 are calculated values of power required at sea level 
by (6.2). 

While it would be possible to prepare a similar table as in Form 1, 
using the same procedure for all altitudes, a considerable amount of 
computation can be saved by using a method which consists of multi- 
plying the sea level values of speed and of corresponding power required, 

Aorodynamie Theory V 16 
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by the square root of the reciprocal of the relative density a from Table 4, 
for the altitude selected. 


Table 4. 

Standard Sea Level Air: 

T = 15° C. W = 0.07651 lbs./cu.ft. e 0 = 0.00238 slugs/cu.ft. 
P — 29.921 ins. of Hg. 

1 in. of Hg. = 70.732 lbs./sq.ft. = 0.4912 lbs./sq.in. 

Altitude- Pressure- Temperature Table . 


Altitude 

Feet 

Pressure 
in. Hg. 

Pressure 
lbs./sq. ft. 

Tem- 
perature 
Dec. C 

Qo 

Q 

Density 

ratio 

e = a 
Qo 

Keciprocal of 
square root of 
density ratio 

fi 

— 1000 

31.02 

2194.1 

17.0 

.971 

1.030 

.985 

— 500 

30.47 

2155.2 

16.0 

.985 

1.015 

.993 

0 

29.921 

2116.4 

15.0 

1.000 

1.000 

1.000 

5000 

24.89 

1760.5 

5.1 

1.161 

0.862 

1.077 

10,000 

20.58 

1455.7 

— 4.8 

1.354 

0.738 

1.164 

15,000 

1 16.88 

1194.0 

— 14.7 

! 1.590 

0.629 

1.261 

20,000 

: 13.75 

9^2.6 

i —24.6 

1.877 

0.533 

1.370 

25,000 

: n.io 

785.1 

! —34.5 

2.232 

0.448 

1.494 

30,000 

8.88 

628.1 

1 —44.4 

2.674 

0.374 

! 1.635 

35,000 

; 7.04 

498.0 

— 54.3 

3.228 

0.310 

1.797 

40,000 

1 5.54 

391.9 

—55.0 

I 4.087 

0.245 

2.022 

45,000 

4.36 

308.4 

—55.0 

5.192 

0.193 

2.279 

50,000 

3.44 

243.3 

—55.0 

6.592 

0.152 

2.568 

This method of determining the power required at altitudes is based 


on the following aerodynamic considerations. 


First, the true horizontal speeds at different altitudes for the same 
attitude of the airplane, that is, for the same angle of attack or the same 
C L , are inversely proportional to the square roots of the relative den- 
sities. 

This is shown as follows: 

Let the subscript 0 denote values at sea level and the absence of 
subscript values at altitude. Then in general: 

Lift — weight = ^ QV 2 C L S 

But weight, area and C L (by assumption) are the same at sea level 
and at altitude. Hence qv 2 / 2 must be the same. Hence in general under 

these conditions, v^>— ~ 

VQ 

or and * = ”0 ]/y 

Again Power = Drag x Speed. But at the same attitude, the 
ratio L/D is the same and hence D is same at altitude and at sea level. 
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Hence P 0 = Z) 0 ?> 0 

i> = Z) 0 t, = Z> 0 « 0 l/-j- = P 0 l/'^ 

The power will thus be proportional to the square root of the reciprocal 
of the relative density. Therefore, by dividing both the speed at sea 
level and the power required at sea level by the square root of relative 
density for a given altitude we obtain the true speed at altitude for the 
same lift coefficient, i. e ., same angle of attack, and the power required 
at that altitude corresponding to that speed. Hence, if for the same angle 
of attack, V 0 corresponds to hp required at sea level, the true speed 

at altitude, V — V 0 |/ ^ 

will correspond to the required power 

The values in columns 10 and 11, Form 1, are obtained by multi- 
plying values from column 1 and 9 by j/l/o. It is usual to assume alti- 
tudes in steps of 5,000 or 10,000 feet up to the approximate ceiling, for 
which purpose columns 12 and 13, etc. are used. 

B. Power Available 

Two methods for the determination of power available will be given. 
The first method is considered the more rational and accurate. The 
second is less elaborate and gives fairly good results, especially if it is 
used in connection with power required where the parasite drag is 
calculated by the summation of component drags. 

Data necessary for the calculation of power available by the first 
method are as follows: 

For the power source: number of engines, rated brake hp and corre- 
sponding r.p.m. of each engine, brake power curve plotted on r.p.m. for 
full throttle at standard conditions, gear ratio of the propeller hub unless 
a direct drive is used, whether supercharger or forced induction is used, 
information as to the standard altitude to which the supercharger 
maintains sea level power, and any other available data regarding the 
change of power at altitude. 

For the propeller: chart of performance characteristics, and a first 
approximation to the high speed of the airplane. 

The program is then carried forward as follows: 

7. Power Curves of Engines. The brake horsepower is defined by 
the power curve at full throttle obtained on the dynamometer under 
standard atmospheric conditions as defined in Ref. 7. This power curve 
is generally furnished by the manufacturer and checked by the Govern- 
ment. Brake power at altitude of non -supercharged engines at constant 
r.p.m. is determined by the graph of Fig. 10. In the case of engines with 

16* 
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turbo -superchargers, the power decreases to about 80 per cent of the 
sea-level power (78 per cent for 20,000 foot supercharger) at the rated 
altitude limit of the supercharger. From this point the decrease in power 
is assumed the same as that of the non- supercharged engine. The altitude 
limit is then considered as sea level and the decrease is computed from 
the same graph, Fig. 10. 

In the case of direct drive supercharging, remembering again that 
the r.p.m. are assumed constant, the power delivered to the propeller 
at any altitude will be equal to the sea level power of the unsupercharged 
engine increased by the gain in power due to the decrease in back pressure 
and decreased by the power absorbed by the supercharger. At sea level 



Fig-. 10. Engino power, density and revolutions in relation to altitude. 

the gain is, of course, zero, while some power will be required to operate 
the supercharger, relatively little if of the Roots type, relatively more 
if of the direct connected centrifugal type. It results, however, that we 
may assume a law of increase in both the gain of power and in the power 
absorbed by the supercharger in such manner that the power delivered 
to the propeller can be taken as increasing from sea level up, according 
to a linear law, and as reaching at the altitude limit, the sea level value 
for the non- supercharged engine. Above this limit it decreases the same 
as does that of the engine with turbo -supercharger. More detailed 
information is available in Refs. 10 and 16. 

8. Choice of Propeller Diameter 1 . Various methods are available for 
determining the diameter of an airplane propeller, having given the 
power available and a sufficient selection of the operating conditions 
to make the problem definite. For details and practical suggestions, 
reference may be made to Ref. 4. 

The conditions normally determining the selection of the propeller 
diameter are the maximum speed (first approximation), rated r.p.m. 
and rated power. 

1 See Ref. 19. 
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In case the propeller is to be designed for climb, the speed is taken 
as that approaching the speed in climb and the diameter is determined 
for that speed with the same rated power and r.p.m. as in the preced- 
ing case. 

In the case of propeller design for a given altitude with a non-super- 
charged engine, the maximum power of the engine and the r.p.m. at 
that altitude may be determined by the use of Fig. 10 and the design 
may then go forward by any method appropriate to the data in hand 
(see Kef. 4). 

9. Design v/nJ) and Maximum Efficiency. The design v/nD for any 
condition for which the design V, N and D are established is: 

v 88 V (m.p .h.) Q . 

nD N (r.p.m.) 1) (ft.) ' ‘ 

The maximum efficiency corresponding to the design vjnD is found 
on the graph, Fig. 11. This graph is made for two-blade metal and wood 
propellers. For two-blade micarta propellers, a mean curve between 
metal and wooden propellers may be used. For three and four-blade 
propellers, multiply the maximum efficiency of two-blade propellers 
by 98 per cent and 96 per cent respectively. For tandem arrangements 
use 98 per cent of the value found for a single propeller. Calculate tip 



Form 2. 

Horsepower Available at Sea Level. 

1 

V 

m.p.h. 

Same as column 1, Form 1. 

2 

Per cent of 
design V ; 

Calculated from column 1 

3 

Per cent of j 
design N 

From Fig. 12 

4 

N 

r.p.m. 

Values from column 3 X Design r.p.m. 

4a 

N propeller 
r.p.m. 

Values from column 4 X ratio of propeller to engine r.p.m. 
(Omit if direct drive is used) 

5 

hp Brake 

From power curve 

6 

V 

nD 

Calculated from columns 1 and 4 or 4 a and the design 
propeller diameter 

7 

Per cent of 

design nD 

i Calculated from column 6 and design v/nD 

i 

j 

8 

Per cent of 
maximum rj 

From Fig. 13 

9 

V 

Values from column 8 X maximum propeller efficiency 

10 

HP Available 

hp available = Brake hp X rj 




Per cent norma t PPM Maximum efficiency 
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speeds in the regime of design vjnD , and multiply efficiency by 97.5 per 
cent and 90 per cent where the tip speed is 1000 ft./sec. and 1100 ft./sec. 

respectively. This correc- 
tion is to be applied only 
at the values of vjnD where 
these tip speeds occur, and 
not to the entire efficiency 
curve. With these necessary 
values for the calculation 
of available power (design 
V or v, design N or n design 
hp and design D) estab- 
lished , the tabulation of 
derived values proceeds as 
follows: 

Referring to Form 2 for power available, in column 1 the speeds 
are chosen for convenience the same as for power required in Form 1. 

In column 2 are calculated percentages of speeds in relation to the 
design V (first approximation of high speed). 

10. Variation of Engine Speed and Power at Sea Level (Full Throttle). 
Column 3 contains values in per cent of the average r.p.m. at sea level 

full throttle correspond- 
ing to values in column 2 
taken from Fig. 12. 

In column 4 are the 
r.p.m. of the engine de- 
termined from the design 
N and percentages in co- 
lumn 3. Column 4a con- 
tains r.p.m. of the pro- 
peller in the case of 
geared propellers. The 
r.p.m. for different speeds are thus determined from the average vari- 
ation of r.p.m. of many engines in different airplanes and may not 
correspond exactly to the r.p.m. in a particular flight test. The error 
in power available, incurred by using the average r.p.m. instead of the 
actual r.p.m. is small however, since the effects of small variation of 
r.p.m. on the brake power, on the vjnD , and on the propeller efficiency 
are compensating. That is, if the assumed r.p.m. is larger than the actual, 
the corresponding brake power will be larger, but at the same time the 
vjnD will be smaller and the corresponding propeller efficiency will be 
smaller. Thus the error in the assumption of the r.p.m. at a speed 
different from the design speed is self compensating to a considerable 
extent: 



Fig. 12. Relation between per cent of normal r.p.m. and 
per cent of normal .speed. 



Fig. 11. Propeller efficiency in relation to values 
of vinD. 
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In column 5 is entered the brake power at sea level corresponding 
to the r.p.m. in column 4 taken from the power curve of the engine. 

11. Variation in Propeller Efficiency. Equation (9.1) is used to find 
the various values of v/nD, taking V from column 1, 2V from column 4 
(or 4a) and for D, the design 
diameter 1 . These values are 
then set in column 6. 

In column 7 are percen- 
tages of the design v/nD. 

In column 8 are percen- 
tages of maximum propeller 
efficiency corresponding to 
the percentages of design 
v/nD of column 7 taken from 
Fig. 13. The values on this 
graph are average, and were 
obtained from the flight tests 
of a large number of airplanes; they can be assumed to be correct at 
high speeds and accurate within six per cent at climbing speeds. For 
airplanes having a great angle of climb and for airplanes with geared 
engines, the recommended values of efficiency at climbing speeds are 
on the low side. 

In column 9 are entered efficiencies of the propeller obtained by 
multiplying the values in column 8 by the maximum design efficiency. 

12. Power Available at Sea Level and at Altitudes (First Method). 
Power available at sea level is the product of brake power, column 5, 
and the efficiency, column 9, and is entered in column 10. 

Power available at altitude is obtained from that at sea level by 
using altitude factors for reduction of sea level power and r.p.m. These 
factors are plotted in Fig. 10. In Form 3 speeds in column 1 are taken 
the same as for sea level conditions, and sea level r.p.m. in column 2 
is the same as column 4 in Form 2. 

In column 3, engine r.p.m. at altitude is obtained by multiplying 
the sea level r.p.m. by the r.p.m. altitude factor taken from Fig. 10. 
Column 3a is used only for geared engines and contains the r.p.m. of 
the propeller. 

In column 4 are values of sea level power of the engine at altitude 
r.p.m. from column 5, Form 2. 

Engine power (column 5) at altitude is obtained by multiplying 
the power at sea level (column 4) by the power altitude factor taken 
from Fig. 10. The parameter v/nD, efficiency, and horsepower available, 

1 It may be remembered that v/nD = 88 V/ND. 



Fig. 13. Per cent maximum propeller efficiency 
in relation to per cent design v Ini). 
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Form 3. Horsepower Available at Altitudes (Precise). 


1 

V 

m.p.h. 

Same as column 1, Form 1 

2 

1 Sea level 

From column 4, Form 2 

3 

N 

„ ^ w 1 Altitude 
r.p.m. — .. 

Values from column 2 X factor from Fig. 10 

3a 


4 

BHP SealeVel 
Altitude 

From column 5, Form 2 

5 

Values from column 4 X factor from Fig. 10 

6 

V 

nD 

Calculated from columns 1 and 3 and the design 
propeller diameter 

7 

Per cent Design 

V 

nD 

Calculated from column 6 and design 

V 

n D 

8 

Per cent r] max 

From Fig. 13 

9 

n 

Values from column 8 X maximum propeller efficiency 

10 

HP Available at 
‘ Altitude 

Values from column 5 X values from column 9 


in columns 6 to 10 inclusive, are found in the same manner as in the 
case of power available at sea level. 

Short-Cut Method. For rapid estimation of power available at altitude 

where extreme accuracy is not 
required, a short-cut method 
may be used. This consists of 
multiplying the values from 
column 10, Form 2, by the 
appropriate value from Fig. 14, 
to obtain the power available 
at a given altitude. 

One of the advantages of 
the first method consists of giv- 
ing information as to the r.p.m. 
and the propeller efficiencies. 
These are valuable data for the 
selection of propeller or propeller 
settings when an increase of per- 
formance at altitude is sought. 

13. Power Available at Sea Level and Altitude (Second Method). 
The first step in this method is an approximation of high speed. This 
can be done by assuming a propeller efficiency by which the normal 
brake horsepower of the engine is multiplied to obtain the maximum 
horsepower available. The high speed is then found by locating the 



Fisr. 14. Relation between altitude and 
per cent of sea level power available. 
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speed on the horsepower required curve at which the horsepower required 
equals the approximate horsepower available. 

The propeller diameter may then be estimated by the following 


=*i/“ 


(13.1) 
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equation : D 

where 

blip — normal brake 
horsepower 
N ~ normal engine 
speed (r.p.m.) 

K — a constant depend- ^ 
ing on the pro- 
peller , as de- 
termined from 
Table 5. An aver- 
age compromise 
value for K is 300. 

The design vjnD is next Fig. 15. 

calculated from the values 

of V , N , and D estimated above. Maximum efficiency is found for 
this v/nD from Fig. 11. This efficiency should be reduced for inter- 
ference and high tip speed in accordance with the ratios given in 9. 

The horsepower avail- 
able (second approxim- 
ation) is equal to the effi- 
ciency determined above, ^ 
times the normal brake i 
horsepower. The second J 
approximation to high 
speed is then found from 
the horsepower required 
curve in the same manner 
as that used for the first 
approximation. 
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Table 5. Values of K in Equation for Propeller Diameter. 
Wooden Propellers. Metal Propellers. 


No. of Blades 

2 

3 

4 

No. of Blades 

2 

3 


Speed (optimum 





[ Speed (optimum 

! 


K 

slip) 

285 

255 

240 

K 

1 slip) 

280 

260 

for 

Climb (zero slip) . 

320 

290 

270 

for 

I Climb (zero slip) . 

315 

300 


Compromise . . . 

305 

275 

260 


[ Compromise . . . 

300 

290 
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Horsepower available at sea level is determined by the steps outlined 
in Form 4 with the use of Fig. 15. If the normal engine power is from 
70 to 80 per cent of the maximum power, use the curve for 1900 r.p.m. 
If it is from 80 to 90 per cent, use the curve for 2100 r.p.m. and if above 
90 per cent, use the curve for 2400 r.p.m. 


Form 4. Horsepower Available at Sea Level. 


I 

2 

3 

4 

V 

v . 

Pa at V 

Pa at V 

m.p.h. 

Vm x 

Pa at Vm x 

Same as column I, 
Form 1 

i 

' Calculated from 
column 1 

From Fig. 15 

Values from column 

3 X Pa at Vm x 


Form 5. Horsepower Available at Altitudes. 


1 

2 

3 

4 


V 

m.p.h. 

Pa 0 

10,000 ft. 

Pah 

15,000 ft. 

etc. 

Same as ! 
column 1, 
Form 1 

From 
column 4, 
Form 4 

Multiply values from 
column 2 by factor 
from Fig. 16 

Multiply values from 
column 2 by factor 
from Fig. 16 



Horsepower available at altitude is obtained as shown in Form 5 
with the use of Fig. 16. (See also Table 13.) 

CHAPTER III 

PERFORMANCE FROM POWER GRAPHS 

Practically all the performance characteristics of an airplane can 
be calculated directly from the power graphs, except the range and 
the endurance. 

In the determination of performance, the curves of power required 
and available at sea level from Forms 1 and 2 are plotted against speed 
(see example, Fig. 21). 

1. High Speed. The high speed in level flight is found at the inter- 
section of the curve of power required and power available toward the 
side of higher speeds. The intersection on the low speed side which 
occurs in some instances is of smaller importance and corresponds to 
the minimum speed with power on in horizontal flight. Obviously both 
of these speed conditions correspond to the case where the power neces- 
sary for horizontal flight is equal to the power which the particular 
engine-propeller unit can transmit to the airplane in the form of thrust 
It is possible of course that the airplane can travel faster than the high 
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speed, but the additional power then is furnished by gravity and the 
airplane is diving. For that reason, in checking the speeds by flight 
test, it is essential to fly a perfectly horizontal course. In order to insure 
the horizontality of the path, the speed course runs rm^t be flown very 
close to the ground, at approximately 50 feet. 

Similarly, the high speeds at altitude are determined from similar 
curves corresponding to certain altitudes, and are for reasons given 
above more difficult to check by flight test. 

As a rule, the change of high speed with altitude is small in the first 
few thousand feet, but its decrease is more pronounced as the ceiling 
is approached. In the case of high speed airplanes or of airplanes with 
large speed ratio the decrease of high speed with altitude is very gradual 
and in some cases there is even a slight gain in speed at low altitudes. 
This condition occurs when, due to the rapid increase of overall lift- 
drag ratio at higher altitude, the power required (for same speed) is 
decreasing more rapidly than the power available. In the case of air- 
planes with modern engines with forced induction and high compression 
ratio this is particularly true, since the drop of the engine power at low 
altitude is small. Engines with forced induction are not always classed 
as supercharged, but they maintain their sea level power to several 
thousand feet of altitude. 

In the case of airplanes with low speed ratio to which belongs the 
majority of so- cal led light airplanes, the high speed at altitude decreases 
much faster. 

In the case of airplanes with supercharged engines the high speed 
gradually increases up to the highest altitude at which the engine main- 
tains its sea level power. 

An additional increase in high speed, and in other items of per- 
formance as well, can be gained by a controllable pitch propeller by 
maintaining the optimum propeller efficiency consistent with optimum 
power of the engine. 

The minimum speed at sea level is ordinarily determined by the 
maximum lift coefficient of the airfoil for any except greatly under- 
powered airplanes, the ceiling of which is very low. If the maximum lift 
coefficient corresponded with the minimum power required, the minimum 
speed would always occur at maximum lift. However, the range of 
minimum required power occurs at lower lift coefficients and higher 
speeds, so that at or near the ceiling the power available and power 
required curves meet or intersect at higher speeds than stalling speed 
which is determined by the maximum lift coefficient. This explains 
the difference between minimum and stalling speeds. 

On many airplanes the desired minimum and stalling speeds for slow 
landing cannot be reached on account of the difficulty of maintaining 
the airplane on even keel. Problems of lateral and directional stability 



252 


O III. PERFORMANCE FROM POWER GRAPHS 


in regions of stalling angles are many and difficult to solve. Fortunately, 
actual airplanes can reach low landing speeds notwithstanding this 
limitation because of the scale effect which increases the value of maximum 
lift coefficient of many airfoils as compared with that obtained in the 
wind tunnel and used in design computations. 

Reference is made here to the examples of performance determination 
and plot of curves on Figs. 21 and 22. 


2. Rate of Climb. The calculation of the rate of climb is based on 


the difference between the 



Flight path 
ftor/zontat 


_jWeight 
Fig:. 17. 


power necessary for horizontal flight and 
that transmitted by the propeller to the 
airplane. The diagram of Fig. 17 shows the 
equilibrium of forces acting on an airplane 
in horizontal flight at a certain speed cor- 
responding to a certain angle of attack. 
In order to support the airplane, the lift 
must equal the weight and the drag must 
be balanced by the thrust; thus the resul- 
tant of lift and drag E l is equal and oppo- 
resultant of the thrust and the weight, the 
The drag or the thrust mul- 


site to E 2 which is the 
conditions of equilibrium being satisfied, 
tiplied by the speed denotes the horsepower necessary to keep the 
airplane flying horizontally. This equilibrium is expressed by 
DV (power required) — TV (thrust power) 

If the power of the 
engine, and therefore 
the thrust power , is 
increased by opening 
of the throttle, either 
the speed is increased, 
the airplane starts to 
climb, or both occur. 
The pilot has at his 
discretion any one of 
three possibilities. If by 
action of the elevators, 



he decreases the angle of attack suitably, the speed will increase until 
a new condition of horizontal flight is established. Or he may decrease 
the angle of attack somewhat less, in which case there will be an in- 
crease of speed and a moderate angle of climb. But if he maintains 
the same speed, the airplane will climb at a steeper angle and with a 
slightly decreased angle of attack. 

The conditions of equilibrium are now shown by the triangle of 
forces in Fig. 18 a, assuming the line of thrust along the line of flight. 
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The resultant of lift L and drag D will give the resultant air-force R 
and there must be equilibrium between this force R , the weight W and 
the thrust T as shown. The 
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weight W is now carried, in 
part by the vertical compo- 
nent of the lift L and in part 
by the vertical component 
of the resultant force (thrust 
minus drag) along the line 
of flight. As shown by the 
diagram we must have the 
following relations: 

L = WcosO (2.1) 

T = W sin 0 + D (2.2) 

The decrease in the angle 
of attack, the speed in climb 
being the same as in hori- 
zontal flight, is due to the 
fact that if the angle remained 
the same and the speed the 
same, the lift would remain 
the same or L = W , instead 
of L = W cos 0. Hence the angle of attack must be reduced and in 
the final condition of steady flight along the climbing path the con- 
ditions of Fig. 18 a will be 


0.0V 0.08 


0.12 012 
Co 

Fig. 19. Polar of complete airplane. 


020 0.2V 028 


realized. 

The determination of the 
rate of climb is developed as 
follows. From (2.2), we have 

W sinOV = (T — D)V 


or in words, the power re- 
quired to lift the weight W 
against gravity at the speed 
V sin 0 is equal to the power 
corresponding to the net force 
( T — D) acting along the 
flight path at the speed V . 
The power TV is the thrust 
power available, the power 



1500 1600 


1300 2000 2100 2200 2300 2V00 
PPM 

Fig. 20. Horsepower curve for 400 hp 
supercharged engine. 


required against air resistance is DV, and the difference is the reserve 
available for lifting the plane against gravity at the vertical velocity 
V sin 0. We have therefore 
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or otherwise 


V sin 0 


T V 


— D V 
W 


V sin 6 (ft. per min.) 


Reserve hp X 33 000 

jjr 


(2.3) 


In case the propeller shaft is inclined to the line of flight at an angle /} 
and if it could be assumed in such case that the line of resultant force 
acts from the propeller on the plane along the shaft and hence inclined 



also at the angle ft to the flight path, we should have the conditions 
of Fig. 18 b. T cos ft — D = W sin 0 

T sin (3 + L — W cos 0 

The determination of the actual line of thrust in such case, however, 
becomes very complex and it will ordinarily serve practical requirements 
to assume the thrust along the flight path and the conditions of Fig. 18 a. 

The maximum reserve power is determined graphically, and is 
expressed by the maximum vertical distance between the power available 
and power required curves at the same speed. Its value is obtained by 
trial with a compass and it occurs at a certain speed where the tangents 
to the curves are parallel. Upon inspection of the shape of the power 
curves (see Fig. 21) it is apparent that small changes in speed do not 
appreciably change the value of the reserve power and therefore of the 
rate of climb. Reserve power at altitude is obtained by the same method 
and without any corrections due to altitude in the above formula. The 
horizontal speed at absolute ceiling is obtained by extrapolating points 
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of available and required powers corresponding to climbing speed. The 
intersection of these two curves denotes the only speed at which the 
airplane can fly at absolute ceiling. The rate of climb at sea level and at 
several altitudes is plotted against altitude to determine the curve of 
rate of climb as shown by Fig. 22. This curve is generally approximated 
by a straight line, although if many points are plotted, it has a somewhat 
upturned curvature. In performance prediction a good agreement 
with flight test is obtained by using a straight line passing through the 



Fig. 22. Performance summary. 


point of rate at ground and some point from two to five thousand feet 
below the ceiling. 

3. Ceilings. The absolute ceiling is the altitude of zero rate and is 
determined by extrapolating the rate of climb curve to zero rate. 
Similarly the service ceiling is defined by the altitude where the rate is 
100 feet per minute. The ceiling is a complex function of the airplane, 
engine, and propeller design characteristics, of which the ability of the 
engine to maintain its power is the most important. Low span loading 
with high lift-drag ratios at high lift coefficients are requisite character- 
istics of a high altitude airplane. 

4. Angle of Climb. As shown in Fig. 18a, the angle of climb, im- 
portant in take-off from emergency landing fields, is determined by 

, _ _ . a Thrust— Drag 

the angle d where sm V = ^<iight — 

Since the information on the rate of climb and speed is directly available, 
the following formulas are more convenient: 

. a Rate of Climb (ft./min.) X 0.01136 
s%n — — Speed, m.p.h. 
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or approximately for small values of 0, 

~ , 0.65 x Rate of Climb (ft./min.) 

0de e-= - V (m.p.h.j — 

5. Time of Climb. Assuming a linear variation of the rate of climb 
against altitude, (dh/dt — B ( 1 — h/H) the shortest possible time to 
climb to a given altitude is calculated by the use of the equation: 

t = 2.3 ^ log 10 (j[~_ h ) > where 



Weight 400 lbs. Lower area 135 sq. ft. 

Total area 350 sq. ft. 435 hp @ 2300 r.p.m. 

Upper area 215 sq.ft. A «= 9.5 sq. ft. 


t is time of climb in minutes to altitude h in feet, 

H is the absolute ceiling in feet, and 

R is the maximum rate of climb at sea level in feet per minute. 

Example of Performance Calculations. 

The application of the procedures outlined in the preceding para- 
graphs is made in the following examples for which was chosen a 
biplane with open cockpits (Fig. 23), single bay wing cellule trussing, 
with large upper wing and small lower wings and with one water-cooled 
tractor engine non-super charged. 

Two complete examples are given for performance computations 
from power graphs in the following paragraphs. 

6. Power Required. Summary of Performance No. 1, Form 6, is based 
on power required from Table 6, where parasite drag was obtained by 
summation of component drags. The power available was computed 
by methods used by the TJ.S. Navy as shown in Tables 8 and 9. 
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Summary of Performance 
No. 2, Form 6a, is based on 
power required from Table 7, 
where equivalent flat plate area 
A was obtained by comparison 
with other airplanes. The power 
available is computed as shown 
in Tables 10, 11 and 12 (see 
also 7). 

The differences in the various 
characteristics determined by 
both of these methods are well 
within the accuracy of flight 
test results. 

.4 . Power Required 
by Summarizing 
Component Drags 

fn Table 2 is the tabula- 
tion of data when the summa- 
tion of component drags is 
used for determination of para- 
site drag. (Note slight discrepan- 
cies between results of two me- 
thods of parasite drag deter- 
mination.) 

The determination of power 
required in this case is made in 
Table 6, according to Form la. 

a) Determination of values 
in columns 1 to 4 is as noted 
earlier in II 5 and 6. 

b) Determination of para- 
site drag by summation of 
component parts is made in 
Tables 2 and 3. Due to the 
mutual interference, an in- 
crease of 15 per cent is made 
to D p i and to D p 2 , the respec- 
tive values of which are 74.3 
and 191.4. 
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Thus D pl = 74.3 X 1.15 — 85.7 pounds. 

D p o = 191.4 x 1.15 = 220.3 pounds. 

These values reduced to coefficients are [see II (5.3)] : 

Cjj p i = 0.00956 
C DV 2 — 0.02460 

which total for high speed, C D p = 0.03416 from which A — 9.34 [see II 
(5.5)] square feet as compared with the direct estimate of A = 9.5 
square feet. 

c) In columns 5, 6 and 7 are entered values resulting from Tables 2 
and 3, in accordance with Form la. 

d) Column 8 is the sum of the values in columns 3, 4, 7 plus the 
constant value of C Dp 2 . 

e) Determination of power required is made from column 8 [see II 

(6.2)]. 

f) Power required at sea level and altitudes is then plotted as in 
Fig. 21. 

B. Power Required by Estimating A Directly. 

a) Data available for calculation of power required were: 

Gross weight = 4,000 pounds. 

Wing area (total) = 350 square feet, airfoil — Clark Y. 

Upper wing: Span ( b x ) = 38 feet 
Chord = 5.7 feet 
Area — 215 square feet. 

Lower wing: Span (b 2 ) — 33 feet 
Chord — 4.25 feet 
Area = 135 square feet 
Gap (G) — 5.25, Stagger = 20 deg. 

Engine Power : 435 bhp, 2300 r.p.m. (Fig. 20). 

Metal Propeller, 2 blades. 

b) Determination of interference factor o: 

Mean span, (b) — 35.5 feet 
Ratio of spans (bjb^ 0.868 
Gjb ~= 0.144 

o (from Fig. 4) = 0.551. 

c) Determination of equivalent geometrical chords: 

Cj = gg 5 = 5.66 

c 2 = g 3 3 5 = 4.09 
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d) Determination of equivalent monoplane aspect ratio, first method, 
assuming E.M.A.R. as in II (3.4): 

oka 

E.M.A.R. - ^ = 4.72 

e) Determination of E.M.A.R. (precise method) using Appendix 1, 
and assuming the value of the ratio a = 0.66: 

E.M.A.R. = iK * l)2 = (K ^ H)2 
Gjb r = 0.138 
r = 0.87 

K for r — 0.87 (by interpolation) = 1.072 
T A (1*072 X 38 ) 2 . „ . , 

E.M.A.R. =r- 0 -- - — = 4.74 1 

350 

f) Determination of equivalent flat plate area by direct estimate 
from similar airplane (see Fig. 23). 

The available data were two airplanes of generally similar character, 
one with W = 2269 pounds and A — 6.03 and one with W — 6483 pounds 
and A — 12.5. Interpolation gives an approximate value A — 8.8. 
Due, however, to the fact that the larger of these two planes has a closed 
fuselage and is very close to the lower limit of A, 0.7 square feet is added 
to the interpolated value, making a total of 9.5 square feet. The coeffi- 
cient of parasite drag at high speed is then, 

C 1)p L2 * A =0.03475 

g) Determination of stalling speed at sea level : For Clark Y, maximum 
C L -- 1.37 (in variable density tunnel at R.N. 3,610,000) 

rr 4,000 

^ *-V 0.00256 x J .37 x 350 ~ ° 7 ’ 2 m P h - 

h) Determination of high speed (first approximation) : 

Rated r.p.m. 2300 

Normal Brake Horsepower 435 hp 
140 (assumed) 

2300 


V/N - 


= 0.061 


First approximation of propeller efficiency from Fig. 9 yields 
Efficiency (maximum) — 0.82 
First approximation of power available, 

435 x 0.82 - 357 hp 
Induced drag coefficient: 

From II (6.1), by substitution of numerical values, 

C jy i — - 0.0036 


1 Thediscrepancy in these two methods is small because the biplane chosen 
happens to have the best area distribution which Prandtl assumes. The precise 
method is preferable especially when a small difference in aspect ratios of the 
two wings occurs, which is the usual case. 


17 * 



Table 7. Horsepower Required. (A estimated.) 

11.42 lb./sq.ft. A — 9.5 sq.ft. ( Cjj p H.S. = 0.03475). E.M.A.R. = 4.72. 
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or, from II (6.4) we find 
C L = 0.288 
and this with 

E.M.A.R. — 4.73 in Fig. 3 

gives 

C D i -=■ 0.0036 as above. 

Profile drag coefficient (from 

polar similar to Figs. 1, 2) 
C D0 — 0.0102 

Parasite drag coefficient [(/) 

above] 

C Dp =0.03475 

Total drag coefficient = 

@Di + Cdo + v ~ 0.04855. 

First approximation of high 
speed: From II (6,3) substitut- 
ing numerical values we have 
V m — 145.2 m.p.h. 

Then correcting the first 
value of C L we have from 
II (6.4) 

C L = 0.212 

i) Determination of range 
of lift coefficients correspond- 
ing to speed range 57.2 to 
145.2 m.p.h. 

V L m j- — V l ( J ni) = 

== 1.37 — 0.212 - 1.158 
taken as 100 per cent. 

The values in column 5, 
Table 7, according to Form 1 b, 
are then tabulated as shown. 

j) Determination of vari- 
ation of C Dv . 

Assume variation similar to 
VE-7 from Fig. 8 and fill in 
columns 6 and 7. 

k) Determination of total 
drag coefficient as in column 8. 

l) Determination of power 
required at sea level as in 
column 9 [see II (6.2)]. 
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m) Determination of power required at 10,000 and 15,000 feet. 

1 /~ at 10,000 = 1.165 "|/|- at 15,000 = 1.261 

These values are used in calculating columns 10 to 13. 

The polar of the whole airplane, which is used for some special inves- 
tigations and in a method for performance determination based on indic- 
ated speed and indicated r.p.m. (see Chapter V), is plotted in Fig. 19. 
Values of L\D can also be obtained from this graph. 

7. Power Available. Data necessary for the calculation of power 
available are: 

Engine rated at 435 brake horsepower at 2300 r.p.m. non-super- 
charged without forced induction (see Fig. 20). 

Propeller: Two-bladed metal. 


Table 8. Horse power Available at Table 9. Horsepower Available at Altitudes. 
Sea Level. See Form 4. See Form 5. 


1 

V 

m.p.h. 

2 

3 

4 

1 

Air Speed 
V 

m.p.h. 

2 

3 

i * 

V 

Fmax, 

THP av. 
(THP av.) 0 

THP av. 

Sea Level 
THP av. 
(From 
Table 9) 

.66 

THP av. 

10,000 ft. 

i .53 

at altitudes 

! 15,000 ft. 

57.2 

0.394 

0.625 

216 

57.2 

216 

143 

115 

70.0 

0.482 

0.715 

248 

70.0 

248 

164 

132 

80.0 

0.552 

0.780 

270 

80.0 

270 

178 

; 143 

90.0 ; 

0.620 

0.835 

289 

90.0 

289 

191 

i 153 

ioo.o ! 

0.690 

0.880 

305 

100.0 

305 

201 

162 

110.0 

0.759 

0.918 

318 

110.0 

318 

210 

169 

120.0 

0.828 

0.948 

328 

120.0 

328 

217 

174 

130.0 

! 0.896 

0.973 

337 

130.0 

337 

222 

179 

140.0 

| 0.966 

0.993 

344 

140.0 

344 

227 

182 

150.0 

j 1.035 

1.002 

347 

145.0 

346 

228 

; 183 





150.0 

347 

229 

184 


A. Power Available from Variation of R.P.M. with Speed. 

a) Determination of design speed. 

First approximation of high speed (from power required) was 
145.2 m.p.h., which may be taken as the design speed for the propeller. 
But considering that the high speed will not be changed appreciably 
if a lower design speed is assumed and that the climb at lower speeds 
will be improved, the design speed is assumed 98 per cent of the first 
approximation of high speed. 

Design V - 145.2 x .98 = 142.4. 

b) Determination of propeller diameter, 
r.p.m. = 2300, hp = 435, V — 142.4 m.p.h. 
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Table 10. Horsepower Available at Sea Level. 

Des. v/n D = .637. D = 8.55 ft. *? raax . = 81 % 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

V 

m.p.h. 

Per cent Per cent 
Des. Des. 

V ! N 

; 

N 

r.p.m. 

BHP 

vjn D 

Per cent 
Des. 
v/nD 

Per cent 
>1 max. 


HP 

av. 

57.2 

40.2 

87 

2000 

396.5 

.295 

46.3 

56.0 

.454 

180 

70 

49.2 

87.1 

2004 

397.0 

.360 

56.5 

67.5 

.547 

217 

80 

56.2 

87.8 

2020 

400 

.408 

64.0 

75.5 

.612 

245 

90 ' 

63.2 

88.7 

2040 

401 

.455 

71.4 | 

82.5 1 

.668 

268 

100 

70.2 

89.8 

2065 

408 

.498 

78.2 

88.5 

.717 

293 

110 

77.2 

91.5 

2105 

412 

.538 

84.4 

93.5 1 

.757 

312 

120 

84.2 

93.8 

2160 

420 

.572 

89.8 

| 96.8 ; 

.784 

329 

130 1 

91.3 

96.0 

2210 | 

426 

.606 

95.1 

j 99.0 

j .802 

342 

145.2 | 

| 102.0 

i 100.5 

2310 

435 

.647 

101.6 

! 99.8 

.808 

352 


Table 11. Horsepower Available at 10,000 Ft. 


1 

2- 

3 

4 ! 

5 

6 

7 

8 

9 

10 

V 

X 

Sea Level 10,000 
ft. 

BHP 

Sea Level 10,000 
ft. 

V 

nD 

Per cent 
Design 

V 

71 D 

Per cent 
»)max. 

' 7 

HP av. 
10,000 
ft. 

57.2 

2000 

1950 

390.0 

264.5 

.303 

47.6 

57.5 

.466 

123.3 

70.0. 

2004 

1953 

390.5 i 

265.0 

.369 

57.9 

69.0 

.559 

148.2 

80.0 

2020 

1968 

392.0 

266.0 

.419 

65.8 

77.4 ; 

.627 

166.8 

90.0 

2040 

1987 

395.0 i 

268.0 

.467 ; 

73.4 

84.5 

.685 

183.7 

100.0 

2065 

2012 

400.0 

271.0 

.511 

80.2 

90.2 

.731 

; 198.2 

110.0 

2105 

2050 

405.0 

274.5 

1.552 

86.7 

95.0 

.770 

! 211.5 

120.0 

2160 

2105 

412.0 

279.5 

.587 

92.2 

98.2 

.796 

222.6 

130.0 j 

2210 

2155 

420.0 

284.8 ! 

.622 

s 

99.8 

.809 

! 230.0 


Table 12. Horsepower Available at 15,000 Ft. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 


* 

BHP 

/ 

Per cent 
Design 

V 

nD 

Per 


HP av. 

V 

Sea Level 15,000 

Sea Level 15, 000 

cent 

V 

15,000 



ft. 


ft. 

nD 

f/max. 


ft. 

57.2 

2000 

1900 

381 

205.9 

.310 

48.7 

58.7 

.476 

98.0 

70.0 

2004 

1905 

382 

206.2 

.379 

59.5 

70.7 

.573 

118.3 

80.0 

2020 

1920 

384 

207.4 

.430 

67.5 

79.0 

.640 

132.8 

90.0 

2040 

1939 

386 

208.5 

.479 

75.2 

86.2 

.698 

145.7 

100.0 

2065 

1962 

392 

211.8 

.524 

82.3 

91.9 

.745 

157.8 

110.0 

2105 I 

2000 

397 

214.3 

.566 

88.8 

96.5 

.782 

167.7 

120.0 

2160 

2052 

405 

218.8 

.602 

94.5 

99.0 ! 

.802 

175.6 

130.0 

2210 

2100 

412 

222.5 

.638 

100.0 

100.0 

.810 

180.4 
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Then by any appropriate method of propeller design (see Ref. 4) 


we may determine suitable values as follows: 

Diameter (wood propeller) 2 blades 8.05 feet. 

Diameter (metal propeller) 2 blades 8.55 feet. 


c) 


Determination of design v/nD 


v __ 88 V 
nD ~ ND 


0.637. 


d) Determination of maximum efficiency. From Fig. 11, for vfnD — 
0.637, ^ max . = 81 per cent. 

e) Determination of power available at sea level is made in Table 10, 


according to Form 2. 

f) Determination of power 
available at altitudes. 

(1) By precise method accord- 
ing to Form 3, and tabulated in 
Tables 11 and 12. 

(2) By simplified method 
(short cut) using Fig. 14, and 
tabulated in Table 13. Factor 
for horsepower available at 

10.000 feet is 0.68 and that for 

15.000 feet is 0.535. 

g) Curves of power available 
at sea level and at altitudes are 
then plotted as in Fig. 21. 


Table 13. 

Power Available at 10,000 — 15,000 Ft. 


(Short-cut Method.) 

1 

2 1 

3 ! 

4 

i/ 

HP av. 

HP av. 

1 HP av. 

V 

1 

Sea Level 

1 10,000 ft. 

15,000 ft. 

57.2 

180 

1 122 

100 

70 

217 

148 

116 

80 

243 

165 

130 

90 

267 

182 

143 

100 

292 

199 

156 

110 

311 

212 

166 

120 

I 329 

224 

176 

130 

341 

i 232 

182 

142.4 

352 




B. Power Available from Patio of Thrust Power. 

a) The data required are the same as in the first method. 

Engine power 435 horsepower at 2300 r.p.m., non -supercharged 

(see power curve, Fig. 20). 

Propeller 2 blades, metal, direct drive. 

b) Propeller efficiency assumed to equal 0.80 (first approximation). 
Horsepower available (approximate) 435 x 0.80 =- 348. 

c) Determination of high speed (first approximation) from horse- 
power required curve and horsepower available; at 348 hp, 

V — 145 m.p.h. 

d) Determination of propeller diameter: By substitution of values 

in II (13.1), we find D — 8.25 feet 

e) Determination of design vjnD 

88 V 
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f) Determination of basic maximum efficiency (see Fig. 11) gives 0.817. 

Tip speed —TtX 8.25 X 2300/60 = 1,000 feet per second. 

Reduction due to tip speed 2 per cent. 

Net efficiency 0.817 — 0.02 = 0.797. 

g) Thrust horsepower available at design V — 145 m.p.h. 

Thrust horsepower available = 435 x 0.797 — 346 hp 

V maximum (second approximation) from horsepower required 
curve — 145 m.p.h. 

h) Thrust horsepower available at sea level is derived in Table 8, 
from Fig. 15. 

i) Thrust horsepower available at altitudes is derived in Table 9, 
from Fig. 16. 

Reduction factor for 10,000 feet is 0.66. 

Reduction factor for 15,000 feet is 0.53. 

j) Curves of power available at sea level and at altitudes are then 
plotted as in Fig. 21. 

8. Performance. The usual information given by performance es- 
timates frorfi power curves comprises (1) the high speed in level flight 
at sea level and altitudes, (2) rates of the best climb, (3) Corresponding 
climbing speeds at sea level and altitudes, (4) service and absolute ceilings. 


Form 6. Summary of Performance 1. 


Power required (by summation), Table 6. 

Power available at sea level (second method), Table 8. 
Power available at altitude (second method), Table 9. 


Altitude Feet 

High Speed 
m.p.h. 

Speed at Rate 

Maximum' of Climb 
j Climb jFeet per Min^ 

Time 
to Climb 
Min. 

Angle 
of Climb 
Degrees 

Sea level 

145 

80 

1390 

0 

! 

11.3° 

10,000 

135.5 

93.5 

625 

10.4 

4.35° 

15,000 

126.5 

99 

314 

22.4 

| 2.05° 

Serv. Ceiling 17,100 . 

115 

100 

100 

33.2 


Absol. Ceiling 18,500 . 

100.5 

100.5 

0 


0 


i oxjyj /\ v*uu 

Angle of climb at sea level = - g^ —11.3° 

Angle of climb at 10,000 — ^^93 5 = 35° 

Angle of climb at 15,000 = — 14 = 2.05° 

18 600 18 600 

Time to climb to 10,000 ft. = 2.3 -jjjgo” x log g’^oQ — 

= 30.6 x 0.337 =-= 10.3 min. 


18 500 

Time to climb to 15,000 ft. = 30.6 X log ^00 ~ 

18 500 

Time to climb to Service Ceiling — 30.6 x log 


30.6 X 0.726 = 22.2 min. 
= 30.6 x 1.12 = 33.2 min. 
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Form 6a. Summary of Performance 2. 
Power required from Table 7. 

Power available at sea level. Table 10. 

Power available at altitude, Tables 11 and 12. 


Altitude Feet 

High 

Speed 

Speed at Rate 

Maximum j of Climb 
Climb m.p.h. Feet per Min. 

Time 
to Climb 
Min. 

Angles 
of Climb 
Degrees 

Sea level 

145.2 

90 

1240 

0 

8.95° 

10,000 

135 

97.5 

635 

11.5 

4.22° 

15,000 

126 

100 

270 

24.5 

1.69° 

Serv. Ceiling 17,300 . 

114.0 


100 

36.5 


Absol. Ceiling 18,600 

101.5 

101.5 

0 

i 

0 


1240 x 0.65 

Angle of climb at sea level — — = 8.95° 

635 x 0.65 

Angle of climb at 10,000 -- - 975 — 4.22° 

Angle of climb at 15,000 --- — 1-69° 

18 600 18 600 

Time to climb to 10,000 ft. — 2.3 ■ X log -g'gQQ = 

= 34.5 X 0.334 — 11.5 min. 

18 600 

Time to climb t-o 15,000 ft. — 34.5 X log — 34.5 X 0.713 — 24.5 min. 

18 600 

Time to climb to Service Ceiling =- 34.5 X log ~ 34.5 X 1.155 = 39.9 min. 


The full throttle r.p.rn. corresponding to the above data can be 
obtained directly from power curves or from curves obtained by plotting 
r.p.m. versus speeds on the power available at several altitudes. However, 
the r.p.m. are not often given in the estimates. 

The actual estimates of performance are made from graphs of power 
required (6 A and 6 B) and power available (7 A and 7 B), calculations 
and plotting of which are made as previously indicated. In both of these 
methods the same general procedure in performance determination from 
graphs is employed. 

The summaries of performance are tabulated in Forms 6 and 6a, 
corresponding to power required 6 A and power available 7 A, and power 
required 6 B and power available 7 B respectively. 

Referring to Fig. 21 for illustration, the high speeds in level flight 
at full throttle at sea level and at altitudes are found at the right hand 
intersection of curves for required and available power corresponding 
to the same altitude. The abscissa of this point of intersection read on 
the speed scale gives the high speed at each corresponding altitude. 
For example, at sea level the high speed is 145 m.p.h. 
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The intersection, if any, of curves of power required and available 
at the same altitude on the left side gives the minimum possible hori- 
zontal speed with full throttle. This low speed is not always possible 
of realization in horizontal flight, especially at sea level, due to the 
inability of some airplanes to maintain sufficient lateral, longitudinal, 
or directional control, due to burbling of the wings. This speed is some- 
times called the landing speed and may be somewhat lower than the 
minimum speed corresponding to maximum lift coefficient. In that 
case the additional lift necessary to reduce the speed below the minimum 
speed, as defined above, is furnished on one hand by the vertical 
component of the thrust and on the other hand by the effect of the 
slipstream on a portion of the wings, giving additional lift by the virtue 
of increased speed over that portion. 

The best rate of climb is also determined from the curves of power 
required and available. The maximum difference between the value 
of power required and power available at the same speed is found by 
trial with a pair of dividers. This difference is called the maximum 
reserve power for a given altitude and it is this reserve power which 
permits the airplane to climb. Speeds corresponding to the maximum 
reserve power, and, therefore, to the best rate of climb, are the speeds 
at which the airplane climbs the fastest. However, these speeds are 
the true speeds and not the indicated speeds shown by the air speed 
indicator. The rates are calculated from the reserve power by (2.3). 

In the example of Fig. 21, the rate of climb at sea level is 

jt • r\ 165 X 33,000 1 0 „ A , . 

V sin 0 = — - - = 1360 feet per minute. 

An absolute ceiling of 18,300 feet and a service ceiling of 16,550 feet 
are obtained by plotting and extrapolating the rate of climb on altitude 
curve to zero rate of climb. The absolute ceiling is the altitude where 
the rate of climb is zero, while the service ceiling is the altitude where 
the rate of climb is 100 feet per minute. Theoretically the absolute 
ceiling is never reached as it would take an infinite time to do so. The 
practical value (the service ceiling) can ordinarily be reached in about 
45 minutes. 

At the absolute ceiling, the high speed and the climbing speed reach 
the same value, which fact facilitates the extrapolation of high speed 
and climbing speed graphs near the ceiling. 

In addition to the plot of Fig. 21, it is customary to plot the per- 
formance items against altitude as shown in Fig. 22. 

For convenience the performance summary should also include the 
basic data on the airplane as follows: 

Gross weight, weight, per sq. ft. of area, total area of the wings, 
the E.M.A.R., the equivalent flat plate area at high speed in sq. ft., 
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the rated power and r.p.m. of the engine, the gear ratio, the altitude 
limit of the induction system, and the design speed, as well as the dia- 
meter, r.p.m., blade setting, make, and material of the propeller. It 
is assumed that the propeller is to absorb the rated power of the engine 
unless otherwise specified. 


CHAPTER IV 

BAIRSTOW’S METHOD 


This pioneer method as developed by Bairstow (see lief. 2) is based 
on the same fundamental principles as that discussed in detail in the 
preceding chapters. The method itself does not, however, deal with 
the various details for computing or estimating the power required 
or the power available, but assumes all such basic data in hand and 
ready for use directly in the performance calculations. Instead of 
computing and plotting the various quantities involved as functions of 
speed, use is made of the function a ljl v or a 11 V and to which the name 
of indicated speed is applied. 

Attention is called to the following items of notation peculiar to the 
description of this method. 

p = pitch of propeller 
P B 0 — brake power at sea level 
P /ih — brake power at altitude H 

f ~ altitude reduction factor for power = Pjjh/Pji o 

1. General Outline of Method. This method as given in the author’s 
text requires or assumes as available the following: 

1) Characteristic curves for the propeller, giving on the abscissa 
vjn D or vjnp (p -- pitch) the following: 


Torque coefficient kn — ,,, = 5 

, 550 f P no 

® 2 7 \ IP a q 0 n : * 


2 Tin Q ___ 550 PBh 
7i, o ri A IP 2 tiqu 2 3 IP 

550 / / Pbo 

2 ti JP q 0 {a 112 n) 2 \ n 


Thrust coefficient k T 

1 o n l IP 


Efficiency p 


2) For the plane a polar or equivalent data giving 1 : 
Lift coefficient kr — - ^ 

lj Q v 1 8 

Drag coefficient k D ~ 


( 1 . 1 ) 

( 1 . 2 ) 


(1.3) 

(1.4) 


3) Curves or equivalent data giving for the engine the relation at 
sea level between power and revolutions and at altitude the reduction 


1 It will be noted that tho coefficients kj , and ko are one half the values 0 
and Cd used elsewhere in this work. Also it is clear that the D in the form for kjy 
means drag, while in the propeller coefficients kx and it means diameter. 
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factor for the power, the revolutions being assumed the same, see Figs. 
10 and 20. 

By means of these coefficients and the usual assumption that, for 
small or moderate angles of climb we may take cos 6 — 1 and hence 
W = L y the basic equation of equilibrium in climbing flight 

T = D + W-— [see III (2.2)] 
may be put in the form 1 

* r (»I>) = + 1° ( L6 > 

In the expression for lift coefficient (1.3), we put q — crp 0 and L = W, 

giving k L = (1-6) 

The term o l 2 v is called the indicated speed. It is the speed which, 
with the angle of attack required at altitude, would, at sea level, serve 
for the support of the weight W. It is less than the actual speed v at 
altitude in the ratio o 1 2 . Or otherwise, for the same angle of attack as 
at sea level and hence the same value of k L , the speed at altitude for 
sustentation must be v 0 jo 112 . 

For speed in level flight, v c in (1.5) will be zero and the first step is 
the assumption of a value of the indicated speed (or 1/2 v), which from (1.6) 
gives a value of k L and thence k n from the polar of the plane. This 
serves in (1.5) to give a value of k T ( vjnD )~ 2 and by use of the factor 
p 2 /Z) 2 , a value of k T (v/np) 2 . 

From a curve of the values of k T on vjnD , a curve of k T (v/np) 2 
on vjnp is then found. The value of k T (v/np) 2 found as above will 
then, with this curve, serve to determine v/np and k T . 

Likewise we have o 1 2 n — - — ^ n ^ (1.7) 

D x v v ' 

Then with vjnD or vjnp known, the value of k Q is found from the 
curve of k Q values; and thence from (1.1) and (1.7) the value of 
/ P/i (>/«• = Pnhl n - 

Taken in this way with a specific value of <y l l 2 v, it is seen that the 
values of o ll2 n or o ll2 N and of f Pjj^n do not in themselves, depend on o 
or on altitude. That is, a series of values of o ll2 v , cr 1/2 F, cr 1/2 n, o ll2 N and 
/P B «/n or fPjiolN will be independent of altitude directly, and hence 
one such set of values will serve for all altitudes. In particular the single 
curve of fP B ^/N on cr l/2 iV is next plotted, as representing, in this form, 
the engine output power required for level flight. 

The procedure for finding level speed at any specified altitude may 
best be followed by outlining the steps for any one altitude H . These are 
as follows: First from the engine data as above specified, the reduction 

1 In (1,5) on the left hand side, D is, of course, diameter and not drag. 
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factor / for the given altitude is found, thus giving for any specified 
value of N the relation noted above, 

PbIi = f P b o 

Then assume on trial a point on the curve of / P B 0 / V on <y ll2 N. This 
will fix a value of a 1,2 N and hence the value of N. Then with this value 
of N and the suitable curve, find Py> 0 and thence with the value of / 
for the given altitude, find /Pyy () and f P JU) /N. If this value agrees 
with that on the diagram, the point is correct and the value of N becomes 
known. If not, the usual method of trial and approach may be employed 
until a satisfactory agreement is obtained. 

Otherwise and graphically, a value of N may be assumed and the 
value of cr 1/2 A r found. This and the computed value of jP I{ ^N will 
determine a point on the diagram. If the point should fall on the curve, 
the estimate was correct. Otherwise two or three such points may be 
found lying on either side of the given curve, and a short curve through 
these points will give, at the intersection, the correct value of N. 

A curve of a 112 V on cr l/2 N is then laid down, and from this curve the 
value of cr 1/2 r is found and thence V. 

2. Speed of Climb. For speed of climb, at any specified altitude //, 
the steps to be taken are as follows: 

An air speed V or v is assumed at the specified altitude. This with 
the known characteristics of the plane will serve to determine k D and 
k r (again assuming L — W). 

Then from the engine data referred to previously, we may find, for 
an assumed value of A 7 , the blip at sea level and at altitude (P 7;/l ). 
Next with this power output from the engine, we find from (1.1) the 
value of kg and thence from the diagram the value of vjnp and thence 
v and V. 

A series of such values for an assumed series of values of A T will 
furnish the data for curves giving for altitude H , the relation between 
v and N and between v and vjnD or vjnp. The basic propeller diagram 
will also give the values of k T for any known value of kg. A series of 
such curves for a series of altitudes H will then give full data for the 
remaining steps. 

With these curves and data, we may then, for any given value of //, 
determine the remaining term in (1.5) and thence the value of v c . A series 
of such computations for an assumed series of values of the air speed 
are then plotted, giving thus the maximum rate for the given value of H. 

Special features of the performance, such as the ceiling, stalling 
speed, time to climb to altitude, etc., develop from these basic curves 
and tables in the same general manner as with other methods, and need 
not be developed here in detail. 
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CHAPTER Y 

LESLEY-REID METHOD 

1. Introduction. This method was developed by Professors Lesley 
and Reid, Ref. 12, and is intended to be a simplifieation and revision of 
the Bairstow method. 

The method is formulated in non-dimensional coefficients and 
furnishes the same line of information as by the Bairstow method. Its 
accuracy is theoretically as high as that of any other method, but this, 
in common with all methods, depends on the accuracy of the original 
data relating to the airplane and propeller characteristics. 

The method assumes that the lift and drag of the whole airplane 
are known throughout the flying range; it assumes also that the power, 
thrust and torque coefficients of the propeller and its efficiency at all 
values of vjn D within the flying range, are known, which of course 
presupposes that the propeller diameter, the setting of the blades, their 
form and other dimensional characteristics can be determined. 

Since this method does not give the procedure for obtaining the 
airplane polar or the diameter and other characteristics of the propeller, 
these phases of the calculation must be performed according to pro- 
cedures equivalent to those given in previous chapters. 

Similarly to other systems of performance calculations, this method 
merely determines conditions for the equilibrium of acting forces in 
steady flight, either level or climbing. 

The various items of airplane performance may be made to depend 
on a number of independent variables and among others on o ll2 V and 
a l,2 N as in the Bairstow method. However, the authors of the present 
method have made more effective use of these variables and through 
a somewhat different choice of coefficients and changes in the procedure, 
have succeeded in simplifying and shortening the Bairstow program of 
operations. 

To the abstract quantity a 1 2 N, the name indicated r.p.m. is given 
after the analogy with a 1 2 V and its name indicated air speed. 

2. Data Required. Data required before the application of this method 
can be made are as follows: 

Wing area, gross weight, the polar of the whole airplane; a curve 
of brake horsepower versus r.p.m. at sea level, and the diameter and 
aerodynamic characteristics of the propeller. In particular the latter 
should include a diagram giving values of the coefficients C Ti C P (as 
defined below) plotted on v/nD. 

a) The, Power Curve. The power curve of the engine selected giving 
the full throttle sea level brake power against r.p.m. of the crankshaft 
is usually obtainable from the engine manufacturer. If the engine is 
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geared, a computation must be made to reduce crankshaft to propeller 
speed. 

b) Effect of Altitude on Power. Many formulas based on various 
assumptions have been developed for the determination of variation 
of brake horsepower of engines with altitude, and any of them can be 
incorporated in this method of performance estimation. The authors 
recommend dependence of the altitude power on the temperature and 
pressure, where (for the same r.p.m.) we put 

P h — P 0 X R a (brake power) (2.1) 


Bn 


Ph 

Po 


l/A 
y t k 


where p h and p 0 — barometric pressure at altitude h and at sea level. 
T h and T 0 = absolute temperature at altitude h and at sea level. 
The terms p and T relate to the “standard atmosphere”, values of 
which are tabulated in Table 4. 

c) Propeller Coefficients. The following are well known non-dimen- 
sional coefficients relating to propeller performance. 


T 

Thrust Coefficient: C T = 2 Tv > 

1 Q V* D* 

( 2 . 2 ) 

p 

Power Coefficient : C P — ,- 7 ^, 

1 0 n A IP 

(2.3) 


where T — thrust 

P — power (brake) 
I) diameter 


v — speed 
n — revolutions 

The units throughout are the foot, the pound and the second. If 
P is expressed in hp units, it must, of course, be multiplied by 550. 
From these two coefficients we directly derive the relation 


(2.4) 


( i __ _ V Cp 
T ( v/nDf 

At sea level, where q — 0.00238, the power coefficient becomes: 

^ 231 000 Brake hp 

Cp ' n 3 * jy ( " ' 0> 

For a given value of D the term 231000/D 5 is a constant and the 


value becomes 


C P — 


Brake hp 


X constant 


( 2 . 6 ) 


3. Description of Method. Level Flight. The customary simplifications 
in performance computations are made as follows: 

The thrust is assumed to be parallel to the flight path. Since there 
is no definite means of ascertaining the direction of the resultant thrust 

action of the propeller when its axis is inclined to the flight path and 
since the angle between this resultant and the flight path can be reason- 
ably assumed to be small, neglect of the effect of this angle is justified. 
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The further assumption that lift equals weight ( L == W) is made for 
climbing flight as well as for horizontal. In climbing flight where the 
vertical component of the thrust carries a part of the weight, this 
assumption is not exact ; but in the actual procedure, the resulting error, 
in comparison with the results of a more exact analysis, is found to be 
quite unimportant, especially for moderate angles of climb. 

The fundamental equations for level flight are therefore: 

L = W and T — D (drag) (3.1) 

The coefficients for lift and drag are recalled as follows: 

0 L = 2 x weight -t- q 2 v 2 S (3.2) 

C D — 2 x Drag -j- q v 2 S (3.3) 

For C L we then derive the value 

r 2 W __ 2 W __ 2 W __ 391 W . 

° L q v 2 S ~ q 0 ov 2 S ~~~ o 0 (a ll 2 v) 2 S — (a 112 V)* S 

Equating thrust from (2.2) and drag from (3.3), we find the following 

relation between the two coefficients: 

rw CdS HD) 

^ T 2 D 2 


Referring now to the propeller diagram as noted in 2 it is seen that 
for any given value of C T , the corresponding value of v\nD may be found. 

It is now possible to combine the indicated air speed and the corre- 
sponding v/nD for the selected propeller of diameter D in the form: 

/T 1 /2 r 

7 r -V-n-o 1,2 n (3-6) 

(v/n D)xD v 


and obtain thus an abstract but highly useful quantity which is a func- 
tion of the propeller revolutions and of the relative density, i. e., of the 
altitude. From the analogy of the form of this expression to the form of 
indicated air speed , the name selected for this function of propeller revo- 
lutions was indicated r.p.s. and from which we may find a ll2 N the in- 
dicated r.p.m. The latter can be expressed as a function of the speed V 

. . 1/2 A7 a 112 V (m.p.h.) x 88 0 _ 

in the form : o''*N= (3.7) 


a ll2 N Required. Having established these formulae and assuming the 
needful data in hand, the first step in the calculation proper is to deter- 
mine the values for a curve of required a ll2 N on a ll2 V. This will involve 
the use of (3.7), the propeller diagram, (3.5), the airplane polar and 
(3.4). The necessary steps may be outlined as follows: 


Assume a value of a ll2 V 
Find C L from (3.4) 

Find C D from Polar 
Find C T from (3.5) 

Find vjnD from propeller diagram 
Find a ll2 N from (3.7) 
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This procedure is repeated for a series of values of a x 12 V covering the 
anticipated range, and the curve of a l,2 N on o ll2 V is then plotted. 

It will be noted that this entire procedure is independent of density 
and therefore of altitude. Hence as noted in connection with Bairstow’s 
method, a curve of a ll2 N (required) on a 112 V is unique and holds for all 
altitudes. 

a ll2 N Available. The indicated r.p.m. available for any indicated 
airspeed a l,2 V is the maximum r.p.m. at which the engine can turn the 
propeller with the plane moving at the air speed V, multiplied by o x/2 . 
While the indicated r.p.m. is represented by one curve for all altitudes, 
the available indicated r.p.m. is represented by a curve for each altitude. 
The labor of computation, however, may be greatly reduced by taking 
note of the following relation. 

If we write (2.3), once for sea level and once for altitude h and divide 
one by the other, we shall have (assuming n the same) : 

Ph Pa h Co 

Cp 0 Pa 0 Qh 

But the value of P ah IP a o expressed by the symbol R a in (2.1) 
and Q 0 lQ h — I/o’. Hence 

n ^ a ^ P ® /o o\ 

( Vh = a (d.o) 

The first step is therefore the preparation of a table of values for 
sea level. To this end the procedure is outlined as follows: 

Assume a value of N 

Find P n{) from a curve such as that of Fig. 20 
Find C P by (2.3) or (2.6) 

Find v/nD from propeller diagram 
Find V from (3.7) 

A series of such values will then give the curve of available A T on V 
for sea level conditions where a — 1. It is advisable to extend the table 
for this condition to smaller values of N than those which will directly 
apply to sea level flight, this for the reason that such values will be 
required for the determination of the curves for altitude. 

Then with these results in hand the procedure for any given altitude 
is as follows: 

Assume a value of N (one of the values in the 
preceding table) 

Find a ll2 N 
Find C P by (3.8) 

Find v/nD from propeller diagram 
Find a ll2 V by (3.7) 

Then plot as before. This will give a series of curves of available 
a 1/2 N , one for each altitude selected. 
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High Speed. The high speed in level flight is determined by the right 
hand point of intersection of the curve of required a ll2 N with that of 
available o ll2 N at full throttle, both plotted on a xl2 V. True speeds and 
actual r.p.m. are obtained by dividing the values indicated on the graph 
by values of a 112 corresponding to the altitudes for which the available 
a ll2 N are plotted. 

Minimum Speed. Similarly, minimum speed in level flight full 
throttle is determined by the left hand intersection of the indicated 
r.p.m. required and indicated r.p.m. available curves. Usually, at sea 
level and low altitude these two curves do not intersect, in which case 
the minimum speed is that corresponding to the maximum lift coeffi- 
cient and in order to maintain horizontal flight it is necessary to throttle 
the engine to the indicated r.p.m. required. If full throttle r.p.m. denoted 
by the indicated r.p.m. available is maintained, the airplane will climb. 

Climb and Ceilings. The formulas required are developed as follows. 
The conditions of equilibrium in climbing flight give 

T = D + W sin 0 = D + W y C [see III (2.2)] 


where V c — speed of climb. 

Putting L for W, in accordance with the assumption of 3, expressing 
T, D and L in terms of the coefficients C Ti C D , C L and then dividing 
through by qv 2 S/ 2 , we find 


V c 2 Ct&IS — Cp 
V ~ Cl 


(3.9) 


Then V c)m (ft. per mt.) = 88 ( V y c ) 


(3.10) 


The procedure to be followed for any given altitude is outlined as 
follows : 

Assume a value of a ll2 V 

Find o ll2 N from curves for available a ll2 N, Level Flight (Fig. 25) 
Find v\nD by (3.7) 

Find C T from propeller diagram 
Find C L and C D from Table 15. 

Find sin 6 = V c /V by (3.9) and thence V cfrn by (3.10) 

A series of such values for the given altitude will then give a curve 
from which the maximum speed of climb may be determined, as in other 
methods. 


4. Example of Performance Calculations. To illustrate the Lesley-Reid 
method, the airplane used to illustrate the method of Chapters I, II, III, 
will be used. 

Data. The polar of the whole airplane is taken from Fig. 19, and Table 7. 

The propeller diameter of 8.55 feet is determined by any appropriate 
method (see Ref. 4). 
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Table 14. Determination of Propeller Characteristics. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

V 

% des. 
V 

% des. 
N 

N 

r.p.m. 

BHP 

N 

r.p.s. 

v/nD 

% des. 
v/nD 

% des. 
^ma\ 

n 

Cp 

Gt 

57.2 

40.2 

87 

2000 

396.5 

33.3 

.295 

46.3 

56.0 

.454 

.0543 

.960 

70 

49.2 

87.1 

2004 

397 

33.4 

.360 

56.5 

67.5 

1 .547 

.0539 

.632 

80 

56.2 

87.8 

2020 

400 

33.7 

.408 

64.0 

75.5 

.612 

.0529 

.477 

90 ! 

63.2 

88.7 

| 2040 

401 

34.0 

.455 

! 71.4 

! 82.5 

! .668 

.0516 

.366 

100 

70.2 

89.8 

2065 

408 

34.4 

.498 

j 78.2 

88.5 

.717 

.0507 

.295 

110 

77.2 

91.5 

2105 

412 

35.1 

.538 

84.4 

! 93.5 

.757 

.0482 

.235 

120 

84.2 

! 93.8 

2160 

420 

36.0 

.572 

89.8 

| 96.8 

,.784 

.0455 

.191 

130 

91.3 

; 96 

2210 

426 

36.8 

.606 

95.1 

| 99 

' .802 

1 .0432 

.156 

145.2 

! ioo 

100 

2300 

435 

38.3 

.637 

100 

100 

1.810 

| .0392 

.123 


Dos. V 145.2, Des. v/nJ) - .637, D = 8.55 Ft., Des. N -= 2300, 
BHP rated — 435, r/ max . — 81% 

Plotted on Fig. 24. 


Tabulation of the data may be made as in Table 14 and the plotting 
of C P and C T against vjnD is shown in Fig. 24. 

Otherwise and if such data are available, the values of C Ti C P and r] 
may be taken directly from a diagram giving results of a model pro- 
peller test. 

The engine power curve used is that of Fig. 20. 

Indicated R.P.M. Required. Determination of indicated r.p.m. re- 
quired for level flight is made according to the method explained in 3 



Fig. 24. Propeller coefficients plotted on vjnl). 

18* 


Plotted on Fig. 25. 
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and the values arranged as in Table 15. Substitution ot numerical 
values in (3.4), (3.5) and (3.7) then gives, 

' 4470 

° L ” (a 1 ! 2 Vf 
C T = 2.39 C D 

i/oA' = 10.3 

Y vjnD 

The plot of VoxV required against ] joV at sea level is shown in Fig. 25. 

Indicated R.P.M. Available. For the determination of indicated 

r.p.m. available at sea level full throttle, the power curve of Fig. 20 

and the following formulas are used. From the value of C P [see (2.3)] 

with q for sea level (0.00238) and D = 8.55 we have 

„ 1 , 092,500 P tT> . . 

C P = - -y 3 - (P m hp units) 

Also from (3.7) 

Vo V (m.p.h.) i n A D) J) = 0.09715 ]/oN {vjn D) 


0.09715 ]/oN ( v/nD ) 


Values of v/nD versus C P are found in Fig. 24. Tabulation of the above 
values is shown in Table 16, and graphic presentation of indicated r.p.m. 
available at sea level in Fig. 25. 



¥0 w w tvu tou rru tou 

Indicated speed, WV 


Fig. 25. Performance) curves. 
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For the determination of indicated r.p.m. available at altitude, the 
density ratio at 10,000 and 15,000 feet is found from Table 4. The alti- 
tude power factor R at constant r.p.m. is found in Fig. 10. Ratios R 
are calculated as follows: 

At altitude 10,000 ft., a =- 0.737; R -- 0.675; R/a =--- 0.916 
At altitude 15,000 ft., a = 0.629; R ~ 0.540; R/a — 0.859 
The sequence in computing is shown in Table 17 for 10,000 feet and in 
Table 18 for 15,000 feet altitude. Values are then plotted in Fig. 25. 


Table 17. Indicated r.p.m. Available at 10,000 Ft. 
]/a = .8585, a - .737, R = .675, R/a =- .916. 


1 

2 

BHP 

3 

]/ a N 

4 

Cp 

5 


7 

l/ff V 

8 

N 

Cp (alt) 

V true 

1925 

383 

1653 

.0582 

.0533 

.425 

68.3 

78.6 

1950 

387 

1674 

.0572 

.0524 

.460 

74.8 

87.1 

2000 

396.5 

1716 

.0543 

.0497 

.524 

87.5 

102.0 

2050 

405 

1760 

| .0514 

.0471 

.562 

96.2 

112.0 

2100 

413 

1803 

.0487 

.0446 

.592 

103.8 

121.0 

2150 

420 

1845 

1 .0463 

.0424 

.615 

110.4 

128.5 

2200 

426 

1888 

| .0436 

.0399 

.635 

116.6 

135.8 

2250 

431 

1930 

.0414 

.0379 

| 




Op (alt)- Op o X 




BHP x 231 000 ^ R w BHP , I? 

(r.p.s.) 3 xD 5 X tr f> ' ° A (r.p.s.) 3 X cr 


V<T F .09715 x 1 /a\ x 

F i 

X 17 Plotted on Fig. 25. 


Table 18. Indicated r.p.m. Available at 15,000 Ft. 
V (T = .7931, a = .629, - .540, tf/cr - .859. 


1 

N 

2 

3 

4 

5 

Cp (alt) 

6 

7 

l/crF 

8 

BHP 

\/aN 

Cp o 

vjnD 

V true 

1875 

373 

1486 

.0620 

.0533 

.425 

61.4 

77.4 

1900 

378 

1506 

.0603 

.0518 

.478 

70.0 

88.3 

2000 

396.5 

1586 

.0543 

.0466 

.568 

87.6 

110.5 

2100 

413 

1665 

.0487 

.0418 

.620 

100.3 

126.4 

2150 

420 

1705 

.0463 

.0398 

.635 

105.3 

133.0 

2200 

426 

1745 

.0436 





2250 

431 

1785 

.0414 





2300 

435 

1825 

.0392 






Plotted on Fig. 25. 

Climb and Ceilings. Determination of rates of climb at sea level and 
at altitudes is made by tabulation of the different values as shown in 
Table 19. Graphic presentation of the rates of climb at different indicated 
speeds is made in Fig. 26. 
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Table 19. Determination of Rates of Climb at Various Speeds and Altitudes. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

V'ff F 

]/(T N 

vjnD 

Ct 

Cl 

Cd 

(2C T D 2 ) 

S 

Col. 7 — Cd 

F c 

F 

Rate V cfm 
Ft./Min. 

& 80 

2012 

.409 

.485 

.698 

.0830 

.2028 

.1198 

.1717 

1210 

J 90 

2031 

.456 

.372 

.552 

.0713 

.1555 

.0842 

.1525 

1208 

* 100 

2058 

.500 

.292 

.447 

.0628 

.1221 

.0603 

.1350 

1188 

$ 110 

2100 

.539 

.233 

.369 

| 

.0575 

.0974 

.0399 

.1081 

1047 

§ 70 

1664 

.433 

j .422 

! .912 

.1153 

.1764 

.0611 

.0670 

480 

O 80 
2 90 

1689 

.488 

1 .313 

.698 

.0830 

.1308 

.0478 

.0685 

561 

1728 

.536 

.238 

| .552 

| .0713 

.0995 

.0282 

.0511 

472 

o 70 

1508 

.478 

.330 

.912 

.1153 

1 

1 .1379 

.0226 

.0248 

193 

S 80 

2 90 

1545 

.533 

j .242 

.698 

.0830 

.1012 

.0182 

.0261 

232 

1600 

.578 

! .192 

.552 

.0710 

.0803 

.0093 

.0116 

116 


c = 2 W _ _ 2_x 4000 1 _ 4470 

L ~ oq 0 v*S ~ .00238 x i.466 2 x 356 X y f ~ <j F 2 

2C T I> 2 , 10 ,, F c 2C T D*JS-Cd T7 F c 

-- g— = .418tr r = ’ Fc/m= T 


V<t F X 88 


Plotted on Fig. 26. 


Best rates of climb are defined by the peaks of the rate curves in 
Fig. 26 and are represented by a line connecting the peaks and extra- 
polated to the zero rate. From the indicated speeds located on this line 
the indicated r.p.m. for selected altitudes can be found on curves of 
indicated r.p.m. available as plotted in Fig. 25. 


Table 20. Summary of Performance. 



Sea level 

@ 10,000 ft.j@ 15,000 ft. 

Cei 

Service 

15,900 

ling 

Absolute 

18,800 

^ Speed Indicated . . 

145.5 

114.5 

96.5 

92 

79 

Speed True .... 

145.5 

134 

121 

118 

106.5 

^ r.p.m. Indicated . . 

2320 

1885 

1645 

1590 

1460 

jSf r.p.m. Actual . . . 

W 

2320 

2198 

2070 

2035 

1930 

Best Rate of Climb 

j 1200 

415 

140 

100 

0 

Speed Indicated . . 

93 

80 

79.5 

79 

83 

Speed True .... 

93 

93.5 

100 

101.5 

106.5 

r.p.m. Indicated . . 

; 2040 

1690 

1540 

1515 

1510 

r.p.m. Actual . . . 

; 2040 

1970 

1940 

1937 

1930 


Plotting best rates against altitudes as shown in Fig. 26 and extra- 
polating to zero climb, the absolute coiling of 18,000 feet and the service 
ceiling of 15,900 are determined. 
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Summary of Performance. 
In Fig. 27 the following perfor- 
mance curves, in addition to 
the above, are plotted on alti- 
tude: 

High speeds from Fig. 25, 
climbing speeds and best rates 
of climb from Fig. 26, r.p.m. for 
high speeds from Fig. 25, r.p.m. 
for best climb from Figs. 25 
and 26. 

Extrapolating all the above 
curves to the absolute ceiling 
the performance at the service 
and absolute ceilings is deter- 
mined and the entire summary 
presented in Table 20. 




2000 0100 0200 2300 2000 
RPM 

Figr. 27. Performance curves. 


CHAPTER YI 

THE OSWALD METHOD 1 

One of the most successful graphical methods of estimating per- 
formance is that developed at the California Institute of Technology by 
Mr. W. Bailey Oswald. Use of this method requires few actual computations 
and, if proper assumptions are made for certain values characterizing 
each individual airplane, the results are in good agreement with those 
of the best methods treated in previous chapters. The main advantage 
of this method is the rapidity with which it can be applied. Special charts 

1 Oswald, W. Bailey, General Formulas and Charts for the Calculation of 
Airplane Performance, U.S. N.A.C.A. Report No 408, 1932. 
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are however required for use with supercharged engines or with variable 
pitch propellers L Also careful consideration must be given to the meaning 
of the different parameters in the case of multiple engines. 

The method covers the determination of high speed, rate of climb 
with corresponding speeds, time to climb to different altitudes, and 
absolute ceiling. 

1. Parameters. The Oswald performance estimates are made with 
the aid of a series of charts representing graphically the usual calcu- 
lations for each individual case. The graphs are so arranged that the 
basic characteristic values for any airplane can be used either directly, 
or for the purpose of determining auxiliary values from which perform- 
ance graphs can be obtained. 

The basic characteristic values or parameters are the effective span 
loading ( l 8 ), the effective parasite loading ( l p ) and the thrust power 
loading (l t ). These are defined as follows: 


i _ w 

a e(K0 ) 2 


(1.1) 


In this expression W is the gross weight, b the span, and K the factor 
for the equivalent monoplane span as in II 3. Kb is therefore the equi- 
valent monoplane span. The factor e is called the airplane efficiency 
factor and is a special coefficient introduced to take account of the 
cleanness of design having in view not only low drag at high speed, but 
also a good lift-drag ratio at climbing attitudes. The effect of an erroneous 
assumption of e is mostly noticeable in the determination of climb and 
ceiling. Due to the lack of a better definition, e might be considered 
a correction factor to the theoretical performance estimate in order to 
bring a check with flight tests. Actually e is introduced to account for 
the variation of parasite drag with angle of attack. It is assumed that 
this variation is some function of C l L and is therefore included in the 
expression for induced drag. For suggestions regarding actual values 
for e, see Table 23. 

The parameter l p has the value 

W 


I'D 


f 


( 1 . 2 ) 


where W is the gross weight and / is the sum of the equivalent flat plate 
area for the structure and for the profile drag of the wings at high speed. 
This parameter is therefore the effective parasite loading. 

The parameter l t has the value 


lt (rj BHP)m x (1-3) 

This defines the ratio of the weight W to the available thrust power 

W 

at high speed l w — wing loading = $ 


1 See Ref. 20. 
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This parameter is used only in the determination of landing speed 
and of speed ratio. 

In addition to these basic parameters, it is found convenient to 
make use of a combination parameter L defined ao follows: 


h f 


(1.4) 


Most of the performance items are plotted graphically as functions of L. 

A further parameter having special relation to the propeller is defined 

. n n 0.638 V n rx 

as follows: t„ = (BHp)1 „ Ntli (1.5) 


where V is speed in m.p.h. 

N is r.p.m. 

It thus appears that some of the parameters can be obtained directly 
from the basic data of the airplane, some are computed, and those whose 
computations are more laborious are found with the aid of graphs. The 
compound parameters L and C s are found on graphs. 

2. Assumptions. The assumptions involved are in general the theo- 
retical interpretations of the mechanics of flight and in this respect do 
not differ from others used in performance calculations. The accuracy 
of the assumptions determines the value of the performance estimate, 
and the result depends to a large extent upon the experience and dis- 
cretion of the computer in making assumptions and applying them to 
the method. 

Of primary importance for any successful estimate of performance 
is the correct assumption of the equivalent flat plate area A. Similarly 
the estimate of the value of minimum profile drag must be correctly 
made. To that end wind tunnel data on airfoils must be resorted to. 
Unfortunately these data obtained on small models are not entirely 
reliable when applied to full size airfoils and effort is being made at 
present to check the wind tunnel results against full flight test results 
in order to determine a suitable correction for the discrepancies due to 
scale effect, fuselage and wing interference, and slipstream effect. The 
standardization of profile drag for the most commonly used airfoils is 
thus being attempted. 

The sum of the structural flat plate area A, and the wing profile drag 
reduced to the same terms, is denoted by a quantity /, which is the most 
influential factor on high speed. As previously stated, in the deter- 
mination of rate of climb and ceiling, the factor e is of great importance. 

The method itself does not consider the necessary increase of the 
wing lift due to the down load on the stabilizer, and the lift is considered 
equal to the gross weight. However, for high speed there is a correction 
graph which takes the stabilizer load into consideration, the assumption 
being made that the thrust axis is horizontal and that therefore no vertical 
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thrust component exists. In climb, the assumption is made that the 
vertical component of thrust is compensated by the down load on the 
stabilizer, and therefore no correction for either is made. 

Referring to the engine propeller unit, the charts developed apply 
generally to all airplanes equipped with fixed metal propellers and modern 
motors with rated brake horsepower at (or at less than) 80 per cent 
r.p.m. of peak brake horsepower actually developed. The accuracy of 
the charts depends almost entirely upon the accuracy with which any 
general propeller and thrust horsepower data represent the engine- 
propeller unit. 

It has been established from flight tests on the most modern air- 
planes equipped with present day engines, that the decrease in power 
and r.p.m. at altitudes is not as great as the accepted and used data would 
indicate. For that reason the graphs dealing with performance at alti- 
tude have been revised and are at a slight variance from those originally 
developed by the author of this method. 

In order to express the variation of thrust horsepower with altitude 
and speed, use is made of certain ratios developed as follows: 

P will denote in general thrust horsepower. 

The subscript 0 will denote in general, quantities at sea level and 
letters without altitude subscript, those at any specified altitude. 

The subscripts mx and mn will denote respectively, maximum and 
minimum. 

We may then have expressions such as the following. 

P a o , = Thrust power available at sea level and at speed V. 

P a , = Thrust power available at altitude and at speed V. 

P a ov mx ~ Thrust power available at sea level and at speed V m x . 


We then define the following ratios, 

Pa 


T h = 


Pa o 


The ratio T H implies the same speed in each case 

rp Pa r 

1 V — p-7 — 
ra v m x 

The ratio T v implies the same level in each case 

Vo mx 


( 2 . 1 ) 


(2.2) 


(2.3) 


3. Theory. The following is a resume of theoretical considerations 
underlying the development of this method. No attempt will be made 
to give a complete derivation of the formulae, which in many cases are 
of a somewhat complicated nature. The solutions of the formulae are 
represented by graphs. Only the basic theory and assumptions will 
be presented, for in this way it is felt that a clearer picture of the results 
obtained may be had. 
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climb is 
where 


(3.1) 


The fundamental equation governing the airplane performance in 
dh __ 550 (P a —Pr) 
dt ~ W 

^ — rate of change in altitude. 

W — gross weight of the airplane. 

P a — thrust horsepower available. 

P r = thrust horsepower required (air-resistance) 

For convenience put 

P 

w r = 550 — rising speed. 

Pr 


w 8 — 550 = sinking speed. 


Then (3.1) becomes: 


dh 


d t 


- = U' r U\ 


(3.2) 


Through multiplication by a pair of unity factors and a rearrangement 
of the parts of the resulting expression (remembering that P a 0 Vm x is 
the same as i] bhp,„ the value of w r may be expressed as follows: 

550 Pa V Pa OF Pa 0 V m x 
Ur ~ W ‘ PaO V PaO V mx 
550 PaV PaO V 


or 


r ' W P a 0 V Pa0V mx 
Then from (1.3), (2.1), (2.2) 


(V W'P)« 


w r z= 550 


Tri Tv 
h 


(3.3) 


For modern motors with fixed pitch metal propellers, it has been 
found that we may put, approximately, 

T « = < 3 - 4 > 

where a is the relative density =-^- = o<)238 (3.5) 

and T y ~ (P vY 71 (3.0) 

where the exponent m is a function of the propeller design characteristics 
with suggested values as follows in terms of the parameter C 8 

Os — 0.9 
7 

__ 550 P r D v 

w * - w ~ w 

drag 

velocity in f.s. 

Dp + A 

where D p = parasite drag (including profile drag) 

= induced drag. 


.65 ■ 


again we have 

where D 

v 

But D 


(3.7) 

(3.8) 
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Let / be the equivalent flat plate area representing the sum of the 
structural drag and the wing profile drag. Then without further correc- 
tion for variation of parasite drag with angle of attack we should have 

D p = 1.28 e = 0.64 q v 2 f 


where 1.28 is the flat plate coefficient. 

There is, however, an effect due to change of angle of attack and the 
well known expression for induced drag with elliptical wing distribution 
[see I (2.4)] will not hold for the more general case. It is found possible 
to include both of these corrections by introducing a factor into the 
expression for induced drag in the form of a multiplier e for the equivalent 
monoplane aspect ratio (K b) 2 /S. This gives for the induced drag the value 


A- 


2 W 2 

7i o v 2 e(K b) z 


(3.9) 


This factor e is the airplane efficiency factor previously referred to. 


Table 21. 


Values of c 

Type of Airplane Varying with 

“Cleanness” 


Flying wing 0.95 —1.00 

Cantilever Monoplane . . . 0.85 — 1.00 
Semi-cantilever Monoplane . 0.80 — 0.95 

Single Day Biplane .... 0.75 — 0.95 

Multiple Bay Biplane . . . 0.70— -0.90 


The author’s suggested values 
for e as given with respect to the 
type of airplane are contained 
in Table 21. 

Airplanes with normal amount 
of fairing and cowling correspond 
to the mean values of e. 

Airplanes with square fuse- 
lages, rectangular wings, little 
fairing, etc., correspond to the 
lower values of e. 


Airplanes with exceptionally well streamlined fuselages, elliptical 
wings and careful streamlining of projections correspond to the upper 
values of e. 


The flight test checks on the determination of factor e show that 
the behaviour of the engine power at altitude plays an important part 
in the effect of e on calculated performance. Higher values of e should 
be used for airplanes with engines having smaller decrease in the power 
at altitudes. 


The value of the term w 8 thus becomes 

w 8 = 0.64 Q l v' H 2 ,^ .- 2 • 1 (3.10) 

W 7iQe{Kbf v ' ’ 

Making use of (1.1) and (1.2) and putting in numerical values for 
p 0 the value of w 8 becomes 

w s = 0.001522 5 V 3 + 267.7 l “ ■ 1 (3.11) 

ip a v 

Putting these values of w r and w 8 in (3.2) the expression for the rate 
of climb becomes: 
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d h = 550 - 

a t 


-0.165 H Rv)™ 
0.835 It 


.001522 5 - v 3 — 267.7 - s - 1 (3.12) 


This is the fundamental equation for rate of climb, speed of climb 
and ceiling calculations. 

4. Charts. The charts upon which this method are based are graphical 
partial solutions of the calculations involved in computing the different 
phases of performance. The advantage of such a system is evident, 
since most of the time necessary to arrive at results is consumed in appli- 
cation of the different formulas and in tabulating step by step the 



resulting values computed. Most of these manipulations are repetitions 
of some procedure by substituting different values for each individual 
case. Since the accuracy of performance estimates are much more 
subject to the correctness of the assumptions than to the degree of 
arithmetical precision, the solution by interpolating on accurately traced 
graphs, is at least of as high a degree of accuracy as the assumptions 
made. However, for practical purposes the magnitude of the scales used 
should be sufficient to insure reasonable facility and accuracy in the 
interpolation and reading of the different values. 

Fig. 28 gives a graphical determination of the coefficient C s . This 
coefficient expresses the conditions of the engine -propeller unit at 
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0 m a8 1.2 1.6 20 2V 


Cs 

Fiff. 29. 



Fig. 30. Maximum velocity as a function of Ipllf 


maximum speed. Its determin- 
ation requires an estimate, to a 
first approximation, of the high 
speed, the rated power of the 
engine and corresponding r.p.m. 
of the propeller. Fig. 28 is a 
plot of the equation, 

r 0.638 V 

s (bhp) 1/5 (r.p.m. ) 2/6 

For a graphical solution for 
C s , first find the intersection of 
the bhp line with the propeller 
r.p.m. curve; second, draw a 
horizontal line through this inter- 
section until it meets the line 
of speed; third, draw a vertical 
line through the last intersection 
and extend to the scale of C s , 
the value of which is sought. 

Fig. 29 shows the maximum 
efficiencies of propellers designed 
for a compromise of high speed 
and the best rate of climb, 
together with the corresponding 
vjnDy plotted against the values 
of C s determined from Fig. 28. 
They were obtained as average 
values for metal propellers of 
good design. 

Fig. 30 is for the determin- 
ation of maximum speed. The 
conditions for level flight and 
maximum speed are as follows: 

or — 1 

(R v )m = 1 

Substituting these values and 
putting 1.467 V for v in order to 
express speed in miles per hour, 
we may put (3.12) in the form: 


In Fig. 30, V mx is plotted against ( l v jlt ) 1/3 for different values of l 8 l t . 
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Parameter i 

Fig. 31. Chart for determination of parameter L. 


The effect of this decrease in high speed is taken care of by a correction 
given as a function of the ratio of the maximum to minimum speed 
VmxIVmrr This correction assumes the center of gravity location on the 
wing vector corresponding to the minimum speed, and on an average 
progression of wing vector with the increase of the speed in level flight. 
For a so-called “stable” airfoil or in any other case when the vectors for 
low and high speed pass through the center of gravity, this correction 
is to be omitted. The procedure in Fig. 30 is obvious. 
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Fig. 31 gives values of the parameter L, as expressed in the form : 

L = M- 

b 

The primary parameters should be used in the following order: 

l t . 

Fig. 32 is for the determination of level speeds and air speeds at 
best climb, at various altitudes. 

All speeds determined from this chart are given in percent of the 
high speed found from Fig. 29. The different percentages aro plotted 



with the parameter L as abcissa and the graphs are calculated for different 
altitudes and different values of C 8 as found on Fig. 28. 

The formulae for this diagram are developed as follows: 

In (3.12) we put v = 1.467 V, divide and multiply by R v and make 
the condition V = R v V m . Then with a little rearrangement we have an 
equation in R v as variable, in the form: 

dh 
dt 


550 

crRylt 


(a — 0.165 \ 0 
.1." 0.835 ) Bv 


1 


o — a 2 Ry • 


_ 

3.014 V m x 


(i 


O 2 -RV)] (4.2) 


Making the condition for level flight, dhjdt — 0 and solving for 


hhIVmx we find 

hk 

Vm x 


3.014 


(nr- 


- 0.165) Rv + 1 it — 0.835 ct s Rv 


0.835(1 — a 2 Rv) 


(4.3) 
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Again from (1.4) and solving (4.1) for V m x l't)l' p 3 we may express the 
parameter L in the form 

L = 48.6 ~~ ( 1 — 0.332 ^ ll - )‘ /3 (4.4) 

Vm x \ Vm xj 

Equations (4.2) and (4.3) are used to plot the curves for maximum 
level speeds at altitudes in per cent of the high speed V m . 

The condition for the speed corresponding to the maximum rate 

. .. , . <\) „ 

of climb is — — 0 

a tty 

This yields the following special value of l s l t J V m x . 

, , 3.014 fs R' Vc - m HP+ 1 a ( ) I 


V^N 

r%f ^nv - ^ 

sr\ % t m 

l\\ V 

V v \\ i 




Vmx 1-1 3 cT“ R' Vc V 7 

. n speed at. max. rate of climb 

where R ]r .= 1 

tc Vo mx 

The condition for speed 

at absolute ceiling is given y |j|| 

by putting dhjdt ^ 0. This CflLt \sx — j™ 

gives an equation in the moo . L i 

same form as (4.3) but all nX C s -09 

conditions must now be x\X c is 

understood as referring to toooo^ vjN y " Nosy's! „ > s . ~ 

absolute ceiling. L he curve N \\\ 

of speeds at absolute ceil- moo N \\\ _ \sv 

ing is then found as the \ 

intersection of level speeds vs\ xSX 

and speeds at best rate of 6000 \N^: _ ~ 

climb and can be deter- 

mined graphically. mo ['S^V [ - 

Fig. 33 is plotted for \\ \\ \\x 

the determination of the \\ \S\ <^^0000 feet <n. 

best rate of climb. These ^jT [ nJ\v ~ 

curves for the best rate \ \ v N \v vSN! INsX I 

, r ,» , 3 \ sKS <$*15000 feet xvsj 

at diiierent altitudes are ^ vs\ \v\ . .. v^k 

plotted with the parameter \ V ' ^zoooo ^ 

L as abscissa. Denoting W feet*\ i 

this rate by G h , it is given o £ </ ^ g 12 # 20 T 24 

indirectly by the product . Fig. 33. Determination of best rate of climb, 
C h l t plotted as ordinate. 

The actual rate is then given by dividing this product bv l t . 

The values of C h l t are obtained by multiplying the general equation 
(4.2) by l ( and then substituting for l s lf/V m r its value from (4.3). 

Aerodynamic Theory V 19 


^Sea- level 






-10000 feet 

/J/ NSN 


<^15000 feet V 

^ t 


AWCT\ 


Fig. 33. Determination of best rate of climb. 
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The corresponding values of L come also by substituting the same 
values of l s hl^mjr (4.4). 

Fig. 34, for the determination of absolute ceiling is obtained from 
preceding charts bv a determination of the value of L at which the best 



rate of climb at any one altitude is zero. The absolute ceiling is then 
made a function of L and C 8 and plotted on a graph, the use of which 
is obvious. 



Figr. 35. Determination of minimum time to climb to altitude. 


Fig. 35 is for the determination of the minimum time to climb to 
altitude. The minimum time necessary for a given airplane to climb 
from one altitude to another altitude below the absolute ceiling is 
expressed by the equation : 

h t 

T = J (minutes) 

hr 


where C h is the rate of climb. It was found convenient, in plotting the 
graph to use the product of C h x l t instead of the rate and T/l t 
instead of T. The above formula was then given the form: 


h, 

T r dh 


It J Ch k 
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Values of Tjl t are then plotted against L for different values of C 8 . 
For given values of L and C 8 a value of T/l t may then be taken from 
the chart and this value multiplied by l t will give the minimum time 
required to climb to the altitude in question. 

The time to reach absolute ceiling is of course infinite as shown by 
extrapolation of graphs where the curves for altitude of absolute ceiling 
become tangent to the vertical passing through calculated L. 



Fig. 3b for the determination of the landing speed is not a part of 
the method of performance calculations explained previously, but is 
merely a convenient graphical method of determining landing speeds 
for different wing loadings and for different lift coefficients. However 
the values of V m n minimum speed at sea level are used in Fig. 30 
for determination of the speed range used in making corrections to high 
speed. 

It is possible to extend the fundamental formulas thus developed, 
to the solution of other and special problems which ordinarily are not 
of general interest. These and detailed derivations of all equations may 
be found in Ref. 13. 

Example by Oswald's Method. Data required: 

W — Gross weight, 4000 lbs. 

S ----- Wing area (total), 350 sq. ft. 

Airfoil, Clark Y. 

Upper wing, Span (b x ) m 38 ft. 

Chord - 5.7 ft. 

Area — 215 sq. ft. 


19 * 
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Lower wing, Span (b 2 ) ----- 33 ft. 

Chord ** 4.25 ft. 

Area 135 sq. ft. 

Gap (<7) = 5.25 ft. Stagger = 20 deg. 

Engine, 435 bph. at 2300 r.p.m. 

Propeller, 2 blades, metal. 

Assumptions : 

Equivalent flat plate A -- 9.5 sq. ft. (For determination of A 
see II 56). 

Minimum profile drag coefficient C /n) - 0.0102 (from profile drag 
coefficient polar). 

Equivalent monoplane aspect ratio E.M.A.R. — 4.73. (For deter- 
mination of E.M.A.R. see II 3.) 

Maximum lift coefficient C L max = 1.25. 


Determination of Parameters: 
Parasite loading l /t 


where IF — 4000, and / is the sum of parasite and profile drags in terms 
of flat plate area, 

/ r= 9.5 + ( }- , ’ 1 8 2 2 X 350 - 9.5 f 2.785 • 12.285 sq. ft. 1 
_ 4000 

- 12.275 ~ • 1 ‘ ,> 


Span loading 


Wing loading 


W W 

e {Kb)“ e (E.M.A.R.) x 8 
4000 

0.85 , 4.73 x 350 
W __ 4000 
S ~ 350 


- 2.842 
-= 1 1 .42 


Thrust power loading 

} = W 
1 (/ybhp) mx 

This parameter is obtained by successive approximations as follows: 
The probable high speed is arbitrarily estimated, say 140 m.p.h. 

Using Fig. 28 and the power and r.p.m. of the engine, the composite 
parameter C 8 is found as previously indicated, giving a value C H — 1.18. 

The maximum propeller efficiency corresponding to C H = 1.18 is 
found on Fig. 29 and is 80.5 per cent. 

The power loading l t = 435 4 '^ 05 =11.43 


1 In U.S. N.A.C.A. Technical Report No. 408 the text and charts are based 
on f - 1.28 A + .01 S. 
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Using this power loading, we find the ratio, 


h> 

h 


326 

11.43 


28.5 


and the product: l H x l, — 2.842 x 11.43 -- 32.55 


Using Fig. 30 the speed corresponding to l p /l t = 28.5 and l s l f = 32.55 
^ //i .r — 143.5 m.p.h. This speed is subject to a reduction depending 
on the speed range. The minimum speed is determined from Fig. 36 from 


l w — 11.42 and C L max — 1.25 
V mn — 60 m.p.h. and 
140 

the speed range V mx jV mn =^ ^-^2.34 


The corresponding correction to this value 2.34 is found on the supple- 
mentary Fig. 30 to be — 0.6 per cent and the net high speed is, 

143.5 x 0.904 - 142.6 m.p.h. 

This speed is the first approximation and is very close to the probable 
speed estimated at 140 m.p.h. A second approximation is not necessary 
unless the first approximation differs from the estimated by more than 
5 m.p.h. or unless a greater accuracy is required. 

The next step is the determination by means of Fig. 31 of the funda- 
mental parameter L used extensively throughout the remaining per- 
formance estimates : 

Starting in Fig. 31 on scale l f) - 326 and proceeding vertically to 
the interpolated curve of l s -- 2.842, thence horizontally to the inter- 
polated line of If ----- 11.43; thence vertically down to the scale of L, giving 
the value L ~ 10.6. 


Now there are sufficient Speeds. 

data to completely determine 
the performance from the two 
composite parameters L and 
C s in terms of which all the 
performance graphs at sea 
level (except high speed at 
sea level) and at altitudes, 
are plotted. Horizontal speeds 
and speeds for best climb at 
altitudes are found on Fig. 32 as percentages of the high speed at sea 
level found previously on Fig. 30 to be 142.5 m.p.h. 

The best rates of climb are found from Fig. 33. The necessary para- 
meters are L -- 10.6, C s -- 1.18, l t = 11.43, and the following table 
may be made, where the rate of climb is computed by: 



Rate = 


Chit 

11.43 
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Alti- c , 
tude j LhH 

Rate (ft. 
per mt.) 

1 

Oi 12,500 

1095 

5,0001 9,200 

804 

10,0001 6,000 

532 

15,000 ! 2,800 

248 


Rate of Climb. The absolute ceiling is found from Fig. 34 

directly. For L = 10.6 and C 8 = 1.18 the ab- 
solute ceiling is 19,500 ft. and the service ceiling 
is computed from the rate at 15,000 ft. as 
follows : 

loo 

19,500 — (19,500 — 15,000) x ^ - 17,680ft. 

Minimum time to climb is determined from 
Fig. 35 by determining first the value 
of Tjl f . The parameters necessary to 
know are L = 10.6, C 8 = 1.18, and 
If — 11.43. The following table then is 
made, where the time to climb is com- 
puted by, Time Tfl t x 11.43. 

A summary of the performances 
obtained by Oswald’s graphical method is contained in the following table : 


S.C. 


Time to Climb to Altitude. 


Altitude 

T/k 

Time to Climb 

5,000 

.37 

4.23 min. 

10,000 

1.1 

12.55 „ 

15,000 

2.3 

26.20 ., 


Altitude 

0 

5,000 

10,000 

15,000 

19,500 

Level speeds (m.p.h.) . . . 

142.5 

| 138.5 

134.0 

126.8 

100 

Speeds in climb (m.p.h.). . 

83.6 

85 

89 

94.8 

100 

Rate of climb (ft. per mt.) 

1095 

! 772 

532 

248 

0 

Time to climb (mt.). . . . 

0 

4.23 

12.55 

26.20 

X 


The service ceiling is 17,680 ft. 


CHAPTER Vll 

EMPIRICAL THEORETICAL METHOD 

One of the most convenient graphical methods of performance predic- 
tion requiring practically no computation was developed in 1920, based 
on theoretical considerations and using basic data empirically deter- 
mined from flight test results. This method is of interest because its 
derivation provides a valuable practice problem for the young student, 
and because it for the first time introduced a factor of fineness, depending 
on the cleanness of the design, to be used in combination with the power 
and wing loadings which had, until that period, been the sole criteria. 

The “fineness” was taken as the measure of the relative overall effi- 
ciency of the lift-drag ratio of the complete airplane. Thus if the fineness 
of two airplanes is 100 and 120 respectively, it means that at any value 
of lift coefficient common to both, the lift-drag ratio of the latter is 
(1.2) 3 times that of the former. Since, at a given value of the speed 
or lift coefficient and wing area, the horsepower required is inversely 
proportional to the lift-drag ratio, the second airplane could have a 
power loading (1.2) 3 times the first. “Fineness” is hence defined as 
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100 times the cube root of the lift-drag ratio of an airplane relative to 
that of a basic airplane with a fineness of 100. By employing for the 
groundwork of the subsequent charts the results of a wind tunnel test 
on a model of the DH-4 biplane, this airplane becarru the basic one. 

Previous purely theoretical charts yielded for the same power and 
wing loadings, identical performances for a large twin engined bomber 
as for a small cleanly designed pursuit airplane, whereas the lift-drag 
ratio of the latter might be as much as 100 per cent greater than that 
of the former. Differences in high speed at the ground would in this 
case be of the order of 25 per cent. A further disadvantage of these 
charts was the fact that the limits were not extended to the loadings 
coming into more recent practice. 

Purely theoretical analyses of performance necessarily gave somewhat 
unsatisfactory results because of the lack of adequate experimental 
data on wings, parasite drag, interference, propellers, and engine power 
at altitude. The logical solution was by means of an empirical-theoretical 
method. 

The inadequacy of previous purely empirical methods was thus 
overcome by taking “fineness” into account, and the main difficulties 
of purely theoretical methods were obviated by empirically solving for 
the effects of wing combinations, interference, and engine-propeller 
performance at altitude. 

The method consisted in (a) the construction of a chart for the deter- 
mination of fineness, engine-propeller performance, high speed at any 


Table 22. 


Aircraft 

lb. /HP 

lb./Sq. Ft. 

High Speed 
at Sea level 

Fineness 

Ford C-4 (3 Wasps) .... 

8.8 

i 

15.5 ' 

135 

90 

Sikorsky Amphibian S-38 . 

11.3 

14 

120 

92 

Martin Bomber (2 Liberties) 

12.3 

9.6 

105 i 

93 

Ford C-7 (3 Whirlwinds) . 1 

10.7 

13.9 

126 

93 

Atlantic C-2 (3 Whirlwinds) 

14.5 

14 

112 

95 

Fokker F-10 (3 Wasps) . . 

9.9 

17.5 

141 

97 

DeHaviland 4 

9.8 

8.9 

120 

100 

Fairchild 0-928 

11.3 

15.5 

140 

102 

Fokker Super-Univ 

11.1 

11.9 

131 

| 102 

Fokker D-VII 

10.8 

8.5 

117 

j 102 

SE-5 

11.4 

8.4 

117 

j 105 

Vought VE-7 

11.6 

7.4 

114 

106 

Bellanca Cargo 

13.6 

j 14.8 

139 

108 

Thomas Morse MB-3 . . . 

6.3 

8.4 

152 

112 

Verville Pursuit 

8.7 

9.7 

150 

116 

Spartan C-5-301 

13.9 

13.9 

145 

118 

Lockheed 

9.3 

15.3 

179 

120 


Unless otherwise noted, aircraft are single engined. 
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altitude, and, in the limit of the application, absolute ceiling 1 ; (b) in 
the construction of an empirical-theoretical chart for the determination 
of rate of climb at the ground ; (c) in the use of an equation for time of 
climb based on a linear variation of rate with altitude; and (d) in the 
combination of the results of (a), (b), and (c) to construct, with the 
aid of cross- plotting, a performance and design chart 2 . 

The final chart of Ref. 5 furnishes a complete picture of the variation 
at all altitudes, including sea level, service ceiling and absolute ceiling, of 
horizontal high speed, time of climb and rate of climb of any airplane 
with a given engine and with any combination of the three main variables, 
loading per horsepower, loading per square foot, and fineness. 

In Table 22 is shown the wide variation in fineness of various types 
of aircraft, both modern and of the wartime period. Refs. 3 and 5 may 
be consulted for further details of this method. 

CHAPTER VIII 

LOGARITHMIC DIAGRAMS 

1. Introduction. The basic principle of performance prediction by the 
use of logarithmic polars is that of the slide rule, that is, all multiplica- 
tions and divisions, of which the majority of computations consists, 
can be made graphically by adding or subtracting distances on suitably 
made scales. 

This method assumes that the usual polar of lift and drag coeffi- 
cients is known or determined by some other means. It assumes also 
that the variation of the power of the engine and the efficiencies of the 
propeller are known. 

It is particularly suited for a study of airplanes where one or more 
characteristics are varied ; namely for a study of the effects of changing 
weight, power or wing area. The use of the charts can be extended to 
practically any problem of airplane performance, including the choice 
of the propeller best suited for any particular need. 

Performance estimation by the use of logarithmic polars is probably 
the oldest method developed for this work and certainly antedates the 
original Bairstow method. It may be pointed out, however, that the 
fundamentals of both methods are the same. In Eiffels’ original work 
of 1909, this method of performance estimation was used and was the 
only one then known to aerodynamists. The performance of famous 
predecessors of modern aircraft — the airplanes of the Wright brothers 
and of Curtiss, the Bleriot XI of English Channel fame, the Santos- 

1 Ref. 3. 

2 Ref. 5. 
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Dumont “Demoiselle”, Lathams “Antoinette” and many others — was 
estimated by this method. 

The original adaptation of the logarithmic polar diagram is credited 
to Eiffel’s collaborator Rith, and the description may be found in Ref. 1. 

The criticisms regarding the accuracy of this method are not well 
founded. The accuracy of this method, as of any other, using graphics 
for solutions, is limited only by the size of charts and the accuracy in 
plotting and interpolating. The charts used by Eiffel were of generous 
size and their accuracy was well above the precision of the basic data. 
The advantage of this method over any analytical method, supposedly 
more accurate, is that the different steps are visually apparent and if 
any errors are made they are easily detected, while in analytical compu- 
tations if an error is made at the beginning of the calculations, it is diffi- 
cult to locate or it passes unnoticed altogether. 

2. Theory. Originally this method was designed to represent the 
performances of airplanes, models of which were tested in the tunnel, 
but of which the total weights and engine power were not definitely 
known. Aerodynamic characteristics obtained in the tunnel were relied 
upon and considered as final. The logarithmic; polar diagram of the air- 
plane was based on the tunnel tests and the lift and drag coefficients 
were the main constituents of the diagram. 

However, for an airplane of given area, not the coefficient but the 
actual lift and drag per unit of speed were plotted as logarithmic coordi- 
nates. But, since; the performance depends also on the actual weight 
of the airplane, the power of the engine and the altitude at which it 

flies, additional scales, in agreement with the lift and drag scales, were 

established . 

The interdependence of the different quantities above mentioned is 
represented by the following equations: 

W ----- LV 2 (2.1) 

P --- D F 3 (2.2) 


In these equations it should be especially noted that L and D denote 
respectively the lift and the drag in pounds at a speed of one mile per 
hour, while V is the speed in miles per hour and P is the thrust power 
in mile, pound, hour units. 

Then with the usual non-dimensional coefficients we shall have 


where 1.4(57 is the velocity in f.p.s. for a speed of l m.p.h. At the sea 
level these values become 

L = 0.00256 C L S 
D = 0.00256 C D S 
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The first two equations expressed logarithmically are: 

log W — log L + 2 log V 
log P — log D + 3 log V 

whence log L = log W — 2 log V (2.3) 

log D — log P — 3 log V (2.4) 

From the above equations it is apparent that the logarithm of the 
unit lift L is the sum of log W and — 2 log V, and that of the unit drag I) 
is the sum of log P and — 3 log V. 

To develop a convenient graphical representation of these equations, 
we may proceed as follows. We first note that (2.3) is simply a statement 
of numerical relation between three quantities — one number is equal 
to the sum of two others. Suppose now that we have three values L v 
\\\ and V 1 which fulfil equation (2.3). We may then write 

log L x — log \\\ — 2 log \\ 


Subtract one equation from the other and we have 


log - = log -j*- — 2 log ^ 

(2.5) 

This we may rewrite in the form 


log ^ = log + 2 tog l ( ‘ 

(2.6) 


These are again statements of a numerical relation between log L , 
log W and log V , all expressed, however, in terms of L x , W x and V x as 
units. It is clear, then, that at the origin of the scale for log L we must 
put the number L x (since this fulfils the condition log L/L x = log I = 0) 
and similarly for the scales for W and V. Regarding these three quanti- 
ties L v ty\ and V x it is evident that we may select arbitrarily any two 
and having selected these, the third will follow from (2.1). These three 
quantities give, therefore, certain coincident values at the initial point 
of a diagram of graphic construction intended to represent (2.3). Exactly 
the same principles hold for the initial values for (2.4) except that now 
having fixed a value of V v the same value must apply for (2.4) and we 
have, therefore, only one arbitrary choice between D 1 and P v 

If now L x and W x are taken smaller than the normal run of values 
and V x larger, L/L x and WjW x will be greater than unity and Vj V x less, 
with the result that all terms in (2.5) will be positive. 

There will evidently be similar forms for (2.4). 

log = log -p- — 3 log ^ (2.7) 

log = log + 3 log p' (2.8) 

and with a similar understanding regarding the initial values, all terms 
in these equations will be positive. 
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Referring now to Fig. 37 let the scales for P and D be laid off on OX, 
those for L and IF on OF and that for V on a line OV inclined to OX at 
an angle tarr 1 2/3. Then if the scales on OX and OY increase from the 
origin and that on OV increases toward the origin, lengths such as 
OE and OH may represent + log (L[L X ) and 
r log (W/Wy) while a length such as 00, or its 
equivalents AB, CD or EF will represent 

log (VJV) or — log (V/V^). Then with suitable 
scales for plotting these logs, it is seen that EH 
may represent 2 log (VJV) or — 2 log (V/Vf) and 
A P may represent 3 log (VJV) or — 3 log (VjVf). 

With these understandings, it follows that OH, 

OE and EH will represent (2.6) while OP, OA pig. 37 . 

and AP will represent (2.8). 

For the actual plotting of the logarithmic scales, any convenient 
unit may be chosen for the scales on the X and Y axes, but having 
adopted such a unit, that for the scale of log V as measured along the 
Y axis must be twice that for logL and log W and hence the unit for the 

scale along OF must be 3.605 times that along L and IF. 

The same result will be reached by starting from the scales along 
I) and P. 

As noted earlier, the basic equations (2.1), (2.2) are expressed in terms 
of mile, pound, hour units. In placing the actual numbers on the scales, 
however, the logarithmic relations will be the same whatever units are 
employed, and the scale for P may therefore be marked directly in hp 
units. 

Again it may be that the unit values L v W 1 , P v D x will lie well 
outside the range of normal values and that, in consequence, there will 
be no object in extending these scales to values at or near the origin. 
In such case, coincident points on these scales are readily determined 
from (2.1) and (2.2) by taking V -- V x and selecting any value desired 
for either L or IF in one ease and for either D or P in the other. The 
scales so established will have definite values at the origin but these 
values may be quite outside the usual range and therefore without 
interest. 

Thus suppose V 1 is taken at 200 and IF at 1000. Then from (2.1) 
L — 0.025. In the same manner if P is taken 100 hp = 37,500 (mile, 
pound, hour) units, then from (2.2), D — 0.004685. The location of 
L ~ 0.025 being thus found, the location of L = 0.01 or .10 readily 
follows and similarly for the scale for D. Fig. 38 is a diagram of scales 
so constructed, and shows graphically the functional dependence of 
the factors affecting the performance. 
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The effect of altitude may be expressed analytically by alterations 
in the basic equations. 

W — o L V 2 
P = a DV 3 

where a is the ratio of the density of air at altitude to that at sea level 
and L and D are values for sea level at speed V. 

Taking logarithms we have 

log L ~ log W — log o — 2 log V (2.9) 

log D — log P — log o — 3 log V (2.10) 

Then lay off from O, Fig. 39, an altitude axis OH at 45° to OP and 

on this axis lay down a scale of log ojo (a 0 — a for sea level). It will 

thus result, in a similar manner as 
along the V axis, that a distance 
from O along OH will represent 
log 1/(7 — — log o . For the modulus 


Fiff. 38. FJk. 39. 

of this scale take j/2 — 1.414 times that along OP and 0\Y . Under 
these conditions it is readily seen that the coordinates ON and OS of a 
point C on the polar are made up of segments which represent the 
various terms of (2.9) and (2.10). Thus OK — — logo, KM — log P, 
M N = — 3 log V and similarly for the axis of W and L. It is seen 
that the effect of this is to shift the origin O along OH a distance 
represented by log 1/or. If, therefore, from such a point O v auxiliary 
lines 0 1 P l and O l W 1 are drawn, the latter may be used as axes of P, 
D, W and L and the construction will go forward as before. 

With regard to the graduation of the axis OH, the distance, as noted, 
will represent values of log 1/a. The numbers on the scale may, however, 
represent actual altitudes in feet corresponding to the several values 
of log 1/a. For this scale the origin value will be taken as a = 1, 1/a = 1, 
log 1/a = 0 and altitude = 0 while the outer end may conveniently 
correspond to a = 0.10. A further consideration is the range of weights, 
power, unit lifts and drags, and speed which should be covered. For 
purposes of illustration, ranges as follows may be taken: 
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weight, 100 to 100,000 lbs. 
power, 10 to 10,000 hp 
speed, 20 to 200 m.p.h. 
areas, 100 to 5000 sq. ft. 

Cj< 9 m x = 2.0, mn 0.2 

Cjh =-- 0.100, mn =- 0.01 

L l9 mx - 2.0 X 0.00256 X 5000 sq. ft. -= 25.6 

l) l9 mx - 0.100 x 0.00256 X 5000 sq. ft. =■ 1.28 

L v mn -- 0.2 X 0.00256 X 100 sq. ft. -- 0.0512 

l) v mn - 0.01 X 0.00256 X 100 sq. ft. =- 0.00256. 

Lt should be noted that for any particular airplane the whole range 
as given above does not have to be covered, and for the same space 
available, the scale modulus may he enlarged and thus the accuracy 
of results increased. 

The next step is to decide on the size of the diagram. A study of the 
ranges for different variables indicates that a sheet 20 by 15 inches will be 
sufficiently large for reasonably accurate performance estimation. The 
corresponding modulus distance for a group of values from 1 to its next 
decimal multiple (10 or .1) on the vertical and horizontal scales may be 
conveniently taken as 3.5 inches. For the speed scale the modulus 
distance will be 3.5 x 3.6055 - 12.615 inches, and for the 45° altitude 
scale it will ho 3.5 X 1.414 4.95 inches. 




Table 23. For Setting Scales for Logarithmic Polar Diagram. Basic Modulus 3. 5". 
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Table 23 is used for making logarithmic polar scales to satisfy condi- 
tions set forth previously. In this table “A” is a series of numbers pro- 
portional to the divisions desired within any one basic modulus range. 
Column d gives the values of log N in terms of a basic modulus (3.5"). 
The columns under L, D, W and P are the corresponding values of these 
quantities over two ranges of the factor 10. Column d gives, therefore, 
the distance in inches from the beginning of a modulus range to the point 
for the number in question. Thus the point for L ~ 0.30 will be 1.67" 
from the point for L — 0.10 and the point for L — 3.0 will be the same 

distance from the point for L — 1.0. The „ _ . 

_ i , • r n i r i Table 24. 

same general method is followed for the Table for Sctting Scalc 

scales for V and a. for Altitudes. 


The actual location of the points for 
P = say 100 and W — - 1000 may be se- 
lected according to convenience since 
wherever they are placed the origin values 
will meet the conditions previously in- 
dicated. These points located, the corre- 
sponding values for L and D are coincident 
and thence the points for the beginning 
of each modulus range on the L and D 
scales are found. Table 24 gives values 
for altitudes in feet against density. Fig. 40 
indicates the character of a diagram plotted 
in accordance with these proportions. 


Alt. 

a 

log 10 o 

d (mod. 
4.95") 

0 

1.000 

1.0 

4.95 in. 

5,000 

.862 

.9355 

4.63 „ 

10,000 

.738 

.8681 

4.30 „ 

15,000 

.629 

.7987 

3.95 „ 

20,000 

.533 

.7267 

3.60 „ 

25,000 

.448 

.6513 

3.22 „ 

30,000 

.374 

.5729 

2.84 „ 

35,000 

.310 

.4914 

2.43 „ 

40,000 

.245 

i .3892 

1.93 „ 

45,000 

.193 

.2856 

1.41 „ 

50,000 

.152 

; .1818 

0.90 „ 


3. Determination of Performance. The first step is to lay down, from 
the known characteristics of the plane, the polar diagram — that is, the 
points on the diagram having D and L as co- 
ordinates. 

For the determination of sea level high speed, 
it is necessary to ascertain the propeller efficiency 
at that speed in order to find P, the available 
thrust horsepower (THP = BHP x tj). The effi- 
ciency at high speed is usually the maximum, and 
the value may be determined by methods described 
in II 9. Likewise the B H P is found as in Chapter II 
and thence the THP as above. 

The next step is to locate the point A of which 
W and P are the coordinates (see Fig. 41). A line 
is then drawn from this point parallel to the 
V axis to the point of intersection with the polar. 

The length of this line laid off on the speed axis from the origin will then 
give the speed value. It will be remembered that L and D are directly 



UfP 

Origin of V sea fe 
Fig. 41. 
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proportional to C L and C D and that the polar may be considered as giving 
values either of L and D or of C L and C ly 

Stalling speed is determined by the intersection point of a horizontal 
line passing through the maximum L or C L% (B v Fig. 42) with a line 
parallel to the V scale drawn from the point W on the weight scale. The 
distance between the point W and the intersection, represents the stalling 
speed when laid out on the V scale from the origin. The power required 
for this speed will evidently be given by the distance 0 P v 

The minimum power at which flight is possible and the speed for 
this power, will evidently be given by drawing a line tangent to the 
polar parallel to the speed axis. The intersection of this line with the 



horizontal through W will give a point A, which projected down to the 
power axis gives O P 2 as the minimum power with which the plane can 
fly, while the distance d 3 carried to the speed axis will give the speed 
corresponding to this condition. 

Again suppose the speed given by the length d 2 , as determined by 
the point B 2 on the polar, to be the minimum speed in level flight for 
which the power available can equal the power required. Then evidently 
OP 2 will represent such power and these values will fix the conditions 
for the minimum level speed. In this particular case then, the plane 
could not fly level at the stalling speed represented by d v This means 
simply that at this low speed, the engine-propeller group cannot furnish 
the power required for level flight. At a slightly higher speed, represented 
by d 2 , the gain by the engine-propeller group in power available is more 
than the increase in power required due to the greater speed, a balance 
is realized and flight becomes possible. 

Similar items of performance at altitude require solutions of (2.9) 
(2.10) instead of (2.3), (2.4) and are found by like constructions with a 
shift of the origin along the 45° line as explained above. 
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If desired, hp available and hp required, both at sea level and at 
altitude may be plotted on such a diagram. Thus in Fig. 43 an auxiliary 
speed axis is laid off from W and from a point a on this axis, representing 
a speed V, a horizontal line is drawn to the polar and from this point b 
a line parallel to the speed axis back to intersect the horizontal through 
W at a point c. This gives a parallelogram Wabc. If then a vertical line 
is drawn from c to cut a b, it is obvious that Wc, the power required for 
the speed cb (or W a), is represented by an abscissa e /, thus giving a point / 
on the line ab. Similar points found for other speeds will give a curve 
A B of power required, each point on the curve corresponding to a parti- 
cular speed, determined in the manner described. If then for these same 
speeds and on these same lines ab, there be laid off from the axis of W 
and L values for the power available, we shall have a curve somewhat 
as shown by CD. The intersection of these curves at h will evidently give 
the maximum speed and power, while the upper intersection will give the 
minimum speed and power, similar to d 2 and P 2 in Fig. 42 (see also III 1). 

By the use of these curves with special constructions, various other 
items of performance can be determined — maximum reserve power, 
best speed of climb, rate of climb, absolute ceiling, etc. With reference 
to these items, however, there is no special advantage of logarithmic 
plotting over determination by other methods, and the details may be 
left to the ingenuity of the interested reader. 

The general summary of performance obtained in this manner may 
then be tabulated and represented graphically in the same form as for 
the cases discussed in Chapters III and V. 

CHAPTER IX 

RANGE AND ENDURANCE 

Two special problems in connection with performance prediction 
of definite practical importance are those of the determination of the 
distance that can be flown, range , and the time of flight, endurance, 
with a given amount of fuel. 

The solution of these problems, which are necessarily closely inter- 
related, becomes very complex if an attempt is made to take into account 
all possible variations in the conditions of flight. It is possible, however, 
to make certain simplifying assumptions which greatly reduce these 
difficulties. 

1. Range 1 . Let us consider first the matter of range. In order to 
obtain maximum range it is obvious that the amount of fuel used per 
mile must be a minimum. This condition evidently corresponds to the 
least work required of the engines per mile. Since work is the product 
of a force times the distance through which it acts, the least work will 

1 See Ref. 8. 

Aerodynamic* Theory V 
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be done when the thrust, which is equal to the drag, is least. This indi- 
cates that for a given airplane with a given gross weight, there exists 
a definite air speed which will give the maximum range, and that such 
speed is that of minimum drag. Minimum drag usually occurs at from 
130 per cent to 140 per cent of the stalling speed. 

a) Variables. During a flight the value of gross weight is not constant, 
but decreases continually due to the consumption of fuel by the engines. 
As the gross weight decreases there is a proportionate decrease in wing 
loading, which means that when flying at a constant speed the angle 
of attack of the wing must be decreased. This means a decrease in drag, 
hence minimum drag will occur at different weights and speeds. 

So far we have proceeded on the assumption that the efficiency 
of the engine, as well as the propeller efficiency, remains constant for 
every air speed. This of course is a false assumption. In the first place, 
in order to slow down from high speed to the speed of minimum drag, 
the engines must be throttled. Throttling means a decrease in thermal 
efficiency, or an increase of specific fuel consumption, which may 
outweigh in importance the decrease in drag. 

A second factor which is important is propeller efficiency. The pro- 
peller is designed in a majority of cases to operate with maximum efficiency 
at high speed; at any lower speed the efficiency becomes reduced. This 
reduction is of considerable importance in the lower range of speeds. 

Third, the speed and the direction of the wind relative to the ground 
during the flight have considerable influence on the range and must 
be taken into account in special cases when a long flight is anticipated 
over a territory with known prevailing winds, or again flying speeds 
must be altered during flight if it is found that the wind velocities do not 
correspond to those assumed in the original calculations. The so-called 
service range is considered in calm air. Still another variable affecting 
the range is that of the altitude at which the flight can be made. 

For an accurate analysis of range, it is, therefore, necessary to take 
all of the foregoing factors into consideration. They are the ones most 
susceptible to logical treatment. Others, however, while important, 
cannot be so readily reduced to figures. Such are : variations of operating 
conditions of the engine during flight due to the use of mixture controls, 
use of the supercharger, etc.; variations in atmospheric conditions, 
particularly in the wind speed and direction which cannot be foreseen; 
deviation from the correct speed corresponding to the gross weight at 
any instant; deviation from the best altitude, mainly due to the diffi- 
culty of measuring the altitude accurately, and the possibility of in- 
accuracy in the estimation of the airplane characteristics and those of 
the engine and propeller upon which the whole analysis is based. 

While all of these conditions have a bearing on the accurate pre- 
diction of range, their values are so uncertain that recourse is usually 
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had to certain simple formulas which, although not always covering all 
the main variables, yet have the merit of quick and easy application 
and are at the same time within the range of accuracy to be expected 
in view of the uncertainty of the basic data. 

b) Rational Method. However, for those who so desire, a rational 
method of analysis may be outlined comprising the following steps : 

1) Determination of the curve of total drag versus air speed for a 
gross weight which corresponds to full fuel load. 

2) Estimation of propeller efficiency versus air speed. 

3) Determination of the specific fuel consumption of the engine, 
in pounds per brake horse power per hour, versus air speed. 

4) Combination of the foregoing curves to obtain a curve of fuel 
consumption expressed in pounds per mile and from that the reciprocal 
curve, miles per pound. 

5) A repetition of the procedure? so far outlined for several gross 
weights, including one representing the condition of empty fuel tanks. 

6) Integration of a curve of maximum miles per pound versus gross 
weight between the limits given, to obtain the total number of miles. 
This represents maximum range. 

7) Investigation of the effect of a head wind or following wind on 
the range. 

Referring to step 1, the curve of drag versus speed can be obtained 
from a polar curve for the complete airplane either from wind tunnel 
tests or by estimation as outlined in previous chapters on performance 
computations. Then for each speed of a series of speeds selected, the 
lift coefficients can be calculated using the weight and wing area. The 
drag coefficient corresponding to the lift coefficient is then found on 
the polar curve and the drag calculated. A typical example of this 
calculation is shown in Table 25. 


Table 25. Airplane Drag (With Full Tanks). 


V 


Cd 

jDrag Lbs. 

V 

Cl 

Cd 

Drag Lbs. 

57.2 

1.364 

.251 

736 

110 

.369 

.057 

618 

70 

.911 

.113 

j 496 

120 

.310 

.054 

697 

80 J 

.698 

.084 

1 482 

130 

.264 

.051 

j 772 

90 ] 

.551 

.070 

| 508 

140 

.228 

i .050 

| 878 

100 

.446 

! .062 

| 556 

145.2 

.212 

.049 

926 

Hr 

2 W 


2 x 4000 


4465 


Cl ~ o A V 2 .00238 x 350 x (88/60) 2 x V 2 m.p.h. ' “ V 2 m.p.h. 


nnooo 

D 2 x 350 x Cd X V 2 f.p.s. -= .896 Cd V 2 m.p.h. 

I* 

Step 2 is somewhat more intricate. Assuming that, as outlined in 
preceding chapters, a performance estimate has already been prepared 
for the airplane in question, the following is necessary: 


20 * 
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First, a determination is made of the r.p.m. required for level flight 
at various speeds (the speeds chosen for step 1 will be found convenient) 
from curves of indicated air speed versus indicated r.p.m. The per- 
formance method giving this information is that described in Chapter V. 
Second, calculations are made of the vjnD at which the propeller is 
operating at each speed. Third, determination is made of the propeller 
efficiency for each vjnD. This procedure has been explained in Chapter V 
and Table 26 gives an example. 

It should be noted that efficiencies calculated in connection with 
speed and climb computations cannot be used in place of step 2, since 
the engine is no longer working at full throttle, and therefore the vjnD 
corresponding to a given speed is different. 

A graph of engine performance characteristics such as would be 
furnished by an engine manufacturer or from dynamometer tests, 
contains a curve of specific fuel consumption, c versus r.p.m. Step 3 
consists in taking the value from this curve at the r.p.m. required for 
level flight at each speed (see Table 26). 


Table 26. Fuel Consumption per Mile and per Hour (With Full Tanks). 


V 

m.p.h. 

Level 

r.p.m. 

v/nD 

% t]mx 

V 

c 

lbs./mi 

lbs./hr 

57.2 

1607 

.368 

57.1 

.462 

.580 

2.46 

140.6 

70 

1415 

.510 

79.1 

.641 

.660 

1.36 

95.2 

80 

1453 

.567 

87.9 

.712 

.645 

1.16 

92.8 

90 

1570 

.590 

91.5 

.741 

.595 

1.09 

| 98.1 

100 

1690 

.609 

94.5 

.765 

.555 

1.07 

107.0 

110 

1818 

.624 

; 96.7 

.784 

.520 

1.09 

j 120.0 

120 

1960 

.630 

1 97.6 

.790 

.500 

1.18 

! 141.5 

130 

2100 

.638 

98.9 

.801 

.495 

1.27 

I 165.0 

145.2 

2320 

.645 

100 

.81 

.532 

1.62 

| 235.0 


v/nD = 


V m.p.h. x 88 
N r.p.m. x Dft. 


lbs./mi 


c x D 
r) X 375 


V 88 
~N X 8.55 


10.3 V/N 


Best lbs./mi = 1.067 
Best mi/lbs. = .937 

Best lbs./hr = 92.0 
Best hr/lbs. = .01088 


In step 4 the results so far obtained are used to convert pounds per 
horsepower per hour as obtained in engine tests on a dynamometer into 
pounds per mile and thence into miles per pound. 

Let P denote the brake hp for a given speed V. 

T = corresponding thrust = D = drag. 

W = total weight = lift = L. 

c = specific fuel consumption = pounds of fuel per brake hph 1 . 
rj — propeller efficiency. 
x = distance. 


1 While c is called fuel consumption its value should be taken to include the 
consumption of lubricating oil as well. 
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Then: 


and 


TV DV 
375 1) ~ 375 f/ 


Pc = lbs. consumption per hour 

Pc cD 

~V ~ 375 ij 

Pc= cDV 


375 r] 


■ lbs. per mile 
= lbs. per hour 


Then with tho mile, hour and pound as units, we have 


dW 

_ cD 

dx 

~ 375 7} 

dW 

cDV 

dt 

" 375 7j 


( 1 . 1 ) 

( 1 . 2 ) 

(1.3) 

(1.4) 


To complete the process, the foregoing steps must be repeated, using 
at least one and preferably two different gross weights. One of these 
must be the gross weight with empty fuel tanks. 

The reciprocal of the values given by (1.1) will then give the miles 
per pound, each for the weight assumed, and the maximum of such 
values can be plotted against the 
corresponding weights, giving a 
curve such as Fig. 44. In most 
cases a sufficient approximation 
will be given by making the com- 
putation for two gross weights, 
one corresponding to full tanks 
and the other to tanks empty 
(see Table 27) and assuming a 
linear variation between the values for these two conditions. This 
procedure was followed in the case represented in Fig. 44. 



Table 27. Drag of tlie Airplane and Consumption of Fuel (With Tanks Empty). 


v 

Cl 

Cd 


r.p.m. 

vjnD 

% 

7) max 

>1 

c 

lbs/mi 

lbs/hr 

70 

.744 

.0895 

393 

1415 

.510 

79.1 

.641 

.660 

1.080 

75.6 

80 

.570 

.0715 ! 

410 

1453 

.567 

87.9 

.712 

.645 

.990 

79.2 

90 

.450 

.0625 

454 

1570 

.590 

91.5 

.741 

.595 

.972 

87.5 

100 

.365 

.0565 

506 

1690 

.609 

94.5 

.765 

.555 

.978 

97.8 

110 

.301 

.0530 

575 

1818 

.624 

96.7 

.784 

.520 

1.017 

111.9 

120 

.253 

.0510 

658 

1960 

.630 

97.6 

.790 

.500 

1.110 

133.3 

130 

.215 

.0490 

742 

2100 

.638 

98.9 

.801 

.495 

1.222 

159.0 

145.2 

.173 

.0480 

907 

2320 

.645 

100 

j .810 

.532 

1.588 

230.5 


Cl 


2 x 3264 

.00238 x 350 x (88/60) 2 x F 2 m.p.h. 
D — .896 Cd F 2 
„ . . c x D 
lb8/ml= X 375 


3645 

F 2 


Best lbs/mi = .968 

Best mi/lbs — 1.033 
Best lbs/hr — 75.0 
Best hr/lbs = .01333 
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The area under this curve can be found by planimetcr or it may be 
graphically or analytically integrated. This area will then represent 
the maximum number of miles which may bo flown with a given amount 
of fuel. If it is desired to investigate the effect of altitude on the range, 
or to find the best altitude for any gross weight, the entire calculation 
must be repeated for two or three different altitudes. The data on drag, 
propeller efficiency, specific fuel consumption and power absorbed at 
altitudes are obtained by methods used in performance calculations 
as treated previously. 

To find the air speed of minimum drag a curve of power required 
versus speed must be drawn. The point of tangency of a line from the 
origin drawn tangent to this curve will give the speed of minimum drag. 
This can be shown as follows: 


A point on the curve has as its ordinate some value of the power, 
which is the product of drag times speed. The corresponding abscissa 
is speed, so that the slope of the line from the origin through the point 
is DV/V = D. The line tangent to the curve will have the minimum 
slope of all lines from the origin meeting the curve, and hence this line 
will determine the point and hence the speed for minimum drag. 

Here also, if no account is taken of propeller efficiency and thermal 
efficiency of the engine, serious errors are introduced. Therefore the 
power should be changed to include these factors. To this end it is 
desirable to plot the curve of fuel consumption in pounds per hour ver- 
sus speed. Since power is the rate of doing work, it can be expressed 
in foot-pounds of energy per hour, and since a pound of fuel represents 
a definite number of foot-pounds of energy, the expression “pounds of 
fuel per hour” is admissible and represents power as truly as does “foot- 
pounds per hour”. These values can be found from the curve of pounds 
per mile by multiplying by the corresponding speed in miles per hour 
(see Fig. 45). 

The effect of the wind on this solution is to shift the scale of speeds 
by an amount equal to the wind speed. This is shown as follows. 

We have the general relation 


dW _ _ cDV_ 
dt ~~ 375 r\ 


(1.5) 


Then 


dW __ dW dt 
dx dt dx 


(1.6) 


If now dxjdt = V, (1.6) with (1.5) gives (1.3). But if there is a wind 
velocity V 0 (head), we shall have dxjdt — (V — V 0 ) and in this case, 
(1.6) becomes 

dW _ c DV 
dx ~~ 315t] (V—V 0 ) 

In order then that the consumption per mile over the ground may 
be the least, we must have DV/(V — V 0 ) a minimum; and reference 
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to Fig. 45 will show that this condition will be determined by shifting 
the point from which the tangent is drawn, along the speed axis to the 
point representing the wind speed — to the right for a head wind and 
to the left for a following wind. 

By combining the cases of various altitudes and wind velocities a 
curve similar to that of Fig. 44 may be plotted from which the longest 
range under anticipated conditions can be determined. 

2. Endurance. The maximum endurance of the airplane can be cal- 
culated at the same time 
as the range. The two 
problems are very simi- 
lar and the basic data 
required are the same. 

The chief difference is 
that the endurance de- 
pends only on the time 
rate of the fuel con- 
sumption. In other 
words, if the factors of 
propeller and thermal 
efficiency are neglected, 
the power required determines the endurance. But as we have seen, 
these factors should be considered. This means that the ordinates of 
the curve of power required will have to be divided by the propeller 
efficiency and multiplied by the 
specific fuel consumption, to give 
pounds per hour. This has been 
shown to be the equivalent of 
power. 

If the range is not one of the 
items required, then the power 
required, propeller efficiency and 
specific fuel consumption will 
have to be determined as out- 
lined previously. If range has been calculated then the curve of pounds 
of fuel per hour is known or can be found from the curve of pounds 
per mile (in wind of zero velocity). It is only necessary then to plot 
similar curves for several gross weights, between the limits of full fuel 
load and empty tanks, plotting the reciprocal of the minimum value 
versus weight to give a curve of maximum hours per pound of fuel 
versus weight. 

This curve, when integrated between the limits of weight mentioned 
above, determines the maximum hours of flight endurance. For an 
example see Figs. 45 and 46. 
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With endurance, as with the range, it is necessary to repeat the 
process if the effect of altitude is desired. However, it is usually sufficient 
to limit such calculations to one altitude. Wind has no effect on the 
endurance, except insofar as it brings the possibility of more difficult 
flying if the air is bumpy . 

3. Breguet’s Formulas. The methods so far outlined, while offering 
rational solutions, are quite laborious, and because of the uncertainties 
before mentioned, are not entirely dependable for comparative purposes. 
For these reasons it is usually preferable to use some simple approximate 
formulas rather than the longer methods. Breguet’s formulas are most 
commonly used. 


a) Range. For the computation of range the derivation is based 
on the following equations: 


From (1.3) 
But 

whence J 
and 



Integrating, putting in limits for W and multiplying by 2.3026 to 
reduce to common logarithms, we have 

* = 863.5 ^ W 10 ( jA) (miles) (3.3) 

If x is to be the range while W l and W 2 are the weights of airplane with 
full fuel load and with tanks empty, the values of C/JCj, = LjD , rj, 
and c must be average, which ordinarily are difficult to estimate. On 
the contrary the maximum LjD and rj are known as is the minimum c. 
In order to obtain average values the known values must be multiplied 
by factors, the product of which will result in an overall reduction factor 
the value of which must be based primarily on experience. Tests seem 
to indicate for this reduction factor a value not far from 0.7 and intro- 
ducing this we have for the maximum range, 

* = 600 (cn) mx 111 hg ™ ( ll'l ) (mile8) (3 - 4) 
In practice it is difficult to maintain always the conditions for 
realizing the result indicated by this formula and for a so-called service 
range a further reduction may be made bringing the formula finally to 

Service Range = 500 (■ -g ; ) mx ^f ( ^ ) (3-5) 

b) Endurance. The basic equation for the derivation of Breguet’s 
formula for endurance is similar to that for the range except that the 
derivative with time is used instead of distance. 
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Thus we have 


sr= K and d< = T - 

we can assume V constant or taken at some mean value, we may 
then integrate giving 

x range 

t — y -- ~ y — 

From (3.3) this gives 

. _ 863.5 v Cl 7 l W x \ /0 

1 V ' c ’ Cd 10910 \ W a ) 

A more useful form, however, is developed by a somewhat different 
treatment. Thus omitting numerical factors we have from (1.5) 

dW _cP 

dt 7] 

Substituting for the thrust power P, this becomes 
dW __ _ cCpnSv 3 
dt 2 1) 

But for level flight we must have 

nr ClqSv 2 l/~2W 

W = — 2— ° r V =\v,. Q S 

Substituting this value for v and reducing we have 

, _ i] cT (Q_S \ 112 dW 

^ c Cd { 2 j IT 3/2 

Integrating, putting in limits W x and W 2 and supplying the numerical 
factor we have 


t = 1100 


tj Cl 


t - 1100 


( t > s ) 

1,2 [ 

2 ‘J 

1 

(sir'J 

1/2 

1 


m J ( hourS ) ( 3 - 7 ) 

- 1] (hours) (3.8) 


From (3.3) it will be noted that for maximum range the attitude of 
the plane should be such as to give a maximum value for C L jC D while 
for maximum endurance the attitude should be such as to make the 
ratio C^fCj) a maximum. This will mean in general that for maximum 
endurance the plane will fly at a greater C L than for maximum range 
and hence at a slower speed. 

In formula (3.6) the propeller efficiency rj, C L jC D of the airplane, 
c the specific fuel consumption and V the speed are average values during 
the flight. Each of these values can be expressed in terms of the maximum 
or minimum values known from performance calculations, assigning 
to each a factor reducing it to an average value. 

Thus for r\ mx the factor is assumed to be 0.85, for {C L tC D ) mx the 
factor is taken at 0.9, and for c mn at 1.2. The basic speed selected was 
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the minimum and its factor was taken as 1.25. All these factors are 
then combined into one giving an overall factor of 0.51. 


Formula (3.6) thus becomes: 

440 7]m x f C L \ 

Vmn ('m n \ Cd J m a 


t = 


log i 


(W 


(3.9) 


A similar allowance in connection with formula (3.8) gives an overall 
factor of about 0.50. This formula then becomes 


t 


IT- 

Cm n \ 0 j) J mx \ 2W} / [ \ " 2 / 


1 


(hours) (3.10) 


4. Examples. Basic data for the examples of the range and endurance 
calculations are as follows: 

= 4000 lbs. 

— 350 sq. ft. 

= 8.4 

= 57.2 m.p.h. 

= 435 hp at 2300 r.p.m. 

= 8.55 ft. rj m x = 0.81. 

736 lbs. (664 lbs. gas, 72 lbs. oil). 


Gross weight 
Wing area 
Max. L}D 
Speed, min. 

Max. engine power 
Propeller dia. 

Weight of fuel carried 


Polar curve for the whole airplane from Fig. 19. 

For the curve of horsepower required see Fig. 21. 
Minimum specific fuel consumption = 0.52 lb. per hph. 


Results obtained by precise calculation of the range from Fig. 44 
show : 

Range, maximum = 725 miles in still air. 

Using Breguet’s formula for maximum range, (3.4) and substituting 
numerical values we find: 

Range = 698 miles 

If this is reduced in accordance with (3.5) we have 

Service range = 582 miles. 

The agreement is sufficiently satisfactory with a tendency of the 
reduction factor used to give a result on the safe side. 

For endurance, the results of precise calculations from Fig. 46 show: 

Endurance, max. =9.1 hours. 

Using the Breguet formula (3.9) and substituting numerical values 
we find: 

Endurance, max. = 8.94 hours. 

Or again using formula (3.10) with a maximum value of C*j 2 JC d 
of 7.65 derived from Fig. 19 we find: 

Endurance, max. =9.1 hours. 

The agreement between the results obtained by precise calculations 
and by the short cut formula is obviously satisfactory. 
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CHAPTER X 

INFLUENCE OF PRINCIPAL FACTORS 
ON PERFORMANCE 


In studying the effects of various characteristics on the performance, 
it becomes evident that certain items of performance are affected more 
than others by a particular characteristic, and this fact must be borne in 
mind when designing an airplane for a predetermined purpose. Physical 
limitations are often presont and hence permissible variations of the 
various factors must be well understood in order to arrive at a desirable 
compromise between structural and aerodynamical efficiencies. 

The following paragraphs will deal in general with the effects on 
performance of varying one characteristic at a time. In practice, for 
developing highly efficient aircraft, often two or more factors must be 
simultaneously taken into account, although the importance of one may 
be only minor. 


1. Weight. The weight is the primary characteristic of any airplane, 
especially in the effect of its variation on landing speed, climb, and 
ceiling. The decrease in climb and ceiling with increase in weight is 
more rapid than the ratio of weights would indicate. In general, two 
effects are present. The first is based directly on the relation 


Best rate of climb 


Maximum Reserve Power 
Weight 


X const. 


By inspection, the rate is inversely proportional to the weight, assuming 
the reserve power unchanged. But since for a given climbing speed the 
heavier airplane must fly at a higher lift coefficient, which in turn, 
in the range of climbing speeds corresponds to a higher drag coefficient, 
the drag and consequently the required power are increased. As a result, 
the excess power decreases and thus the rate of climb is still further 
decreased. Strictly speaking, there is a slight increase in power available 
since the speed of best climb is higher with increased weight, but the 
net result, in spite of higher engine revolutions and propeller efficiency, 
is invariably a decrease in reserve power. 

The exact variation of reserve power with weight cannot be expressed 
by a simple precise formula, since it depends on other characteristics 
of the airplane, such as wing loading, the shape of the polar, and the 
shape of the available power curve depending on the particular engine- 
propeller combination. Warner 1 gives an approximation which may be 
used in expressing the influence of weight on reserve power, as follows: 

J]73/2 

Reserve Power = 0.65 (Rated bhp.) ii5S r/2 


1 See p. 313 of Ref. 9. 
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The combined effect of the weight on the rate of climb can then be 
expressed, by the approximate formula: 


-d j. x x l- u x i i 21000 x Rated bhp OAA 

Best rate of climb at sea level = — Tir 300 

w 



or 

Best rate of climb at sea level == 


21000 x Rated 


bhp — 
W 


300 WV^S 1 !* 


The effect of weight changes on high speed is not great in the case 
of practical airplanes with a speed range of 2.5 or more, but in the case 
of underpowered aircraft with very high power loadings, the effect 
may be pronounced. Considering the polar of a military or commercial 
airplane, the lift coefficient for high speed is in the neighborhood of 
minimum drag, which is approximately constant in the range of high 
speed lift coefficients. Although the lift coefficient at high speed is 
changed by the weight change, practically no change in the drag or 
in the power required occurs. In fact it is possible that the speed may 
increase slightly with an increase in weight. 

In the case of a light airplane or powered glider, the effect of weight 
on high speed is more pronounced. In this case the high speed occurs 
at rather nigh lift coefficients, in the range where there is considerable 
variation in the drag coefficient. 

A direct effect of the variation in weight is noted on the landing 
speed or minimum speed of flight. This is expressed by the equation 


V - l/ 2 w 
mn - y C7,m*x e s 

from which it is evident that minimum speed varies directly with the 
square root of the weight. 

For the effect on ceiling, Warner 1 gives an approximate formula 
which can be expressed as: 

Absolute Ceiling = 120,000 X log 10 — £ x const. 


from which the effect of the weight on ceiling can roughly be estimated. 

The effect of weight on ceiling is actually a combination of many 
effects and difficult of precise analysis by means of one equation. It 
will be found that the higher the ceiling of the normally loaded airplane, 
the greater percentage of overload it can carry before the ceiling is lowered 
to a practical minimum. 

2. Power. The variation in the power of the engine, subject to the 
efficiency of the propeller, affects the different items of performance 
in varying degrees. The effect of a change in rated engine power on 
climb may be seen to depend on the equation. 


Rate of climb = 


Rated bhp x efficiency — Power required 

- w - — - 


1 See p. 312 of Ref. 9. 
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The rate increases more rapidly than the rated bhp, because it 
depends on the increase of the reserve power which is the difference 
between power available and required. The smaller this initial diffe- 
rence, the greater the effect on climb of an incieasc 'n rated power, 
assuming power required and propeller efficiency to be unchanged. 

An increase in power affects the high speed of a conventional air- 
plane in proportion to the cube root of the power change. Denote high 
speed by V . Then, 


Ja - ( P *Y 
v 1 - \rj 


for conventional airplanes. 


E 2 

V 1 


> 


» \l/3 

2 j for underpowered airplanes. 


( 2 . 1 ) 


The reason for the difference in these two cases is based on the same 
arguments discussed in the paragraph on weight as affecting high speed. 
Minimum speed is practically unaffected by variations in the power. 
Ceiling as affected by power may be calculated from Warner’s 


approximate formula 1 in terms of 


Ceiling Ii = 120,000 log 10 


maximum 

Vm x 


1.6 V mn 


and minimum speeds. 

( 2 . 2 ) 


Then if we put 

H x and \\ = ceiling and high speed with power P 1 
H 2 and V 2 — ceiling and high speed with power P 2 
V mn — low speed in each case 

and express by (2.2) the ratio of H 2 to H x and then reduce by the 
aid of (2.1) we find 


II 2 , toQioiPJPi) 

H\ ^ 3 log 1Q ( Fj/1.6 V mn ) 

This equation is also readily put in the form 
H 2 — H x - 40,000 log 10 (PJP t ) 


(2.3) 

(2.4) 


3. Wing Area. An increase of wing area reduces both high and low 
speeds and results in an increase in rate of climb and ceiling, provided 
in this case, that the span of the wing has increased. 

The increase in climb, and hence ceiling, is due to the fact that in 
this range of speeds the induced drag is of greater importance and 
decreases as the square of the equivalent monoplane span loading. 
There is, of course, a concomitant increase in skin frictional resistance as 
the area is increased, but this effect is overshadowed by the decrease 
in induced drag. Reference to (1.1) for rate of climb indicates how this 
is affected by changes in area. 

The minimum speed varies inversely as the square root of the wing area, 
except as this is modified slightly by the increase in W due to increase in S. 


1 Loc. cit. 
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4. Span of Equivalent Monoplane. The effect of a change in equivalent 
monoplane span (denoted by E.M.S.) is most important in the range 
of take-off and climbing speeds. Assuming the area unchanged, the 
result is an increase or decrease in span loading. The induced drag and 
the horsepower required to overcome it vary directly as the square of 
the span loading. The effect of an increase in equivalent monoplane 
span is to increase the rate of climb and ceiling, with no effect on high 
speed, except near the ceiling. The exact effect on climb and ceiling 
is again complicated, depending as it does on a change in only a portion 
of the drag and hence power required. The simplest way to determine 
the effect at a given climbing speed is to compute the horsepower corre- 
sponding to the induced drag for the two cases by the equation: 

n\ & iV 2 / ^ Y \ 

Di 550 5o0 nov- \ E.M.S. / v ' 

Putting 1.467 V for v (V in m.p.h.) and reducing, we have 



The difference will also be the change in reserve power and the new rate 
of climb can be quickly calculated. 

The disadvantages of large spans are mainly structural. There is 
also an increased lateral inertia of the wings, and increased damping 
in roll and yaw and hence a decrease in maneuverability. 

Extremely large aspect ratios, i. e ., small span loading, are used 
on competition gliders where large lift drag ratios are essential in order to 
reduce sinking velocities. Moderately large aspect ratios are used on 
power gliders and light airplanes, thus decreasing the induced drag 
in the flying range of fairly high lift coefficients. The limited power of 
such aircraft does not permit them to fly at low lift coefficients where the 
induced drag and therefore the span loading does not play an important 
part. High aspect ratios are also indicated for airplanes which are to 
operate at high altitudes. Due to lack of power, they must fly at high 
angles of attack and lift coefficients, where induced drag is predominant. 

5. Airfoil Characteristics. Although thousands of airfoils have been 
tested in scores of tunnels with different model sizes, different turbulence 
characteristics, different wall effects, etc., the selection of an airfoil 
has been limited from experience to choice between perhaps a score of 
well known sections. 

Except for the fact that landing speed varies inversely as the square 
root of the maximum lift coefficient, we are concerned chiefly with the 
curve of profile drag versus lift coefficient, since induced drag is not 
at all affected by a change in airfoil section. Most of the well known 
and commonly used sections have fairly low values of profile drag coeffi- 
cient in the flying range. Since at climbing speed the induced drag is 
predominant, and at high speed the structural parasite drag, the influence 
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of a change in profile drag is generally of little concern. Exceptions 
are in the case of racers, where the parasite resistance is comparatively 
low, and in gliders, where a high profile drag coefficient at low or nega- 
tive lift coefficients may be desired in order to limit f he diving speed. 

A few general rules for the selection of an airfoil can be formulated 
as follows: 

1) Thin and double cambered airfoils are used on racing and pursuit 
airplanes with low power loading, where low landing speed and high 
ceiling may be sacrificed. 

2) Airfoils of medium thickness and camber are used on present day 
commercial and military aircraft where general all around good per- 
formance is desired. 

3) Thicker and highly cambered airfoils are used on heavily loaded 
aircraft where low landing speeds are desired and high speed can be 
sacrificed. 

6. Parasite Resistance. A change in parasite resistance has no effect 
on the landing speed, affects the climb and ceiling to a moderate extent, 
and has its greatest influence on high speed. If profile drag of the wings 
is included in parasite resistance the effect of a change in the latter on 
high speed is shown approximately by an equation in the form, 

vA/~ A \ 7 

\ Cjji -j- C Dp 

When it is considered that induced drag is negligible at high speed, we 
see that practically the speed varies inversely as the cube root of the 
parasite drag coefficient, or of the equivalent flat plate area. 

At climbing speeds, although the induced drag is predominant, an 
increase in parasite drag results in a decrease in climb and ceiling. The 
effect on climb is shown by the following equations: 

Rate,— ^Pa-Pr) 3 -°°° (6.1) 

P . .. A ("'Y + 0.00327^1- (62 

rr ~ 3F \ b ] + 375 1 ' 

where b — span [see (4.1)] and the second term represents all items of 
resistanee except D b expressed in terms of equivalent flat plate area A. 
Putting (6.2) in (6.1) we have 

___ 33000 P a 11000 W __ 0.288 A F 3 
Kate— w d 2 V W 

From this equation it is clear that the decrease in the rate of climb, 
the climbing speed remaining constant, is a linear function of the increase 
in equivalent flat plate area of parasite resistance. 

7. Propeller Characteristics. There are in general two types of suitable 
propellers, the propeller designed for maximum efficiency at high speed 
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and the propeller designed for best climbing results. Since the high 
speed propeller will deliver less power at lower speeds, high speed will 
be obtained at the expense of climbing ability. The propeller designed 
for best climb will permit the engine to turn at too high an r.p.m. at 
high speed, and throttling will be necessary if rated r.p.m. is not to be 
exceeded. This will of course adversely affect the high speed. The ideal 
propeller is one with its pitch controllable in flight. In this case the dia- 
meter is chosen at that desirable for high speed, then at climbing speeds 
the pitch is decreased so that the r.p.m. is maintained. 

The propeller material effects the performance in that metal pro- 
pellers with their thinner sections are about 5 per cent more efficient 
than wooden propellers, especially in the high speed range. 

In special cases the propeller is designed for high altitudes, in which 
case the resultant large diameter and high pitch setting do not permit 
the engine to develop full power at low altitudes, and therefore there 
results a decrease in performances at these altitudes. 

8. Supercharging and Throttling. Both supercharging and throttling 
of an engine affect the amount of charge admitted to the cylinder during 
a working' cycle, the former increasing it by forcing the intake air to 
the carburetor after pre-compression, and the latter decreasing it by 
restricting the intake air passage. 

In general, the effect of supercharging is to improve rates of climb, 
high speeds at altitudes and the ceiling. The effect of a power increase 
has been discussed in 2. 

9. Choice of Altitude Propeller. In order to realize benefit from super- 
charging of the engine, it is necessary that the propeller be properly 
designed for high altitude conditions. A propeller designed for the usual 
low altitude conditions and an unsupercharged engine would be worthless 
with a supercharged engine at altitude. For determining the propeller 
characteristics for good altitude performance, the following procedure 
may be used. 

a) Determine the altitude at which the maximum performance 
is to be expected. This is generally the rated altitude of the supercharger. 
Note the corresponding density ratio. 

b) Determine the engine power at rated r.p.m. at the altitude selected. 
A number of tests on planes with supercharged engines, both turbine 
and geared, indicate a gradual decrease of engine power with altitude 
at the rate of about one per cent per 1000 feet altitude up to about 
20,000 feet and with a rate of decrease above this level of about twice 
this figure. 

For altitudes up to 35,000 feet, and with superchargers of the character 
employed in these tests, the percentage of sea level rated power may 
therefore be taken approximately as in the following table: 
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Altitude 

.000 100 absorbed by the altitude propeller at sea level at 

5,000 95 rr»m 

10.000 90 rated r - p m - 

15,00° 84 H p H p x I 

20.000 78 A f a , 

25.000 67 Estimate high speed at altitude and deter - 

30.000 56 mine the propeller diameter, using the fictitious 

35.000 44 H P 0 with any approved method of design. 

e) Determine the design v/nD, efficiency and 
available power at the basic altitude selected, by the methods of II 9—12. 

f) Available power at higher altitudes is then computed by the 
method of II 12 except that the basic altitude selected is considered as 
sea level and the altitude density ratios are taken with respect to the 
density at the basic altitude. 

g) The power available from an altitude propeller at sea level, can 
be approximated as that of a propeller designed for sea level conditions 
for an engine of 5/6 the rated power at 90% of the rated r.p.m. If more 
accurate results are desired, the propeller power coefficients C p versus 
vlnD must be obtained and power absorbed at various velocities and 
r.p.m.’s determined. 

10. Power Absorbed by Any Propeller. The power absorbed by any 
propeller is expressed by the 

equation, ^ y 

h p » b8 - a - v « 

where C p is the power eoeffi- o.o?o — f- 0.70 

cient depending on vjnl) and j 

the design characteristics of 0.070 ^ -j - — 0.70 

the propeller. The determina- V / 

tion of the power coefficient 0066 ~ tst" a66 

when the diameter is known / \ 

is carried out as shown in 0062 f \r p 062 

Table 28, wherein is given a / \ 

computation for an altitude 0,058 ~ ~~j V 058 

propeller designed for the / v 

r 1 . . . .». . . 0.050 ~h V 0.50 

example airplane specified m / \ 

I II 5, but with a supercharged mo / \ m 

engine. It is convenient to / \ 

determine at the same time om / \ a oo 

the efficiency and power I \ L 

available for subsequent use. 0.002 ^ * — WM av2 

From data m Table 28, the y^ 

graph of Fig. 47 may be Fig. 47. Characteristics of altitude propeller for 
. supercharged engine developing 340 hp. 

drawn. <& 2300 r.n.m. <& 20.000 ft.. 


Percentage 


cj) Compute a fictitious power which would be 
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supercharged engine developing 340 hp. 
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Table 28. Determination of Power Coefficient and Efficiency. 


V 

% 

des. V 

2 

% 

des. A 

N 

BHP 

S.L. 

BHP 

Alt. 

n 

r.p.s. 

vjn D 

% des. 
vjnD 

% 

f?max 

Gp 

n 

HP Av. 
20,000 Ft. 

1 

3 

4 

5 

6 

7 

8 

9 

10 


12 

13 

70 

46.7 

87 

2000 

397 

310 

33.3 

.348 

53.25 

64 

.0672 

52.0 

161 

80 

53.3 

87 

2000 

397 

310 

33.3 

.398 

61.2 

72.5 

.0672 

58.7 

182 

90 

60 

88 

2025 

401 

313 

33.75 

.442 

68.0 

79.5 

.0651 

64.3 

201 

100 

66.6 

89 

2050 

405 

316 

34.18 

.485 

74.6 

85.6 

.0632 

69.4 

219 

110 

73.2 , 

90.5 

2080 

410 

320 

34.68 

.526 

81.0 

91 

.0614 

73.7 

236 

120 

80 

92.5 

2130, 417 

326 

35.5 

.560 

86.2 

94.5 

.0583 

76.5 

249 

130 ; 

86.5 

95 

2180 423 

330 

36.32 

.592 

91.1 

97.5 

.0553 

79.0 

261 

140 

93.4 

97 

2240; 430 

336 

37.32 

.622 

95.7 

99.3 

.0519 

80.5 

270 

150 

100 

100 

2300 435 

340 

38.32 

.650 

100.0 

100 

.0488 

81.0 

275 

160 

106.7 

103 

2370 439 

343 

39.5 

.672 

103.4 

99.5 j 

.0445 80.6 

277 

170 

113.3 

105.5 

2430 445 

347 

40.6 

.695 

107.0 

98 

.0415 

79.5 

276 

180 

120 

109 

2510; 446 

! 

348 

41.9 

.713 

110.0 

96 

.0380 

77.8 

271 


Column 3 is from Fig. 12. 

Column 10 is from Fig. 13. 

bhp at 20,000 ft. = 435 X 78% = 340 HP at 2300 r.p.m. 

_ bhp x 231000 _ bhp x 231000 bhp 

t p ~ n z x D 5 x a ~ ri 3 x &85* x .532 ” 8,00 

The power absorbed by the propeller at any altitude is computed 
according to the tabulation in Table 29, where the power at sea level is 
taken as example. In this case the density ratio is unity, but the same 
procedure is followed for any altitude by inserting the proper value of 


Table 29. Power Absorbed at Sea Level by an Altitude Propeller. 


Design values — 340 hp; 2300r.p.m.; 20,000ft.; D = 8.85ft.: vjnD ~ .65; ?] mx — 81%. 


vjnD 

R.P.M. 

R.P.S. 

(R.P.S.) 3 

(N) 

(n) 

(n 3 ) 

n 

1600/318 hp 
26.67 
18,850 

1700/339 hp 
28.32 
22,700 

V HPab 

1800/, 

30 

27 

158 hp 
.0 

,000 

HPab 

1900/378 hp 
31.55 
31,400 

V\ HPab 

2000/397 hp 
33.33 
37,000 

V HPab 

G v 

Frn.p.h. 

HPab 

V 

.35 

.0683 

52 

56 

307 

60 

370 

63.5 

440 





.4 

.0682 

59 

64.2 

KTiiil 

68.3 

362 


396 






.0637 

71 


276 

85.5 

331 

108.5 

352 





.6 

.0553 

IrftWtl 


246 

102.5 

295 

117.5 

312 

114.5 

421 

120.5 

466 

.65 


81 







124 

374 

130.5 

414 

.7 

.042 

79 



1 




134 

310 

141 

354 


HP absorbed at sea level = .234 C v n z v/nD ----- ^ X = 9.96 ^ 


density ratio a in the equation for absorbed power. The purpose of the 
system shown in Table 29 is to cover only useful ranges, i. e., within 
the range of brake horsepower available. Since the power absorbed by 
a propeller is independent of the engine power and r.p.m., it is somewhat 
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difficult to predict which coincident values of r. p.m., v/nD , and C p 
should be chosen, but a few trials will soon indicate the proper values 
for heading the columns in the table. 

11. Power Available at Sea Level from Special Propeller. The deter- 
mination of the power available from a given engine and propeller for 
a condition for which the propeller was not designed, consists of two 
steps. First must be determined the forward speeds at which the power 
absorbed by the propeller at a given altitude at a certain r.p.m. is equal 
to the engine power at the same r.p.m. A graphical solution is made 



in Fig. 48 where absorbed power versus speed is plotted from Table 29 
for different values of r.p.m. The engine power at the same r.p.m. is 
then spotted on these curves and a curve of engine brake horsepower 
obtained. 

The second step is the determination of power available from the 
engine propeller group. Table 30 (p. 324) shows how V is tabulated from 
Fig. 48, and how it is combined with r.p.m. and diameter to deter- 
mine v/nD and efficiency. The resultant horsepower available is plotted 
in Fig. 48. 

12. Example. The steps in the calculation of power available from 
a supercharged engine with an altitude propeller are as follows: 

1) Determination of propeller diameter, design v/nD , and maximum 
efficiency. 

Propeller designed for 20,000 Ft. 

Engine: 435 HP at 2300 r.p.m. at sea level (see III 7 and Fig. 20). 

21 * 
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Table 30. Brake Horsepower and Power Available 


From R.P.M. 


1600 


1700 


Fig. 48 F(m.p.h.) 


45 


82 



vjnD 

V 

BHP | HPav 

v/nD 

t) BHP 

HPav 


.28 

.39 

318 124 

.48 

.684 ! 339 

1 

232 


Altitude 20,000 Ft. a = .532 (Table 4). 

Power at 20,000 Ft. at all r.p.m. is 78% sea level (Ref. 10). 

BHP @ 20,000 Ft. = .78 x 435 = 340 hp at 2300 r.p.m. 

Estimated efficiency = 80 % . 

HPav first approximation = 272. 

Probable high speed at 20,000 Ft. — 150 m.p.h. 

Fictitious sea level power = 272/.532 = 511 hp 

Diameter (511 bhp; N = 2300; V = 150 m.p.h.) = 8.85 ft. 1 

-p. , n 150 x 88 _ 

Design v\nD = 2300 x 885 = 0.65. 

Efficiency max = 81%. 

2) Determination of power coefficient and efficiency as in Table 28 
and Fig. 47. 

3) Determination of power absorbed as in Table 29 and Fig. 48. 

4) Determination of power available as in Table 30 and Fig. 48. 

CHAPTER XI 

LIMITS OF PERFORMANCE 

1. Speed Range. The present day airplane is considered the most 
economical type of heavier-than-aircraft. Its ultimate performance is 
limited to certain ranges depending on the limitations of the various 
separate factors on which the performance is dependent. Keeping in 
mind the contemporary development of aerodynamics, assuming no 
radical advance in engine design, the item of performance which will 
be most difficult to improve is the speed range. 

It may be pointed out here that the Autogiro possesses a speed range 
which cannot be approached in the design of an airplane. But this 
desirable feature is now obtained in the Autogiro at the expense of 
cruising speed which is inferior to that of an airplane of the same weight 
and power. 

A speed ratio of three is seldom exceeded at present in an airplane, 
and no appreciable increase would result even from a considerable 

1 Any approved method of design based on these three data may be employed. 
See Ref. 4. 
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at Sea Level. Engine- Altitude Propeller Combination. 


1800 

106 


1900 

123.5 



2000 

133.5 

vjnD 

tj BHP 

HPav 

v/nD 

rj ! BHP 

HPav 

vjnD 


BHP HPav 

.588 

.786 i 358 

282 

.647 

1 

.81 | 378 

306 

.662 

.81 

397 322 

1 

i 


increase in power. This present limitation is due to the operation of 
no single factor, but is rather the inevitable result of the combination 
of all the factors existing in a practical airplane. The value of the speed 
ratio of an airplane may be considered a good indication of the designer’s 
skill in compromising the available means and requirements to the best 
advantage. 

Taking into account the present available knowledge of the aero- 
dynamic characteristics of airfoils and streamlined bodies, of engine 
power available for a given engine weight and of the unit weights of 
structural components, it is possible to calculate the speed range within 
the practical limitations of these factors. Conversely, to attain higher 
speed ranges, it is possible to indicate what advances in these factors 
are necessary. Ref. 15 deals in greater detail with limiting factors. 

Conditions which limit the speed range are: 

a) maximum lift coefficient and minimum drag of the airplane, 

b) the combination of airfoil and fuselage with a view to securing 
minimum drag at high speed, 

c) the wing loading governing a landing speed consistent with the 
maximum lift coefficient, and 

d) the power loading consistent with a practical structural weight. 

It is noted that neither the size, weight, nor power is considered 

as a limiting factor, but rather a practical combination of the three. 

The fundamental equations used in establishing limits (at sea level) 
are, P( THP in ft. lb. per sec.) = (1/2 ) gC Dmn Sv^ lx (1.1) 

L at minimum speed = W — 1/2 gC Lmx Svl in (1.2) 

Putting numerical values in (1.1) and (1.2) and reducing to hp 
units and miles per hour, we have 


Tmn — 


52.7 

~ n M 3 

O Dmn 

19.8 

Glimx 


ill 

\ S 

m 


(1.3) 

(1.4) 


Assumptions at this point as to C Lmx and C Dmn reduce the latter equa- 
tions to much simpler form. C Lmx is taken at 2.5, an extremely high 
value undoubtedly necessitating the use of flaps or flaps and auxiliary 
airfoils. An alternative value of 1.5 is assumed as attainable with an 
ungarnished airfoil. 
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C Dmn is taken as from 0.01 to 0.07. The value of 0.01 would corre- 
spond to a flying wing. For any other airplane, 

1.28 A 


C Dmn — 


+ 0.01 


where A is the equivalent flat plate area as defined in Chapter II. 
Substituting the above values in (1.3) and (1.4) we have, for examples, 


= 245 | 

Pr 

S 

) V3 for 

G Dmn - 

= 0.010 

(1.5) 

= 12.6 

\- 

\ 8 > 

F for 

^7 Lmx ~ 

- 2.5 

(1.6) 


Dividing (1.3) by (1.4), we obtain limiting values of speed range in the 


form: 


Vmn 




(1.7) 


Values of K. 


where K = 2.665 (CYmxtC x jf mn ) and may have values as below. 

Assuming a permissible landing 
speed of 70 m.p.h. the wing loading 
limit is set by C Lmx . Taking 
C Lmx — 2.5, the maximum wing 
loading is then 30 lbs./sq. ft. For 
simplicity we will assume the 
same limiting loading of 30 when 
C Lmx = 1.5, which gives an ex- 
treme landing speed of 88.5 m.p.h. The lower limit of wing loading is 
arbitrarily assumed as 4 lbs./sq. ft., corresponding to minimum landing 
speeds of 25.0 and 32.4 m.p.h. for C Lmx — 2.5 and 1.5 respectively. 

Substituting L = 30 S in (1.7) we have, for example 


CLmx 


CDmn 


0.010 

0.035 

0.070 

2.5 

19.4 

12.8 

10.16 

1.5 

15.2 

10.00 

7.95 


(7f 


(1.8) 


Vmx K 
Vmn 5.48 

Setting K (8/ W ) 1/2 = (7, we can construct a table of C values corre- 
sponding to the equation 


where 


Vmx _ 
Vmn 

C - 2.665 


47 )" 

Cj/mx 

Cj/?mn(W/S)' l, ‘ 


(1.9) 


Values of C. 


CLmx 



Cd 

77177 



0.010 j 

0.035 

0.070 

2.5 

3.57 

9.77 

i 

2.36 

6.45 

1.87 

5.12 

1.5 

2.78 

7.60 

1.83 

5.00 

1.45 

3.97 


LI 8 = 30 

L/S ~ 4 

L/S - 30 

L/S = 4 

L/S = 30 

L/S - 4 


The value of P T jS is dependent indirectly on the power plant and 
structural weight, and directly on the engine power and propeller effi- 
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ciency at high speed. Assumptions of power loading limits can be made 
by disregarding the propeller efficiency and taking the thrust power 
loading to vary from 4 to 25 lbs. per hp. Then, 

Pt Pt W 

lf=W~S < L1 °) 

, Vrnx nfPT wyi* 

an(1 f to » ir "s’) ' L11 * 

If the table for C is not used, and the values of C Lmr and C Dmn are 
known, (1.1 1) may be written as 

Vrnx n »» I S V* I Pt \ 113 Cbmx 


r-w 


An inspection of this 
equation shows that the 
main factor affecting speed 
range is the maximum lift 
coefficient. Less influential 
but still important are the 
weight per horsepower and 
the minimum drag. Not 
the least important is the 
wing loading, and since the 
latter indirectly affects the 
minimum drag its effect on 
airplanes of given structural 
drag is actually greater than 
the equation would indicate, 
since the lower the wing 
loading the lower the mini- 
mum drag coefficient. Equa- 
tion (1.12) has been plotted 
in Figs. 49 and 50 for values 
of C Lmx of 2.5 and 1.5 re- 
spectively. 

Analyzing these figures, 
the maximum speed range 
within limits of power load- 
ing 4, wing loading 4, and 
0.010, is 9.77. Such 
an airplane would consist of 
a wing of low drag charac- 
teristics, retracted landing 



0 0 8 12 16 20 21 28 


Power loading 
Fig:. 49. Speed range. 

Dotted lines — loading 4. Full lines =* loading 30. 



0 * 8 12 16 20 21 28 


Power loading 
B'ig. 50. Speed range. 

Dotted lines = loading 4. Full lines = loading 30. 


gear, no fuselage or tail, and with flaps and slots to attain the high 
C Lmx 2.5. Since in this case A is taken as zero, it is doubtful if 


such a machine can ever be built, because some sort of empennage would 
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be necessary to provide stability. Furthermore, the use of auxiliary 
airfoils and flaps in order to attain the high C Lmx would undoubtedly 
have an extremely adverse effect on the assumed C Dmn . 

The lowest drag coefficient attainable in a commercial airplane is 
probably .03 with a maximum lift coefficient of 1.2, which together with a 
wing loading of 4 and a possible power loading of 4, would result in a 
more reasonable practical limiting speed ratio of 4.7. 


2. High Speed. The conditions for limiting high speed are closely 
associated with those for limiting speed range treated in the above para- 
graphs. The limiting speed may be considered as dependent on the 
value of A, on the weight per horsepower of the power plant, and on 
the minimum permissible speed. Equation (1.3) may 

be written V mx = 52.7 j/ ( wjpJ)C D mn 


in which WjS, in accordance with (1.4) will determine the landing speed. 

If we assume that the most powerful power plant which will fit into 
the nose of a fuselage suitable for housing a pilot develops 2300 horse- 
power, that the landing gear will be retracted, that A cannot be reduced 
below a value of 1 sq.ft., that the landing speed will be limited to 
100 m.p.h., that in order to realize a profile drag coefficient of the wing 
alone of 0.009 no auxiliary landing devices will be fitted and hence 
C Lmx w iU not exceed 1.25, and that the weight per thrust horsepower 
can be reduced to 2.4, we may compute V mx as follows: 


w 

8 

= 32 



W 

W 

9 A 


Pt 

~ rjP~~ 



W 

= 2.4 x 

0.80 X 2300 

= 4420 

s 

4420 
““ ^2” 

= 138 


G Dmn 

1.28 X 
~ 138 

1 + 0.009 = 

0.01827 

V 

r mx 

= 474 m 

.p.h. (under 

sea-level 


If it were possible to increase C Lmx to 1.75 without increasing C D0 
of the wing alone to more than 0.01, we will find that S becomes 99, 
C Dmn becomes 0.0229 and V mx increases to only 491 m.p.h. 

In the above computations, it has been further assumed that any 
reduction in values of C Dmn due to scale effect at these high speeds 
is offset by an increase due to the compressibility of the air. 

If the power plant above is assumed to be supercharged without 
any increase in weight or resistance, V mx at the attitude at which sea 
level power is maintained will be yi joV mx at sea level. 
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3. Initial Rate of Climb. In determining the limits of rate of climb 
it is convenient to derive a simple formula for rate of climb in which 
the various factors involved appear quite clearly. \s previously noted, 
the rate of climb is a complex function of the characteristics of the air- 
plane and of the engine-propeller group. A simplification can be made 
by taking the speed and power available at the best climbing rate as 
a definite function of the speed and power at high speed. There is 
a slight variation with speed range, but this can readily be introduced. 

A considerable number of flight tests of military airplanes has 
established the fact that for airplanes with a speed range of 3 the climbing 
speed is 57 per cent, and with a speed range of 2 is 63 per cent of the high 
speed. Expressing this variation as a linear function, we get for the 
speed at best climb, 

v e = (0.75- 0.06 J *-?-') V mx (3.1) 


The power required is then, 

£> H r Fmx(0.75 — 0.06 Vmx/Vrnn) 

Tr 375X/S 


(3.2) 


where LjD is the value at climbing speed, and may be taken approxi- 
mately as the maximum LJD of the airplane. 

The horsepower available at best climbing speed has been found from 
many flight tests to average 76 per cent of the power available at high 
speed. This constant may be introduced with but small error, and we 
may write, 

P Ta (best climb) =0.76 P Ta (highspeed) (3.3) 


The rate of climb is 

R c = 33 ^ (P Ta -P Tr ) (ft. per mt.) (3.4) 


Substituting from (3.2) and (3.3) this gives 


Rr, 


25^000 

WfP'Ta( high speed) 


66 — 5.3 


Vma 


(LID)mx 


(3.5) 


The prime importance of power loading is clearly shown by this 
equation. The effect of high speed is not great, since its higher values 
are generally accompanied by higher values of (L/D) m x . The effect of 
speed range within the limits attainable at present, is also seen to be 
small. 


Using, for example, the hypothetical airplane of 2 we obtain, for 
the limiting rate of climb, by substitution in (3.5), 

„ 25,000 - q . - .. 474 

Rc ■=-- 2.4 " — ( 66 “ 5 3 X 4/74 ) 15 

= 10,400 — 1300 = 9100 ft. per mt. (3.6) 

In the above solution (L/D) mx has been estimated at 15. However an 
increase of 33-1/3 per cent to 20 results in only a 4 per cent increase in 
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rate of climb. It can furthermore be shown that an increase in speed 
ratio of 50 per cent also results in only a 4 per cent increase in rate. In 
the example cited, the second term reduces the first by only 12.5 per cent. 

From (3.1) the speed along the climbing path would be, 

B c = (0.75 — 0.06 x 4.74) 474 - 220 m.p.h. 

The angle of climb would be 28° corresponding to a sine of 0.470. 

The foregoing calculations are based on the assumption that the 
propeller is of usual design, that is, for maximum efficiency at high 
speed. Experience shows that if a “climbing” or controllable-pitch 
propeller 1 is fitted, the first term may be increased by 25 per cent, and 
the second term may be reduced 15 per cent, to take into account, 
respectively, the increase in power available, and the decrease in power 
required. The latter correction is necessary because the design of the 
“climbing” propeller will result in best climb at a lower speed more 
closely approximating the speed of minimum power required. Modify- 
ing (3.6) in this manner we have, 

* R c = 1.25 (10,400) — 0.85 (1300) 

— 1 1,900 ft. per mt. 

Rates of the above magnitude may be considered as optimistic limits in 
the light of present knowledge and calling for considerable improvement 
in aerodynamic, structural, and engine-propeller group characteristics. 

4. -Absolute Ceiling. The maximum absolute ceiling will be reached 
by an airplane fitted with an ideal supercharger by means of which the 
engine power will be maintained at all altitudes, and with a propeller 
designed to give maximum efficiency at the limiting ceiling. The horse- 
power available will then be, 

P a = bhp x rj = thp (4.1) 

The required power at the limiting altitude will be taken as the 
minimum power at sea level increased in the ratio j /qJq to take account 
of the effect of change of density. This is justified by the consideration 
that the ceiling will be reached with the airplane at, or nearly at, the 
corresponding attitude. Furthermore it will be assumed that this atti- 
tude will be that at which maximum L\D occurs, the resultant error 
being negligible and giving conservative results. 

P r0 (P r at sea level) = (X ^~ • V £f (4.2) 

where V m p is the speed of minimum power required at sea level. V m p 
can be expressed in terms of wing loading and the lift coefficient corre- 
sponding to maximum L/D as follows, see (1.4) 

t7 i9.8 -,/r 



SECTION 4 


331 


Then for the horsepower required at altitude, we have 


(P, * altitude) = ]/ J- — (f )"’ <* *) 


Equating horsepower available (T H P) and required, we find, 


(t) 


358 Cl 


W 




/THP 
\ W 


r 


(4.5) 


Applying this formula to a hypothetical airplane with thrust power 
loading of 10, wing loading of 10 and LJDmx of 10.4, and assuming 
the corresponding lift coefficient as 0.70, we have 


Qo 358 X 0.70 X 10.4 2 
Q ~ 10X To 2 


and the relative density at the ceiling is g/g 0 = 0.0352. Using the formulas 
in Ref. 7, we find this ceiling to be 80,600 ft. The chosen values of power 
and wing loading are relatively high, but in view of the structural re- 
quirements of a cabin suitable at such an altitude, and the inordinately 
high performance required of the supercharger, these values are probably 
not unduly conservative. At any rate, the above example, which must 
be understood to yield a result based on assumptions which cannot be 
met in practice, shows the tremendous effect on the ceiling of the normal 
decrease in power when a supercharger is not fitted, since in this case 
the ceiling would be only about 18,000 ft. A more practical limit will 
be derived later. 

For the unsupercharged engine, the above formulas are considerably 
altered. Assuming the propeller designed for best efficiency at normal 
sea level engine speed, the available power at altitude can be written: 


w.7 (tr 

Equating this to the horsepower required as in (4.4), and solving for 


ah 


(Po/e) 1 ' 9 we have 



Substituting in this equation the values for the example of III 6 
(W/P a0 = 7.35, W/S = 11.42, (L/D)mx = 8A8 and C L at (L/D)m x -0.7) 
and solving for g/g 0 we find the value 0.411 which, by Table 4, 
corresponds to an altitude of 27,000 ft., whereas the actual ceiling is 
only 18,600 ft. 

This discrepancy is due to a twofold engine-propeller effect. First, 
the engine speed at the ceiling is less than at sea level, and second, the 
efficiency of the propeller is less because it is operating at a value of 
vJnD lower than that of maximum efficiency. This combined effect 
can be approximated by introducing a reduction factor F which can be 
shown to depend on the speed range, as follows: 


F = 


1.42 

Speed range 


L42 

r 


(4.8) 
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The modified equation (4.7) then becomes 

/ e*V 9 - i—1 - \ t Cl V ' 2 

\ Q ) ” r \D jmx \ W/P a 0 ) ’ \>/57 


(4.9) 


Applying this formula to the example airplane, where r = 2.55, we find 
the relative density q/q 0 — 0.56 corresponding to an altitude of 18,600 ft. 
which checks the value obtained in III 8. 


Substituting in (4.9) the probable limiting values for an airplane with 
unsupercharged engine, i. e., WjP a0 — 3, W/S = 4, C L — 0.7 and 
(LjD) mx = 16.6 and r — 4.7, we find q/q 0 — 0.298 corresponding to 
a ceiling of about 36,000 ft., which limit can probably only be raised by 
the use of a satisfactory controllable-pitch propeller. 

We now have two extreme cases, i. e., a limiting ceiling of 36,000 ft. 
for an airplane with low loadings and an engine with critical altitude 
zero, and a limiting ceiling of 80,600 for a hypothetical airplane of higher 
loadings, controllable pitch propeller and critical engine supercharger 
altitude of 80,600 ft. To determine a practical limiting ceiling we may 
assume a linear variation with critical engine supercharger altitude 
according to the formula, 

Y = 36,000 + - h g- (H — 36,000) 


where h and H are the ideal and practical values of the critical super- 
charger altitude. Taking these as 80,600 ft. and 30,000 ft. yields a 
ceiling, of 53,000 ft. which does not appear to be beyond the possibili- 
ties for the near future. 


5. Range. From IX (3.3) we have the Breguet range formula: 

Max. Range = 863.5 X log 10 ( ^ ) 

All the factors are average values during the flight, so that a proper 
estimate of these will enable the limiting practical range to be computed. 
A ratio of total load W 1 to the weight without fuel W 2 of 2.6 has actually 
been attained by the Dewoitine D-33 long distance airplane. This might 
possibly be raised to 3.0 in the future. 

The maximum C T JC D or L/D of an airplane with retractible landing 
gear may be as high as 20, with an average value during the flight of 
possibly 16 being attainable. The present c of 0.50 lb. per hph may be 
expected to be lowered to 0.45 by increased engine efficiency. An average 
value of propeller efficiency rj of 80 per cent may be attained if a controll- 
able-pitch propeller and engine gearing are assumed. Substituting these 
values, we obtain a limiting range of 

Range = 863.5 x 16 X log w 3 = 11,750 miles. 
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If, however, the same fuel consumption conditions could be maintained 
at various altitudes, and the airplane flown at maximum L/Z) throughout 
the flight, the above limit would be increased in the ratio 20/16 or 

Range = 14,700 miles. 

Although the value of LjD of 16 above assumed may already be 
realized in an airplane such as the Bernard 80 G.R., its ratio of WJW 2 
is only 2.3. Using these values, a fixed pitch propeller efficiency of 
65 per cent and c — 0.50, we derive a range of 6,500 miles which may 
be considered as not far removed from present attainment, without the 
use of a controllable-pitch propeller. 

6. Endurance. Similarly, the limiting endurance can be estimated 
from the Breguet formula, 

Max. Endurance — 863.5 ~ V ^7io ^ j 

Using the same values as for the range computation, and assuming an 
average minimum speed of 55 m.p.h. throughout the flight, we find, 

Max. Endurance = 11,750 -r- 55 = 214 hours. 

The endurance cannot be increased by flying at altitude, since this 
would require flight at a higher minimum speed. 

If we assume the same values as in the last case above for range, and 
assume also a more reasonable figure for average speed of 70 m.p.h., 
we find an endurance of 93 hours, which should be attained in the near 
future. 


APPENDIX I 

THE INDUCED DRAG OF ANY BIPLANE 


In PrandtPs discussion of the induced drag of multiplanes 1 , solu- 
tions of the fundamental equation for biplanes are given for the special 
case of a division of lift giving minimum induced drag. This solution 
may be generalized and when put in graphical form furnishes a ready 
determination of the equivalent monoplane span for any biplane with any 
lift division between the two wings. In such form, furthermore, the 
diagrams permit a visualization of the effect on the induced drag of 
improper disposition of areas in the case of wings of unequal span or 
chord. 


Equivalent Monoplane Span for any Biplane. The well-known equation 
for the induced drag of the biplane is 


A 


i 

nq 


Li 

b'i 


+ 2 o 


L a L 2 

&i b 2 


+ 


L\ 


( 1 ) 


1 U.S. N.A.C.A. Technical Note No. 182, also “Technische Berichte”, III, 
No. 7, pp. 309 — 315. 
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In this formula L = lift, b — span and a is the Prandtl coefficient. 
The subscript 1 is intended to refer to the longer wing which may be 
either the upper or the lower. 

The equivalent monoplane is defined as one having the same lift 
and induced drag as the biplane. Let L — L x + L 2 be its lift and b its 
span. Then the induced drag will be 

U ' nq b* 

Let L x — aL 

L 2 = (1 — a)L 



*>i 

Then equating these two values of the induced drag and reducing 
in terms of a and r we readily find 

-- = k = r L- 

6i [ a 2 ( r 2_2ar +'l) + 2a(<ir— 1) + 1J 1/2 

In Fig. 51 values of o are shown 



Fig. 51. Values of o as a function Fig. 52. Values of K as a function 

of (?/&, and r. of r and a (Gjb x = .30). 


In Fig. 52, K has been plotted as a function of r and a for Gjb l constant 
at .30. This chart is interesting in that it shows the increase in variation 
of K with a as r becomes increasingly less than unity. It also shows the 
well known fact that an equal span biplane with fifty-fifty lift distribution 
is the most favorable arrangement with a given span. The curve marked 
A intersects the values corresponding to best distribution given by 
Prandtl for G/ b x — 0.3. Curve B intersects values for equal chords, and 
curve C intersects values for equal aspect ratios, assuming, as Prandtl 



Span b f of longer wing 














r/7 of equivalent monoplane *1 Span of equivalent monoplane 

Span 6, of longer wing w * ~ Spanb, o f longer wing 
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dees, that the lifts are proportional to the areas. It should be re- 
membered, when comparing two lift distributions, that the induced 
drag varies as the inverse square of the ratio of the K values. 

Holding r constant, K can be found as a function of Ojb 1 and a, the 
fraction of the total lift carried by the longer wing l . Figs. 53 to 60 give 
values for r = 0.3 to r = 1.0. Straight line interpolation may be made 
with good approximation for intermediate values of r. 

In comparing these diagrams with the original paper by Prandti 
it may be pointed out that the points indicated on the diagrams of 
Figs. 53 — 60 by the line A correspond to the values in Prandti’ s diagram 
Fig. 6 with the following changes in notation. 

a = (1 — x) (Prandti) 

01 b x = h/b v 

K 1 /*. 

APPENDIX II 

BIPLANE WING LIFT COEFFICIENTS 

Two recent N.A.C.A. Technical Reports 2 embody a complete exposi- 
tion of the latest available information as to the effects on the individual 
wing lift coefficients, of stagger, wing thickness, gap, decalagc, overhang, 
unequal chords, and unequal effective areas. The purpose of this ap- 
pendix is to present in summarized form a simplified practical solution 
for C Lv and C lA based on the data of these reports, except for certain 
practical compromises and the elimination of an inconsistency as noted 
later. 

First are listed the known cellule and wing characteristics, followed, 
by computations and references to the diagrams of this appendix in the 
order corresponding to the quickest solution. A sample computation 
parallels the general presentation. 

Given : 

b u — 40 ft. Overall span of upper wing. 

b t — 20 ft. Overall span of lower wing. 

b' u = 40 ft. Net span of upper wing (overall less fuselage 

cut-out). 

b\ = 17.4 ft. Net span of lower wing (overall less fuselage 

cut-out). 

S u = 300 sq. ft. Gross area of upper wing 3 . 

1 Reference may he made to Appendix II for foimulae giving Cl u and Cl l 
whence a — C luSu!(C L uSu + Cja Si). 

2 Diehl, Walter S., Relative Loading on Biplane Wings, U.S. N.A.C.A. 
Technical Report No. 458; and Relative Loading on Biplane Wings of Unequal 
Chords, U.S. N.A.C.A. Technical Report No. 501. 

8 Assuming wings continuous from tip to tip. 
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S x — 76 sq. ft. Gross area of lower wing 1 . 

S„ = 300 sq. ft. Net area of upper wing (gross less cut-outs). 

S'l = 64 sq. ft. Net area of lower wing (gross less cut-outs). 

c’ u — 7.5 ft. = S f u \b' u Mean geometric chord of upper wing. 
c\ = 44 in. — S'jjb^ Mean geometric chord of lower wing. 

G = 66 in. Distance normal to zero lift direction 2 . 

Stagger == 44 in. Distance parallel to zero lift direction 2 . 

t x = 6.6 in. Maximum thickness of c\. 

6 = 3°. Decalage in degrees. 



t x /G 


Fif?. 61. Values of .//'plotted on ti,G for constant values of stagger s. 


Solution : 

t x \G = 0.10 = 6.6/66. 

s = 1.0 = stagger jc x = 44/44. 

A a = 0.012 from Fig. 61, function of t x jG and s. 


b u — bi 40 — 20 

— = 0.o0 — 

b u 40 

F x = o.50 = 1 — bl 
bu 

O/e't =- 1.5 = 66/44. 

B x — 0.0596 from Fig. 62, function of (V/rJ . 


-0.015 from Fig. 63, function of — ^ 

b u 


D — Cj/c n 


— x bu 

si bl 


300 X 17 


-= 0.50. 


K x = [F x (A x + B x d) + C,] D 

= [0.50(0.012 + 3 x(- 0.0596)) + (—0.015)] 0.50= -0.049. 


1 See footnote 3, page 337. 

2 Between mean aerodynamic centers of upper and lower wings as shown in Fig. 66. 
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A 2 = 0.050 + 0.17 a = 0.050 + 0.17 x 1 = 0.22. 


fi- 1 L 6 “ 

B ~ 2 [jSu 


bj 

Si 


4( !L . 20 1 

300 + 76 


= 5.3. 


— 0.013from Fig. 65, function of and (A 2 F 2 -\- B 2 d). 

Ou 


F 2 — 0.76 from Fig. 64, function of It and GJc’j . 

B 2 = 0.0186. 

(4 2 F 2 + B 2 d) = 0.22 x 0.76 + 0.0186 x 3 = 0.223. 

K 2 = [A 2 F 2 + B 2 d + C 2 ]D= [0.233 — 0.013] 0.50 = 0.105. 
E = 4.68 = SJS’t = 300/64. 

C Lu = (1 + K 2 ) C l + K x = (1 + 0.105) C L — 0.049. 

C Lu = 1.105 C r _ — 0.049. 

C Ll = (1 ~K 2 E)C l -K x E 

= (1—0.105 X 4.68) C L — (—0.049 x 4.68). 

C = 0.508 G £ ~f* 0.23. 

When C L = 0,C Lu = — 0.049 C IA = 0.23. 

When C L == 1.0, C Lu = 1.056 = 0.738. 


Remarks : (1) It should be rioted that the methods in Technical Report 
No. 501 of correcting for overhang in Figs. 4 and 6 are subject to cor- 
rection in that K l0 , and K 12 , as well as F 2 x K 20 and K 2V should 

correspond to c z /c u equals unity, i. e equal chords. The correction for 
unequal chords should have been introduced later by multiplication 
of the values of K x and K 2 for equal chords by the ratio of geometric 
chords of the lower to upper wing. 

(2) 'Gross areas are used only for the determination of the average 
aspect ratio. 

(3) For the case of deflected flaps an equivalent decalage should 
be introduced. 


(4) In a correct solution the derived straight lines for C Lu and C Li 
will intersect at the corresponding value of C L of the cellule. 

(5) The use of the mean aerodynamic centers makes this method 
of solution applicable also to those cases where the wings incorporate 
sweep back and/or taper in plan form. 

(6) Wings incorporating twist are a special problem not directly 
amenable to the procedure of this appendix. 
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